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Charge-density concentration and electron-electron coalescence density in atoms and molecule
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Values for the average electron density^r& and the electron-electron coalescence density or intracule density
at the originI (0) have been calculated for a number of atoms and molecules using severalab initio method-
ologies.̂ r& can be taken as a measure of local one-electron density concentration, and shows little dependence
on the theoretical level employed. In contrast,I (0) has found to be highly dependent on the level of calcula-
tion. In particular, for a givenab initio method, the differencêr&/42I (0) can be related to the degree of
Coulomb electron correlation introduced by that method in an atomic or molecular system.
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I. INTRODUCTION

Relationships between one- and two-electron proper
have been receiving considerable attention in recent ye
and are of special interest in density-functional theory,
they could be important for the construction of improv
exchange-correlation functionals@1#. The electron-electron
coalescence density or intracule density at the originI (0)
has been the subject of many studies@2,3#, and a number of
upper and lower bounds have been found forI (0) @4#. In
particular, Ugalde and Sarasola@5# showed that at the
Hartree-Fock~HF! level of theory, the intracule density a
the origin can be expressed as a functional of thea and b
one-electron densities,

I ~0!5E ra~r !rb~r !dr . ~1!

Thus, for the restricted case wherera(r )5rb(r ),;r , Eq.
~1! can be written as

I ~0!5
^r&
4

. ~2!

^r& stands for the average electron density@6#,

^r&5E r2~r !dr ~3!

andr5ra1rb is the total charge density of the system.
Nevertheless, it is worth mentioning that for the restrict

case, at correlated levels of theory, it has been hypothes
@5# that the equality of Eq.~2! converts into the following
inequality:

I ~0!,
^r&
4

. ~4!

Although, as far as we know, this equation has not b
given a formal proof, it has been checked by computation
a number of cases for both atoms@5,7# and molecules@8#.

Recall that for any atom or molecule, the difference b
tweenI (0) and^r&/4 can be related to the degree of corr
lation between the antiparallel electrons of the system.
1050-2947/2000/62~3!/034502~4!/$15.00 62 0345
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understand this one could take into account that, becaus
the antisymmetry principle, the density of probability for th
coalescence of two electrons of the same spin is zero. He
I (0) turns out to be the density of probability for the coale
cence of two electrons of different spin at all points of spa
Namely,

I ~0!52I ab~0!52E Gab~r ,r !dr , ~5!

whereGab(r1 ,r2) is theab component of the electron-pa
density.Gab(r1 ,r2) can be expressed as the sum of of tw
different contributions, namely, anuncorrelated contribu-
tion, arising from the product of two one-electron dens
functions, and acorrelatedcontribution, f ab(r1 ,r2), which
accounts for all kind of correlations betweena andb elec-
trons @9#, therefore,

Gab~r1 ,r2!5 1
2 @ra~r1!rb~r2!1 f ab~r1 ,r2!#. ~6!

Consequently,I (0) can finally be expressed as

I ~0!5
^r&
4

1E f ab~r ,r !dr . ~7!

Within the Hartree-Fock approximation, there is no co
relation between electrons of different spin, so Eq.~7! re-
duces to the equality reported by Ugalde and Sarasola@see
Eq. ~2!#. For correlated wave functions, the second term
the right-hand side of Eq.~7! can be reasonably expected
be negative since it reflects the Coulombhole at short inter-
electronic distances@10#, thus leading to the inequality con
jectured in Eq.~4!.

These results suggest that comparisons ofI (0) and^r&/4
values for atomic and molecular systems could provide va
able insight on the effects of Coulomb electron correlat
on one-electron and electron-pair distributions, especi
taking into account that bothI (0) and^r& are amenable to
experimental determination by means of x-ray diffraction e
periments@6#. Moreover, by comparingI (0) and^r&/4 val-
ues calculated at the same level of theory, a reference m
odology, like the Hartree-Fock method, is no longer requi
for the assessment of electron correlation effects.
©2000 The American Physical Society02-1
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TABLE I. Electron-electron coalescence densityI (0) and average electron density^r& at the HF, CISD,
and MP2 levels of theory with the 6-31111G(2d,2p) basis set.

HF CISD MP2

I~0!5
^r&
4

I (0)
^r&
4

^r&
4

2I~0! I (0)
^r&
4

^r&
4

2I~0!

(10 e.)
CH4 7.9667 7.5884 7.9665 0.3780 7.5743 7.9644 0.390
NH3 13.1376 12.6222 13.1419 0.5197 12.5994 13.1390 0.53
OH2 20.3348 19.6428 20.3420 0.6992 19.6130 20.3400 0.72
FH 30.0348 29.1109 30.0392 0.9283 29.0778 30.0378 0.96
Ne 42.5288 41.3305 42.5284 1.1979 41.3069 42.5287 1.22

(14 e.)
N2 26.3425 25.3919 26.3377 0.9459 25.3032 26.3188 1.01
CO 28.3244 27.3385 28.3232 0.9847 27.2615 28.3152 1.05
CN2 21.0608 20.2653 21.0590 0.7937 20.1932 21.0477 0.85
NO1 33.5958 32.4649 33.5935 1.1286 32.3591 33.5751 1.21

(18 e.)
SiH4 131.9351 129.7826 131.9430 2.1604 129.6622 131.9414 2.27
PH3 165.7774 163.6090 165.7236 2.1146 163.4946 165.7324 2.23
SH2 204.9240 202.4448 204.8571 2.4123 202.3085 204.8657 2.55
ClH 250.2995 247.4635 250.2182 2.7547 247.3362 250.2251 2.88
Ar 302.3402 299.0827 302.2392 3.1566 298.9627 302.2444 3.28
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II. COMPUTATIONAL METHODS

Ab initio geometry-optimized HF, configuration intera
tion ~CISD!, and Möller-Plesset~MP2! wave functions were
generated for all the atoms and molecules reported in T
I, using the 6-31111G(2d,2p) basis set@11,12#. For the H2
molecule, geometry optimized HF and full-configuration i
teraction~CI! wave functions were generated using the sa
basis set. Additionally, HF and full-CI wave functions we
also calculated for a number of selected values of the H
distance~see Table II!. In all cases, theGAMESS package
@13#, was used to generate the first- and second-order de
matrices necessary for the calculation of^r&/4 and I (0).
I (0) values were calculated following the algorithm d
scribed by Cioslowski and Liu@14#. No integrals were ne-
glected for the calculation of theI (0) values. Thus, theI (0)

TABLE II. Electron-electron coalescence densityI (0) and av-
erage electron densitŷr& at the HF and full-CI levels of theory
with the 6-31111G(2d,2p) basis set for selected values of th
internuclear distance,R.

HF Full-CI

R
I~0!5

^r&
4

I (0)
^r&
4

^r&
4

2I~0!

Opt.a 0.0437 0.0238 0.0435 0.0197
1.600 0.0365 0.0190 0.0371 0.0180
3.000 0.0165 0.0041 0.0195 0.0154
10.00 0.0117 0.0000 0.0199 0.0199

aOptimized H-H distances~in a.u.! are 1.388~HF! and 1.402~full-
CI!.
03450
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values reported are exact within each of the levels of the
employed.^r&/4 values were also computed exactly usi
the definition given in Eq.~3!. Atomic units will be used
throughout the paper.

III. RESULTS AND DISCUSSION

Table I gathersI (0) and^r& values for a number of atom
and molecules within three isoelectronic series, and Tabl
for the H2 molecule at several H-H distances, obtained
means of the Hartree-Fock, CISD and MP2 methodologi

Solàet al. @15# found a good correlation between^r& and
the local concentration of electronic charge density fo
number of isoelectronic atomic and molecular series. O
results are consistent with this view. Thus, within each of
isoelectronic series, and for all the levels of theory inves
gated, the average density depends on the actual degre
electronic charge concentration, in agreement with the
sults reported earlier by Sola` et al. @15#. For instance, for the
10- and 18-electron series,^r& increases with increasing
nuclear charge in the heavy atom and decreasing numbe
H atoms. For the 14-electron series, the anionic (CN2) and
cationic (NO1) systems have the smallest and largest val
of ^r&, respectively, while the neutral molecules, N2 and CO,
exhibit ^r& values between those of CN2 and NO1. The fact
that CO has its charge density more locally concentrated
the oxygen than on the carbon leads to a larger avera
density for this molecule, in comparison to N2. At the MP2
and CISD levels of theory,̂r& and I (0) exhibit the same
trends found at the Hartree-Fock level.

The comparison between^r& andI (0) values obtained a
different levels of calculation yields interesting insights
2-2
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BRIEF REPORTS PHYSICAL REVIEW A 62 034502
the effect of electron correlation. First of all, for all mo
ecules, the Hartree-Fock, CISD and MP2^r& values are very
similar as should be expected, for the one-electron den
has no first-order corrections and consequently the Hart
Fock one-electron density should give accurate values
one-electron expectation values like the average elec
density. Data such as that shown on Table I for^r& are
compatible with this claim. Moreover, the effect of electr
correlation on local charge concentration is not the sam
all the molecules. Thus, for most systems studied,^r& de-
creases upon inclusion of Coulomb correlation. Howeve
increases for some systems like NH3, CH4, OH2, FH, and
SiH4. In all cases, the changes in one-electron charge c
centration are very slight~always less than 0.1%!, in accor-
dance with our previous statement.

In contrast, the effects of Coulomb correlation onI (0) are
significantly larger, with differences up to 5% betwe
Hartree-Fock and post-HF results. Additionally, there is s
the problem of the convergence of the electron-electron c
lescence density. This point was elegantly illustrated
Davidson and Jones@16#, who calculatedI (0) for the hydro-
gen molecule for various truncations of the CI expansi
The calculatedexactvalue at the equilibrium distance wa
0.0170, which should be compared with our CISD value
0.0238. Nevertheless, it should be mentioned that our va
compares well with Davidson’s best truncated CI value
0.0234. This is indicative that within our finite one-electr
basis set we have got the same CI expansion as Davi
and Jones. This shows how slowly the electron-electron c
lescence density converges.

Another remarkable point observed from the inspection
Table I, concerns CISD and MP2I (0) values, which are
always smaller than the Hartree-Fock ones, i.e., Coulo
electron correlation reduces the density of probability for
coalescence of two electrons of different spin as a con
quence of the electron-electron cusp@2#. This was earlier
pointed out by Cioslowski who calculated the radius of t
sphere surroundingr50 on whose surface the intracule de
sity atains a local maximum value for some two-electr
systems@17#. Consequentlŷ r&/4-I (0), which is equal to
2* f ab(r ,r )dr , can be taken as a reference-independ
measure of antiparallel electron correlation. Interesting
this difference appears to be slightly larger at the MP2 th
at the CISD level of calculation, even though CISD energ
are sometimes lower than MP2 ones.

The H2 molecule is used to illustrate the fact thatI (0) and
^r& do not always follow similar trends. Values of^r&/4 and
I (0) calculated at the full-CI level of theory with th
6-31111G(2d,2p) basis set for several values of the H-
interatomic distanceR are shown in Table II. For H2 at the
full-CI level of theory, the value of̂r&/4 ~0.0435! is about
twice that of I (0) ~0.0238!. This is very supportive of the
importance of the electron correlation as a natural phen
enon that must be taken into account for a reliable desc
tion of this singular two-electron system. As the H-H d
tance is progressively increased, the electron-elec
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coalescence density decreases steadily and tends to ze
the dissociation limit. In contrast, the average charge den
decreases also as the internuclear distance increases u
minimum value is reached atR53.5 a.u. From this point up
^r&/4 approaches steadily to the value of^r&/451/16p for
R→`. This value agrees with the picture of two dissociat
H atoms at a noninteracting distance, for which there is
probability for the coalescence of the two electrons. T
value of 1/4p of the average electron density^r&, simply
reflects the concentration of each of the electros around
corresponding nucleus and, can be easily obtained from
exact dissociated wave functionC(r1 ,r2)5cA(r1)cB(r2)
1cA(r2)cB(r1), beingc the ground state wave function o
the hydrogen atom.

For the dissociated atoms, thêr&/42I (0) difference
amounts, therefore, to 1/16p. However, this does not mea
that the motions of the two electrons are actually correlat
Rather, the role of the correlation function* f ab(r ,r )dr , is to
prevent the electron pair from the possibility of being on t
same H atom. Recall that at the Hartree-Fock level when
two nuclei are far apart,I (0) has a value of 0.0132, whic
corresponds to theI (0) value for H2 @5#. This is a well-
known consequence of neglecting electron correlation in
description of the dissociation of the hydrogen molecule.

IV. SUMMARY

In summary, we have shown that the electron-elect
coalescence density can be expressed as a functional o
one-electron densitŷr&/4 plus a term depending on the co
relation density between electrons of different sp
* f ab(r ,r )dr . Within the Hartree-Fock approximation, th
expression reduces to that previously reported by Ugalde
Sarasola@5#. We have examined thêr&/4 andI (0) values of
several atoms and molecules within three isoelectronic
ries, at the Hartree-Fock, CISD, and MP2 levels of theo
Within each series, botĥr&/4 and I (0) depend on the
charge-density concentration of each molecule. Howe
I (0) appears to be more sensitive on the level of calcula
than ^r&/4.

Comparisons between the results obtained at the Hart
Fock and CISD or MP2 levels show that electron correlat
has a very subtle effect on charge-density concentration,
reduces strongly the probability of coalescence of electr
of different spin. These results confirm that electron-p
properties are much more sensitive to the level of calcu
tion, and are better suited to evaluate the quality of molecu
wave functions.

ACKNOWLEDGMENTS

This research was funded by Euskal Herriko Unibert
tatea ~The University of the Basque Country! Grant No.
UPV 203.215-G50/98, Gipuzkoako Foru Aldundia~the Pro-
vincial Government of Guipuzkoa! and the Spanish DGI-
CYT Grants No. PB96-1524 and PB95-0762.
2-3



J

ys

um

sity

J.

.
A.
t-

t.

BRIEF REPORTS PHYSICAL REVIEW A 62 034502
@1# K. Burke, J. P. Perdew, and M. Ernzerhof, J. Chem. Phys.109,
3760 ~1998!.

@2# A. J. Thakkar and V. H. Smith, Chem. Phys. Lett.42, 476
~1976!.

@3# J. Cioslowski, B. B. Stefanov, A. Tan, and C. J. Umrigar,
Chem. Phys.103, 6093~1995!.

@4# J. S. Dehesa, J. C. Angulo, T. Koga, and K. Matsuei, Ph
Rev. A 47, 5202~1993!.

@5# J. M. Ugalde and C. Sarasola, Phys. Rev. A49, 3081
~1994!.

@6# A. S. Hyman, S. I. Yaniger, and J. F. Liebman, Int. J. Quant
Chem.14, 757 ~1978!.

@7# F. Arias, I. Porras, E. Buendı´a, and F. J. Ga´lvez, J. Phys. B28,
3123 ~1995!.

@8# X. Fradera, M. Duran, and J. Mestres, Can. J. Chem.78, 328
~2000!.

@9# X. Fradera, M. Duran, and J. Mestres, J. Chem. Phys.~to be
published!.
03450
.

.

@10# E. Valderrama, J. M. Ugalde, and R. J. Boyd, inAdvances in
the Theory of Many-Electron Densities and Reduced Den
Matrices, edited by J. Cioslowski~Kluwer Academic/Plenum,
Dordrecht, in press!.

@11# R. Krishnan, J. S. Binkley, R. Seeger, and J. A. Pople,
Chem. Phys.72, 650 ~1980!.

@12# M. J. Frisch, J. A. Pople, and J. S. Binkley, J. Chem. Phys.80,
3265 ~1984!.

@13# M. W. Schmidt, K. K. Baldridge, J. A. Boate, S. T. Elbert, M
S. Gordon, J. H. Jensen, S. Koseki, N. Matsunaga, K.
Nguyen, S. S. Su, T. L. Windus, M. Dupuis, and J. A. Mon
gomery, J. Comput. Chem.14, 1347~1993!.

@14# J. Cioslowki and G. Liu, J. Chem. Phys.109, 8225~1998!.
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