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beit indirect, signals of the capture process.

Alvarez (1937) first gained experimental evidence for
the existence of nuclear electron capture by detecting Ti
K x rays emitted in the decay of **V. A Geiger counter
was employed; positrons were bent away by a magnetic
field, and the x-ray energy was established approximate-
ly from an Al absorption curve. Gamma-ray internal
conversion could not be excluded as a possible origin of
the Ti K x rays. A completely conclusive demonstration
was brought about the following year, when Alvarez
(1938a, b) used differential absorption to identify Zn K
x rays from the decay of ®’Ga. Related cloud-chamber
experiments were performed by Oldenburg (1938) and by
Williams and Pickup (1938), after an unsuccessful at-
tempt by Jacobsen (1937). The capture of L electrons
was first observed by Kirkwood ef al. (1948) and Ponte-
corvo et al. (1949), who mixed radioactive *’Ar with the
gas in a proportional counter and found a peak due to
Cl L x rays in the spectrum. Dougan (1961) first mea-
sured M electron capture in "Ge.

Following the work of Fermi (1934) and Yukawa and
Sakata (1935, 1936, 1937), the theory of allowed electron
capture was developed by Bethe and Bacher (1936) and
Mdller (1937a,b). Generalizations including forbidden
transitions were carried out by Marshak (1942), Bou-
chez et al. (1950; Bouchez, 1952), Brysk and Rose
(1958), Hubbard (1965), Robinson (1965), Zweifel (1954,
1957, 1958), Konopinski (1966), and Behrens and Jinecke
(1969), among others. The subject has been reviewed by

" Robinson and Fink (1955, 1960), Bouchez and Depommier
(1960), and Berényi (1963a, 1968a). Introductions to the
theory are contained in the books by Schopper (1966),

Wu and Moszkowski (1966), and Morita (1973).

B. Energetics

We denote by W,+1 the energy (mass) difference be-
tween parent and daughter neutral atoms

Wo=AW,,., -A|ZE,],

nucl

(1.1)

in units such that #=m,=c=1. Here, AW, is the ener-
gy difference between the parent nucleus (4, Z) and the
daughter nucleus (A, Z —~1). The quantity A [EExI is the
total change in electron binding energy between parent
and daughter atoms, which arises because all electron
energy levels move up in the potential well as the nu-
clear charge decreases by one unit (the electron cloud
“expands”). The binding-energy charge A |ZE,| is not
negligible; it amounts to ~20 keV for Z =85, for ex-
ample.

Let E/ be the binding energy of the captured electron
in the daughter atom. We neglect the energy of atomic
recoil from neutrino emission; its largest value, 'in "Be
decay, is only 57 eV. Because of imperfect atomic
wavefunction overlap, the daughter atom’s electronic
excitation energy will exceed |E;| by an amount that we
denote by E,. The average of this rearrangement energy
E,, taken over many atoms, is small (of the order of a
few eV), but in those individual transitions in which sub-
stantial shakeup or shakeoff (internal ionization) occurs,
E, can be quite significant (Sec. V). The neutrino energy
is
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q=Wo+1_lE;|"ER (1.2)

or

=AW, —A|SE, | +1- |EL| —-E,. (1.3)

The atomic excitation energy IE;I + Eg is released after
the capture event in a cascade of Auger and radiative
transitions, except for energy carried into the continuum
in shakeoff. The energy threshold for electron capture
from orbital x is

AW,

nuc1>_1+A‘EExl+lEa’cl+ER' (1-4)

Positron emission is energetically possible, and com-
petes with orbital electron capture (Secs. III.D, IIL.E) if
W,=1, or

AW,

nucl

>1+A|SE, | +Eg. (1.5)

C. Atomic effects

Nuclear electron capture by its very nature stands at
the interface between nuclear and atomic physics. Only
in the crudest of approximations can the atomic electron
cloud be treated as merely the donor of the electron that
is captured. Nevertheless, the importance of treating
B decay in general, and electron capture in particular,
as transformations of the whole atom was not quantita-
tively taken into account until Benoist-Gueutal (1950,
1953a,b) wrote her thesis. The idea of including atomic
variables in the description of initial and final states
was pursued by Odiot and Daudel (1956), and formulated
elegantly by Bahcall (1962a, 1963a,b).

The fact that the entire atom is transformed in elec-
tron-capture decay is reflected in the energetics (Sec.
1.B) and in the effect of imperfect atomic wavefunction
overlap on the transition rate (Sec. II.E). Furthermore,
atomic transitions such as shakeup and shakeoff (inter-
nal ionization) can take place as an integral part of the
radioactive decay (Sec. V), quite distinct from the Auger
and x-ray cascade through which the daughter atom is
subsequently de-excited. Atomic effects in nuclear de-
cay have recently been reviewed by Emery (1972),
Crasemann (1973), Freedman (1974), and Walen and
Briancon (1975).

D. Radiative electron capture

The existence of a low-intensity continuous photon
spectrum accompanying p* decay was first observed by
Aston (1927) and Bramson (1930). The basic theory of
radiative B decay was developed independently by Knipp
and Uhlenbeck (1936), who were seeking an explanation
for the observed photon continuum, and by Bloch (1936),
who was unaware of the experimental work and was mo-
tivated by purely theoretical considerations based on
Fermi’s theory of g decay and Dirac’s theory of the posi-
tron. Mgller (1937a,b) and Morrison and Schiff (1940)
pointed out that internal bremsstrahlung (IB) should be
emitted in the course of nuclear electron capture as well
as in B decay, and independently worked out the theory.
Mgller (1937a,b), in particular, was interested in dif-
ferentiating between the Fermi and Konopinski-Uhlen-
beck couplings. Internal bremsstrahlung from electron
capture was first detected by Bradt et al. (1946). A
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number of reports followed, describing the observation
of IB at high energies; all of these data were consistent
with the Morrison—Schiff theory. A study of the **Fe IB
spectrum by Madansky and Rasetti (1954), however,
showed an unexpected steep rise of the IB intensity at
low photon energies. These data were only explained
after Glauber and Martin (1956; Martin and Glauber,
1958) developed an elaborate and much more accurate
theory of IB in electron capture, in which Coulomb and
screening effects are taken into account and capture
from L and M shells is included. Although originally
restricted to allowed transitions, this theory was later
generalized to electron-capture transitions of arbitrary
degree of forbiddenness by Zon and Rapoport (1968; Zon,
1971).

E. Significance

Research on electron-capture probabilities and ratios
is being pursued as a facet of basic science and because
of the importance of applications. Electron capture
plays a part in the decay schemes of some 500 radio-
nuclides, ~60 of which are commercially available. Nu-
clear decay by electron capture is not only relevant to
nuclear science but also to geochemistry, cosmology
and astrophysics (Trimble and Reines, 1973), nuclear
medicine (Dillman, 1968, 1970), and technology. The
measurement of K/8* ratios is one of the more sensitive
ways of determining an upper limit on the Fierz inter-
ference term (Schopper, 1968). Ratios of allowed elec-
tron capture from various shells are independent of nu-
clear factors and reflect purely atomic properties; these
ratios are sensitive to bound-electron wavefunctions at
the nuclear surface and to electron exchange and imper-
fect atomic wavefunction overlap (Bahcall, 1962a,
1963a,b).

F. Scope of review

In Sec. II of this article, we discuss the theory of al-
lowed and forbidden nuclear electron capture. Formulae
and tables are provided that enable the reader to calcu-
late transition rates and ratios of interest. Special at-
tention is paid, in Sec. IL.E, to electron-exchange and
atomic wavefunction overlap effects on the transition
probability. Experimental methods for the measure-
ment of electron-capture probabilities and ratios and
of EC/B* ratios are described and compared in Sec. III.
Published data are listed, critically evaluated, and com-
pared with theory. In Sec. IV, the theory of radiative
electron capture and experimental work on internal
bremsstrahlung are thoroughly reviewed and tables for
the calculation of IB spectra are provided. Section V
is devoted to a discussion of atomic transitions that ac-
company nuclear electron capture.

We have made an effort at completeness in covering
the subject. Some information has been included that is
now of merely historical interest, but we have attempted
to be adequately critical in the final evaluation and com-
parison of results. Meson capture, though interesting
and closely related to our subject, has not been included.

We hope that this article may prove useful for both
theoretical and experimental researchers in need of a
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complete survey of what is known about nuclear electron
capture, and that it will be of help to nuclear physicists

and chemists and to workers in radionuclide metrology,

nuclear medicine, and in related areas.

Il. ELECTRON-CAPTURE THEORY

A. The (-decay and electron-capture Hamiltonian and
transition rates

It is usually assumed that all the weak interaction pro-
cesses can be described by a universal fundamental
Hamiltonian density (current-current interaction) (Mar-
shak et al., 1969; Schopper, 1966; Blin-Stoyle, 1973).
A general discussion of such phenomenological interac-
tion currents in nuclear systems is given by Lock et al.
(1974). For the special case of nuclear g decay, this
Hamiltonian density has the form?

Hy(x) = —G274/2[J,(x)L%(x) +h.c.], (2.1)

where J,, and L, denote the hadron and the lepton cur-
rent, respectively. The B-decay coupling constant G, is
related to the universal weak coupling constant G by

Gz=Gcosb, (2.2)

where 0 is the Cabbibo angle.

Although Eq. (2.1) well describes such processes as
B and u decay, it represents an incomplete theory be-
cause it is not renormalizable. Thus higher-order cor-
rections cannot be calculated. In the last few years,
however, renormalizable models (first proposed by
Weinberg, 1967, and Salam, 1968) have been developed.
These models are based on gauge theories unifying the
weak and electromagnetic interactions (Abers and Lee,
1973; Lee, 1973; Bernstein, 1974; Weinberg, 1974;
Beg and Sirlin, 1974). These gauge theories imply that
the weak interaction operates through a neutral current
in addition to the previously known charged current. Phe-
nomena induced by neutral currents occur mostly in high-
energy physics, but they canbe found in nuclear and atomic
physics as well (Bouchiat and Bouchiat, 1974). Never-
theless, for the purposes of the present paper, the
Hamiltonian of Eq. (2.1) is sufficient and we shall deal
only with this form of the weak-interaction theory.

In nuclear B decay, we must consider the three pro-
cesses

(Z,A)=(Z+1,A)+e"+v, (B decay),
(Z,A)~(Z-1,A)+e*+v, (B* decay),
(Z,A)+e = (Z -1,A)+v, (electron capture).

Here, (Z,A) signifies an atomic nucleus of mass number
A and atomic number Z, e~ denotes an electron, e* de-
notes a positron, v, is the neutrino, and v, is the anti-
neutrino.

In order to discuss the general features of these weak-
interaction processes and their interrelations, we first
consider the decay of a single neutron or proton, assum-

!we have AT={Al,A}, 4}, -A]}. In the following we assume
pure V—A interaction to be valid, where V stands for vector,
and A, for axial vector. An extensive discussion of this point
is given by Schopper (1966).
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ing that the individual nucleons in the nucleus are inde-
pendent of one another and behave like free particles.

In the case of nuclear 8 decay, we need only the elec-
tron part of the lepton current, which can be expressed
as

L,(x) =1, (%)7 (1 +7v5)de(x) (2.3)
where z/),,e and i, are the field operators,? and v, the
Dirac matrices.?

The nucleons, unlike the leptons, interact strongly as
well. This leads to complications, and consequently it
is not possible to express the hadron current so simply
in terms of field operators (Marshak et al., 1969; Blin-
Stoyle, 1973). If, however, we approximately treat the
nucleons as point particles, neglecting the influence of
the strong interaction, then the hadron current is

I, x) =i,y (1 + Ay e)Y, , (2.4)

where x=-C,/C,=1.251+0.009 (Kropf and Paul, 1974).
The Hamiltonian density then has the form

Hy(x) = Go27Y 2{T(2)y , (14 Xy )0 () Do)y, (14 75)9,, (X) + e},

(2.5)

The corresponding transition matrix elements for the
three basic processes in nuclear 8 decay are

n—p+e +v, MB-=<pe"17e|_[HB(x)d"xln), (2.6a)
p=n+e+v, Mg=(ne'v,| fHB(x)d“x!p) (2.6b)
pre~n+v, Mge={nv,| fHB(x)d“x|pe'). (2.6¢)

- With H(x) according to Eq. (2.5), the transition matrix
elements become

Mg-=Gp2™/%(2m)*8(qy + o+ I3, ~ )

X [y (1 + Xy )u, gy (1 +75)v, ], (2.72)
M= G2 %(2m)*8(qy + Gor+ Qv = 0p)
X [t (L + 2y u, v (L +v5)v, ], (2.7b)
My = G2/ %(2m)*6(q+ 4, = a5 — 40)
X [y, (1 + Xy du, |y, (1 +75)u,]. (2.7¢)

The ¢’s are the four-momenta of the particles indicated
by the subscripts, and 6(q) is the Dirac delta function.
Equations (2.7) have been derived for the decay of a

2The field operators are given by
Px)=V-1/2 Z Z {e¥a, (@)u,(q) + bl (@)v,(q)e™* }
‘e r

Y =V12 37D et )T, @)+ b, @)F, @)} 5
r
r=1,2. ‘
The a,(q) and al(q) are the annihilation and creation operators
for a fermion of momentum ¢ and spin 7, respectively, b,(q)
and b;{(q) are the corresponding operators for the antiparticles.
The #,(q) and v,(q) are both the free-particle Dirac spinors.
We have %,(q) = u}(g)y, and 7,(q) =vl(q)'y4.
3We use the Dirac equation (—ap —Bm — W)$=0 and the nota-
tion Vu= —BA,, V4=—B, V5=V1Y?VsY4, O=Qy5, & =0y;5, and
Oup= -2t (Vuyv -YvYu ) .
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single, pointlike nucleon. To consider the decay of a
nucleon in a complex nucleus, we transform the wave-
function used in Eqgs. (2.7) from momentum space to con-
figuration space. For this purpose, the three-dimen-
sional momentum-dependent part of the delta function
is replaced by

8(p) =(2m)° | e T dy (2.8)
(Blin-Stoyle, 1973). We introduce the plane-wave solu-
tions of the Dirac equation for the particles,

O o(Pys T) =ueiPa’® (2.9a)
and for the antiparticles
B3 =Pp> £) = C (D, ) = =7, X(P,, T) = 0™ P ", (2.9D)

Here, a and b denote particles and antiparticles, re-
spectively, and C is the charge conjugation operator.
We find

Mg-=Gy2™/ 225 8(E, + E - + E;, — E,)

% [ G0y (L4 275)

X ¢ P> TP -(Pes 1Y (L +75) 05 (D5, 1) 5 (2.10a)

Mg.=Gg2"/221(E,+ Egu + E, — E,)
X [ 300 7, (1427,)

X ¢y (Pps )Py (Byys DY u (L 4+75) P ou( —Pes, T) 7 5
(2.10D)

My =Gg2™/?218(E, + E, — E, - E,.)
><f G (D DY (1+27,)

X @ (Pps T) P, (Puys D)V u(1+75) P o-(Pe, T) &7 .

(2.10c¢)
Inside the nucleus, we replace the nucleon plane waves
by bound spinor wave functions, and represent electrons
or positrons by wave functions which are solutions of
the Dirac equation for an extended charged nucleus sur-
rounded by atomic electrons.* Furthermore, it is con-
venient to split off the delta function and the factor 27
by writing Mg=2m8(E, — E){f|H,|4).

The hadron parts of Egs. (2.10a)—(2.10c) can now be
expanded into multipoles (Schopper, 1966; Konopinski,
1966; Bouchez and Depommier, 1960; Weidenmiiller,
1961):

(67,120 Jvay,= D (=D Mall, (NTHL(P) .

KLsM
(2.11)
Here, ¢ and f denote initial and final states, and
Tppo=itY¥ (2.12a)
and
Typ= (=12 F Ly ¥ < (2.12b)

are the multipole operators.®

4In the following, we use natural units Z=m,=c=1.
SWe have 7=1/7, and dQ is the solid angle.
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The expansion coefficients a¥, (») can be derived from
the relation
af(7) = f UL+ XY TH L sb s Ayer - (2.13)

Inserting Egs. (2.11) and (2.13) in Eqgs. (2.10a)—(2.10c),
we find for the matrix elements

<f[HB'I i>=GBz-1/2 Z (_1)K+M

KLsM

x [[[ et

x [ f P1(2) (1 +7,) T sP5,(—2) dglem] 2y,

(2.14a)

M
KLs

n dQnucle

(f |Hge|)y= G272 3~ (~1)FeH

KLsM

X f ': [ PUL+ XY ) TR by dgnucl}

x [fqb:e(q)(l +75) Tt P or(=2) dszlept] Pdr;

(2.14b)

<fIHEC Ii>= Gﬂz-l/z Z (=1)%H

KLsM

x f I:f PHL+ 2y ) T by dQ'nch

x [f ¢>Ie(q)(1 +vs) THLs e-(Z)dﬂlm] v2dv.

(2.14c¢)

Here, q denotes the momentum for neutrino or antineu-
trino, and ¢,+(¥Z) is the electron or positron wavefunc-
tion in the Coulomb field of a nucleus of atomic number
Z.

We expand the electron (positron) and neutrino (anti-
neutrino) continuum wave functions in partial spherical
waves ¢! (Konopinski, 1966; Schiilke, 1964; Weiden-
miiller, 1961):

¢0.2)= Z Uy, DX Z) (2.152)
oD =Y by, Pila) (2.15b)

Kpky

)+uea:<
e

p(=2) = =7,032)= (=1)7 e

Kel- e

L bibe(-2)

(2.15¢)

H
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)+u.yb:<,)uu

b5{=a) = =702 @) = D (-1)/ "%

Kyky

Pee(~q) -

(2.15d)

The spherical waves ¢! here have the form
wi -
¢,¢ (Z) - ’

where we have
X =it Z C(lzj; 1k —mm) Y L™
m N

signk)f(Z,r)x*,
gdZ,"xk

(2.16)

(2.17)

the x™ (m =+3) are two-component Pauli spinors, the
C(13§; . —mm) are Clebsch—Gordan coefficients, and the
Y{ are spherical harmonics. The index «k is

.

and g(Z,7) and f(Z,r) are the large and small radial
wavefunctions, respectively.
The antiparticle (positron) wavefunction is (Rose,

1961)

_ -Z e

Fu(-2) = &d=2Z,7)x;
(-signk)f(-Z,r)x24

The neutrino radial wavefunctions can be written ex-

plicitly:

ir(gr)xt,
puq) =I5
Jilav)xk
where [ —7 = signk, and j,(g7) is the spherical Bessel
function. For the antineutrino we have
Filgn)xz*

PL(-q) = > .
—ifgv)xZy

The expansion coefficients a,, and b, in Egs. (2.15) are de-
termined by the condition that the continuum wavefunctions
¢.-(Z) and ¢,,{q) become asymptotically equal to a plane
wave plus incoming (or outgoing) spherical waves
(Schiilke, 1964; Weidenmiiller, 1961):

boj=t=t (2.18)

’

—(I+1), j=l+3

(2.19)

(2.20)

(2.21)

ake”e(pﬁ Se) = 47Tp-lc(le%je; He— sese)

X Y;"“e'se(ﬁ)e'imke*("/Z)Ue*l)] , (2.22)

by, Qs 8,) = 4TC(L 51,5 By — $,8,) Y F4vu() . (2.23)

Here, A, is the Coulomb phase (Biihring, 1965, 1967).

It is useful, furthermore, to introduce reduced hadron
and lepton matrix elements by applying the Wigner-Ec-
kart theorem. From Eqs. (2.14a)—(2.14c¢) and (2.15a) -
(2.15¢) we find

(FlHg-i)= G223 37 (~1)Ts7Hpriemivo( 1) Kektedvmicy ( I K Ji)( T KT
KLsM :5‘1-:5 -M;, M M;/\-1, -M —pu,
xak, bk, f (Dll(1+ 2y ) Trp llp b (DML 4+ ¥) T N (—@))72 dr (2.242)
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(f]HB+|i>=Gﬂz-1/z Z Z(—1)'rf'Mf“jv‘“V(—1)K+M"je"‘”e(Jf K Ji><jv K Je )

KLSM Keglhg —Mf M Mi —[.LV -M —[J.e
Kyby
Xk, b, [ @47 Ty 3 XD DL 47 Ty NI, (- 2072 (2.24b)

(flHge |iy=G,27/2 Z Z (-l)Jf‘Mf+.fv'“V(—1)K+M< Jy K Ji)( J K j")”:,,uu
KLsk fuliy -M, M M,/ \-p, =M W,

X f(qb,.”(l + 279 Ty sl D (L +7) Ty sl (2))7* dr . (2.24c)

Here, x (=K,L,,L,,L,;,M,,...) denotes the different shells and subshells of the atomic cloud from which the elec-
tron can be captured. The states of the initial neutron or proton are specified by lJiM 2, and those of the final nu-
cleon by |Jfo>. _

The similarity of Eqgs. (2.24a), (2.24b), and (2.24c) suggests that we need to derive the final formulae of the ob-
servables for only one type of decay (8-, B*, or EC) and can hence obtain results for the other decay modes. For
this purpose, we transform Egs. (2.24b) and (2.24c) into a form that is similar to that of Eq. (2.24a), by interchang-
ing initial and final states in the reduced lepton matrix elements. Taking into account the relation (Weidenmidiiller,
1961)

ML+ ye) Ty llid* = (=1) X357 5G (L 4+ v5) Ty s ILF) ' \ (2.25)

and the fact that here the reduced matrix elements are defined as real quantities, we obtain

(f |Hgs |8y = G272 22 (—1)"f'Mf+1e-”e(—I)K'S*”*fkuu( Jy K Ji><je K j, )
v

KLsM:sﬁﬁ -M, M M;/ \-p, -M —p

@ Do, [ @20 Ty llg X (=D +7) Tyl (D (2.26a)
(f |Hgeldd=Gg2/2 3 S (—1)"f‘”f*fx'ﬂx(-1)K'S*M+iv*“u+1( J; K Js)(]'x K j >
KLSM kplky -M, M M;/\p, -M -u,

X 03, (-1 [ (Pall(L+279) Tz ol N (DML +75) Tzl (@))72 (2.26D)

The transition probability per unit time can now be found from standard quantum-mechanical formulae. By applying
first-order time-dependent perturbation theory (the “Golden Rule”), the decay constant X and the half-life ¢ are given
by

Age=(In2)(fp) = 21(2J;+ D™ 3 > fffI(f|H8*|i)lzpchdpdszedﬂ,,(zn)"* (2.27)

MisMy SesSy
for p* decay, and by
A=(n2)(£) =272, + DT Y, D f [ <f |Hge |i)]2q2 d2,(2m) (2.28)

MisMy BxrSv

for electron capture from the atomic x shell. By inserting the matrix element given by Eq. (2.24a) in Eq. (2.27) and
making use of the orthogonality relations for Clebsch-Gordan coefficients and 3j symbols, we find

)\B-=G§(27T)'3(2Ji+1)'1f% >3 {Z f (2K + 1)/ 2(4m) X I(L+ Ayg) Tyep oll )
Ls

K Kgky

x (4m)t/ U DN +v5) Ty llp, (—a)r? dr}zqz dp. (2.29)

Similarly, by combining Eqgs. (2.26a) and (2.27), we have

RS E> DD {Z (-1)° [ 2K+ D H4m g (L4 2 Tyl

x (4m)'/ %o =D+ 79) Ty i, ()7 dy}zqz dp. (2.30)

The electron-capture decay constant is found by inserting Eq. (2.26b) in Eq. (2.28)

A= GHEN (27,4 1)(1/2) 2030 {Z S (FDAK DA (L4 20) Ti ll )
Ls

Ky

X (4m)* ¢, (Z) (L +75) Trysll ¢, (@))7* d’r} qz. (2.31)
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The neutrino momentum g, is given by

qe=Ws+ Wi, (2.32)

where W, is the total transition energy between initial
and final states (the difference between the atomic
masses, minus m,c?, see Sec. .B), and W’ denotes the
energy of the bound electron (in the daughter atom). This
is W;=1- |E;| , where EZ is the binding energy of the
electron. Because the electron and neutrino wavefunc-
tions are well known [Eqgs. (2.16)-(2.21)], we can evalu-
ate the reduced lepton matrix elements explicitly
(Schiilke, 1964; Weidenmiiller, 1961). For the three
kinds of reduced lepton matrix elements appearing in
Egs. (2.29), (2.30), and (2.31), we have the following:
4mY g, (DN(L+v) Tyz I, (@)
=g:<g(Z) [jl,,GKLs(Ke’ Kv) +j7VGKLs(Ke’ —Kv)]
+(Sign’ce)fne(z)[jt,,GKLs( —HKes Ku) +jT,,GKLs( —Kes —Ku)]
(2.33)
for the electron-neutrino matrix element;
(477)1/2<¢;<Q(Z)“(1+75)TKLs”¢k,,( -q))
=g|<e(Z)[jluGKLs(Ke’ Ku) "‘jTVGKLs(Ke) - Ku)]
+(signk,) fne(Z) [J1,Grrs(—Kes k) = J7,Grro(—Kes —K,) ]
(2.34)
for the electron-antineutrino matrix element; and
(4N X, (=D +79) Tz ll b, (0))
=gke( "Z)[jZVGKLs( Kes KV) +j7,,GKLs( Kes _Kv)]
- (Signxe)fxe( _Z)[jl,,GKLs( —Kes Kv) '*'jT,,GKLs("Ke’ "Kv)]
(2.35)
for the positron-neutrino matrix element. The quantity
Ggpsns,n;), introduced by Weidenmiiller (1961), repre-

sents the spin-angular part of these reduced lepton ma-
trix elements

Gy olny, n;)

={(2s +1)(2K + 1) [21{n,) + 1][2Un,) + 1K 2j,+ 1)(2], + D}/2

K s L
X 4t gL (_1)divis C(Un)Un,)L;00)<j, 2 Uny)
ji & Uny)

(2.36)

Here, we have in)=n if n>0 and I(n)= |n| -1 if n<0,
where » stands for +k and —k; C is a Clebsch~Gordan
coefficient, and the braces denote a Wigner 95 symbol.

We now consider the relation between g~ and B* decay.
It is easily shown that the following relations hold

(-D"U4m %, (DA =v) Typ M9, (-))
=8, (2)J1,Grrs(Kes K0) + 77 Grpo(Kes =K,) ]
- (signk,) f, (Z)[J; Grrs—Kes k,) +71 Crrol— Koy = K,) ]
(2.37)

Thus we see from Eq. (2.35) that the product of the two
reduced matrix elements in Eq. (2.30) can be replaced as
follows
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UL+ Ay ) Tz DAL = v5) Tyl

= (IITKLSHXH(I "’75)TKL5”>
=~ Iy T Dy (1 =y ) Tyl -

Consequently we can derive the formulae for g* decay
from those for 8~ decay by making the following substitu-
tions

(2.38)

B~ decay pB* decay

A - -2
z - -z
G - -G (2.39)

Here, G represents the terms which are due to parity
nonconservation (e.g., electron polarization or -y cir-
cular polarization correlation). The relation between g*
decay and electron capture is established by the substitu-
tions [cf., Eqgs. (2.30), (2.31), (2.33), (2.35)]

B* decay electron capture
fxe(—Z) - —fKe(Z)
& (-2 — 2. .2) )

where g,ce(Z) and fne(Z) are the large and small compo-
nents of the bound-state electron radial wavefunctions,
respectively. Alternatively, we can start from g~ decay
[cf., Eqgs. (2.29) and (2.34) vs. Egs. (2.31) and (2.33)]

(2.40)

B~ decay electron capture
i \qr) . 7, (q7)
ji (q7) - ~i1,(q7)

I+ 2ye) Tplli) = (=D)3CFI(L + Ay ) T oll5)

bound-electron
wavefunction

continuum-electron

wavefunction (2.41a)

For the decay probabilities as given in Egs. (2.29) and
(2.31), this prescription can be replaced by one men-
tioned by Behrens and Jinecke (1969):

B~ decay electron capture

q - -q

I+ Xy T 18 = (= 1)ESCFI(L 42 T ) -
(2.41b)

In this description of the electron-capture and f-decay
processes, three important points have not been con-
sidered:

(1) The hadron current in the form of Eq. (2.4) is an
approximation which is only valid for bare nucleons.

The exact form of this current is discussed under the
heading Induced Intevactions in Sec. II.B.3.

(2) The Hamiltonian and transition matrix elements
used here refer to a single-particle process. The de-
scription must be generalized for the case of many nu-
cleons in the initial and final states. This point is dis-
cussed in Sec. II.B.3.

(3) A complete description of the initial and final states
must include the electrons of the atomic cloud. Since the
nuclear charge and the number of electrons are different
in the initial and final states, the atomic-electron wave-
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functions of these two states are not orthogonal, and the
overlap between them is not perfect. This leads to some
modifications of the transition rate (exchange and over-
lap corrections) and to higher-order processes (e.g.,
autoionization). These points are discussed in Secs.

IILE and V.

B. Electron-capture transition rates
1. General relations for the transition probabilities

In discussing transition matrix elements and transition
rates for the three weak nuclear decay modes, we have

i
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pointed out how these decay types are related. From
here on, we consider electron capture only. We simpli-
fy Eq. (2.31), discuss the electron and neutrino radial
wavefunctions in the lepton part, and generalize the
hadron part through methods of elementary-particle
physics. C -

We first note that Eq. (2.33) is invariant under the sub-
stitution k,~ —«, and set &, = [K,,!. We also introduce the
abbreviation (Biihring, 1963a, 1963b; Behrens and
Biihring, 1971)

BAM ks, 1) + (/R k) ] = 3 (A1) 2[(20,+ DK+ D] 21 [ (g I(1+ 27 Ty llp,)
Ls

X{gxx(Z) [leGKLs(Kx’ kv) +j7uGKLs(Kx, - ku)]

+ (Signxx)fxx(z)[jlvGKLs( =Ky kv) +j7vGKLs( =Ky — ku) ]}1’2 dr ’

where &, = |« |, and B, is the Coulomb amplitude (Behrens

and Jdnecke, 1969) of the bound-state electron radial
wavefunction (ERWF), discussed in Sec. I.B.2. For
k,= -1 we have B, =g.,(0) equal to the value of the wave-
function g_ (#) at »=0.

For the total capture probability from all atomic shells
we then have

A =(1n2)(¢)™ = GY21°)™* D n.C.f, (2.43)
x

(Behrens and Jdnecke, 1969; Bouchez and Depommier,
1960; Brysk and Rose, 1958). The sum in Eq. (2.43) ex-
tends over all atomic subshells from which an electron
can be captured. For closed shells, n, equals 1. For
partially filled shells, =, is equal to the relative occupa-
tion number of electrons in the shell. The quantity C,
corresponds to the shape factor of B decay. Taking into
account only the lowest-order terms in the summation
over « and k,, C, has the form

Cp= [My(ky, BV + (1 R )mp (B, B ]
+ [M Ry B2 + (10, Ry m (g, B2 |2
My, )+ (s R s R )
+0,0,0[Mo(1,1) +(x,/RYmy(1,1)]%. (2.44)

The classification of allowed and forbidden electron-
capture transitions is similar to that in g decay (Schop-
per, 1966; Konopinski, 1966; Behrens and Jinecke,
1969)

AJ=0,1 mm,=+1 allowed,

AJ=0,1 mm,=~1 first nonunique forbidden,

aJ=n>1 mm,=(-1)" nth nonunique forbidden,

Ad=n>1 7ri'rrj,=(—1)"'1 (n — 1)th unique forbiddén .
(2.45)

Here, (J;,7;) and (J,,7,) denote spins and parities of the
initial and final nuclear states, and we have AJ= |J,. - Jfl.
Hence, we can write in Eq. (2.44)
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(2.42)

L=AJ for AJ>0

=1 =
L for AJ=0 (2.46)

=L~k +1

=L~k +2.

The quantities «, and %, are related by Eq. (2.18) to the
total angular momentum j, and the orbital angular mo-
mentum 7, of the bound electron. Similarly, «, and &,
determine j, and [, of the continuum wavefunction of the
emitted neutrino.

The values of «, for bound electrons are as follows

K (1s) k,=-1 M, (3s) K,=-1

L, (2s) k,=-1 M, (3p,,5) Ke=+1

L, (zpl/z) Kx=+1 M, (3P3/2) Ky= -2

L3 (ng/z) sz"‘z %(Sdslz) Kx=+2

M, (3d,,,) Kk,=-3.

(2.47)

The function f, in Eq. (2.43), which corresponds to the
integrated Fermi function of B8 decay, has the form

f.=(1/2)q?p2B, . (2.48)

The factor B, takes account of the effects of electron
exchange and overlap; it is discussed in Sec. II.E.

2. Bound-state electron radial wavefunctions

The electron radial wavefunctions f,(#) and g(») are a
solution of the Dirac.radial differential equation or of the
equivalent integral equation (Rose, 1961; Behrens and
Biihring, 1971). It is convenient to consider instead the
functions H,(7), h(7), D7), and d,(#) introduced by
Biihring (1963a) '
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- N
So () =BLo, ) (2R, - DI
X[Hy, (7) + 1y, (7) ] Y 0 (2.492)
2, (1) = B (28, = DI T S
X (#/R)[Dp(7) +dp (V)] ) (2.49D)
Fen?) = =B o) (2, )L T )
X(#/R)[Dy (7) =, (1) ] <o (2.49¢)
K .
2, (1) =B D7) (20, = DI T *
X[H, (7) = 1y ()] (2.49d)

Here, R is the nuclear radius, or equivalent radius of a
uniformly charged nucleus.

The first of two aspects of the electron radial wavefunc-
tions that require more detailed consideration is the be-
havior of these functions inside the nucleus: the depen-
dence of the electron and neutrino radial wavefunctions
on the distance » from the center of the nucleus must be
subsumed into the nuclear matrix elements [cf. Eq.
(2.42)]. The r-dependence of the electron radial wave- -
functions inside the nucleus depends essentially on the
form of the nuclear charge distribution.

Secondly, the Coulomb amplitudes B, must be consid-
ered; they can only be calculated numerically by solving
the Dirac equation for an extended nucleus and for a self-
consistent atomic potential. The value of B, is essential-
ly determined by the shape of the charge distribution of
the surrounding atomic electrons.

In many of the earlier papers on 8 decay and electron
capture, the expansion of the functions H,(7), D7), h7),
and d,(») in powers of 7 is carried out (Behrens and Biih-
ring, 1970)

Hy(v) = i H(R)7/R)"; (2.50)

(2, - 11!

© u 2w o (1 (20 [ 73+ . 20 =2v 2vmp, )
B0= 2.3 2 @i 2k, = D11 Y (V)(p)(k') Tk 20, 20, 23 ) RYX W R 2 2)",

w=0 V=0 p=0

il uo 2v-=1

(2k, —1)1!

=1 v=l p=1

Lo 2v+l (2kx‘1)”

- = g p
Du(0= 203 2 i 2 D Y (")( p

k=0 p=0 p=0

(28, - 11

dy (1) = i Zu: i(zu)! !(zu+2kx+1)u(‘l)v@)(z:)(

k=0 v=0 p=0

The symbol m, has been retained in these equations,
even though we use natural units Z=c=m,=1, because
m, will be used as an expansion parameter. The expan-
sion coefficients I(%,,m,n,p;7) depend on the form of
the nuclear charge distribution and on the parameters
k., m, n, and p. The order m is the sum of the ex-
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2r -1

b (1
ACOEDIDIDY (zu)l!(2u+2kx—1)!!(_1) <v>< p
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the different powers of » are then incorporated into the
definition of the nuclear matrix elements (Behrens and
Jidnecke, 1969; Biihring, 1963a,b). The nuclear charge
distribution has been approximated throughout by a uni-
formly charged sphere of radius R, equal to the nuclear
radius. Because this charge distribution is discontinu-
ous at R, the power-series expansion of the electron ra-
dial wavefunctions is only valid inside the nucleus. Us-
able B-decay and electron-capture formulae have been
derived by truncating this series and extrapolating the
resulting polynomials outside the nuclear radius (Beh-
rens and Jinecke, 1969; Biihring, 1963a). However,
this approach is unsatisfactory: contrary to general be-
lief, a significant contribution (or even the main contri-
bution) to the nuclear matrix elements originates from
the region »> R, particularly if the initial and final nu-
cleons are in different shells (Behrens and Biihring,
1971; de Raedt, 1968). :

It might be expected that this difficulty could be avoided
by using a more realistic, smooth nuclear charge distri-
bution, such as a modified Gaussian or a Fermi distri-
bution. However, for such distributions the g-decay and
electron-capture formulae do not converge at all (Beh-
rens and Biihring, 1970, 1971), because the nuclear ma-
trix elements are introduced by integrating a power se-
ries term by term, a dubious procedure if the upper
limit of the integral is infinity. Only if the potential V(#)
vanishes identically, as for the neutrino, is this proce-
dure justified. Thus the neutrino radial wavefunctions
(spherical Bessel functions) can be expanded in powers
of ». The electron radial wavefunctions, on the other
hand, can be expanded in powers of the mass and energy
parameters of the electron and the nuclear charge. The
coefficients in this expansion still are functions of » and
depend on the shape of the charge distribution. We find
(Behrens and Biihring, 1971)

(2.51a)

> (%)w I(Ry,, 21, 2v — 1, py 7)(m R)?* 2" (W, R)*"""(aZ)’,

(2.51b)

> (1%>zu I(ky, 20 +1, 20+ 1, p; 7)(m R)** (W, R)** " Z)" ,

(2.51c)

>2“ I(ky, 200+ 1, 20, p; ) (m R)* 22 W,_R)™ (0. 2)° .
(2.51d)

ponents of (m . R), (WR), and «Z; the number » is the
sum of the exponents of (WR) and (aZ). The functions
I with p=0 are trivial

I(k,,m,n,0;7)=1. (2.52)

The functions I with p>0, up to order m =3, are listed
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in Appendix 2 (Behrens and Biihring, 1971). For aZ=0,
Egs. (2.51) reduce to the usual expansion in powers of 7
(Biihring, 1963a).

Up to and including terms of order u =0, the functions
H,(7), hy(7), Dy (), and d, (7) are

H,(v)=14--+, (2.53a)
By (7) =040+, (2.53b)
W R oz '
D, (7)= P AT | g kL, ) e, (2.53c)
___%E_ .
dy (1) =gt b (2.53d)

As usual, ¢ is the fine-structure constant, and Z is the
atomic number of the parent nucleus.

The important function I1(%,,1,1,1;7), which gives the
large Coulomb terms in nonunique forbidden transitions,
takes the following form for the three most widely used
charge distributions (Behrens and Biihring, 1970, 1971):
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where

N=-8az/(2+3A)a™T, (2.56b)

the equivalent uniform radius R is related to the param-
eters g and A as
R=a[5(2+5A)/2(2+3A)]/2; (2.57)

for this distribution, we have

vy o 2he +1R{e o )_<

I(k,,1,1,1, 2k1A>(2kx—1)!!

2% T2+ 34) 2k, 2R,

1

2 om 2m+1
[erf(y) ~7oe ZZ’z%{-f)‘TT]}’

(2.58)
where erf(y) is the error function,

y
erf(y) = 2771/2 f e dt, y=pr/R
(i) For a uniform charge distribution 0
and
-3 (IESEES
o(7) = aZ/R, ¥<R (2.54) v »
0, R<w<o =[5(2+54)/2(2+34)]"/2.
I
we have (Behrens and Biihring, 1971) (iii) For a Fermi distribution (Behrens and Biihring,
’ 1970)
3 241 /7\2 o(#) = =30 Zc N[l + 7=/ 2] (2.59)
et (= Os7<R
7w (7) -
Ik, 1,1,157)=) 2 HPRr IR with
2k, +1R _ 3 <5>2kx+1, < =[1+7%(b/c)? - 6wy(b,c;0)]™,
2 2k (2R, +3
ke 7 {2k + 3\ 7 the equivalent uniform radius R is
2.5
(2.55) Re [3& +107%c3b% + Tr*ch? — 360b%w,(b, c; 0)} /2
(ii) In a shell-model or modified Gaussian distribution =c 3%+ 3m2c®b? — 18¢%b%w,(b, c; 0) ’
(Behrens and Biihring, 1970) . (2.60)
p(7) =N{1 + A(r/a)?}e™"/ 27, (2.56a)  The functionI (k,,1,1,1;7) takes the form
. ,
3R ). 1 2<b>2 1 2k,,+1(r>2 c[ 1 ]
SN 2) - Yy - Slwb,c;#) ——wy(b,c;0
I(kx,l 1 1, ’}’) 37 {14-3'"' P 32kx+3 2(2kx+1),},w3( ,097’) kxu}3( »C )
2Ry=1
(2k, - 1)! c\™ .
+ 22k, + 1)(2, + z)( ) Z (D" T =T ) Pan® 637 (s (2.61)
where the functions w, are defined as
b\? &
—_ Z (_1)mm-n(e(r-c)/b)m r<c
c ms=:
wy(b,c;7)= ' (2.62)

-2
a(n)<y - C>n m
" b

Here, a!™ stands for

<b>”["/2]
e 2

m=1

(Schucan, 1965).

. " (22m _ 2)
ay’=(-1) (2m)!(n—2m)!B

2m

where the B,,, are Bernoulli numbers

Bo=1, B,=%, B,=-%, B,=1

L
30? 427 °°°

At r=c, w, is given by
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+(=1)m2 Z (=1)mmn(emtred/tym  y> ¢

wkt,;00=(2)" 32 (-0mm= (2 @~ e,

(2.63)

where ¢(n) is the Rieman zeta function.

The functions I(%,,1,1,1) [Egs. (2.55), (2.58), and
(2.61)] have been derived neglecting the small influence
of the atomic electron cloud on the » dependence of the
electron radial wavefunctions inside the nucleus. These
functions are illustrated in Fig. 1.



88 W. Bambynek et al.: Orbital electron capture
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FIG. 1. The function I(1,1,1;7) vs distance » from the origin
(in multiples of the nuclear radius R) for various nuclear charge
distributions: (a) uniform charge distribution [Eq. (2.55)];

(b) Fermi distribution, with¢=0.4R [Eq. (2.61)]; (c) Gaussian
distribution, withA =0 [Eq. 2.58)]; (d) modified Gaussian dis-
tribution, with A =1.

We consider next the Coulomb amplitudes g, of the
bound atomic electrons. These quantities can be cal-
culated by integrating the Dirac equation in the potential
of the nuclear and atomic charge distributions.® The
value of 8, is essentially determined by the potential out-
side the nucleus, i.e., by the electronic screening of the
nuclear electrostatic field. The finite nuclear size and
the shape of the nuclear charge distribution have less
influence on 8,. The potential produced by the nuclear
charge and the atomic electron cloud can be derived ap-
proximately from statistical models (Gombas, 1956,
1967), by solving the Thomas—Fermi or the Thomas—
Fermi-Dirac equations. A more exact form of the po-
tential can be derived through self-consistent Hartree-—
Fock methods (Hartree, 1957; Slater, 1960; Mayers,
1972; Burke and Grant, 1967; Grant, 1970; Lindgren
and Rosén, 1974).

Both methods of finding the extranuclear potential can
only be carried out numerically and have been pursued
by many investigators. The Thomas-Fermi and Thom-
as—Fermi-Dirac equations have been solved for poten-
tials and eigenvalues, for example, by Gombas (1956),
Thomas (1954), Latter (1955), Shalitin (1965, 1967), and
Yonei (1966, 1967). The self-consistent field methods
offer the best possibility for obtaining good atomic elec-
tron wavefunctions, but require extensive numerical
calculations (Hartree, 1957; Slater, 1960; Mayers,
1972; Burke and Grant, 1967; Grant, 1970; Lindgren
and Rosén, 1974). In a simplification first introduced
by Slater (1960, Vol. 2), the exact exchange potential

5The electron radial wave functions can also be calculated ap-
proximately as hydrogenic wavefunctions for a point nucleus of
charge reduced by the appropriate Slater screening constants
(Slater, 1930).
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is approximated by the exchange potential of an electron
gas with local electron density p(r), i.e.,

3 p(,,) 1/3

- .
This Slater exchange potential tends to zero as the radi-
us becomes large, while the exact potential tends to
a/r. To correct this discrepancy, Latter (1955) has
suggested replacing the Slater term in the region of
large radius by a /7. Statistical exchange potentials
have been discussed extensively by Gombas (1967).

Herman and Skillman (1963) have tabulated nonrela-
tivistic Hartree—Fock-Slater potentials and wavefunc-
tions for elements with Z =2-103, including the Latter
tail correction. Extensive nonrelativistic calculations
with the exact Hartree—Fock form of the exchange po-
tential have been performed by Froese-Fischer (1972b)
and Mann (1967, 1968). Approximate analytic nonrela-
tivistic Hartree—Fock wavefunctions have been derived
by Watson and Freeman (1961a,b), Malli (1966), and
Roetti and Clementi (1974).

Because relativistic effects in atomic structure are
remarkably important, even for light elements, a num-
ber of relativistic self-consistent-field calculations
(mostly Hartree-Fock-Slater) have been carried out
(Liberman et al., 1965; Nestor et al., 1966; Tucker
et al., 1969). Most comprehensive is the work of Lu
et al. (1971), who have published tables of energies and
of expectation values of », »™, 3, #2, and »* for each
orbital, of the total energy, and of the potential func-
tion. They have included the effect of finite nuclear
size, using a Fermi charge distribution.

The possibility of making better approximations than
Slater’s for the exchange potential has been discussed
by Kohn and Sham (1965), Rosén and Lindgren (1968),
and Lindgren and Schwarz (1971).

The most sophisticated method of calculating atomic
wavefunctions involves the use of relativistic Hartree—-
Fock codes; here the exchange term is included without
approximation (see, e.g., Mann and Waber, 1973; Des-
claux, 1973).

Unfortunately, in most published atomic-structure
calculations, no explicit values are given for the Cou-
lomb amplitudes or electron wavefunctions at the nu-
clear radius. For applications to electron capture, spe-
cial calculations have therefore been carried out; these
are listed in Table I. For comparison among the vari-
ous calculations, the most important’ electron radial
wavefunction ratios are listed in Tables II-VIII. For s
electrons, the nonrelativistic ratios for a point nucleus
are included in the comparison. For p,,, electrons, on
the other hand, it is meaningless to compare nonrela-
tivistic wavefunctions in the field of a point nucleus (pro-
portional to a» at small ») with relativistic electron
wavefunctions in the field of a finite nucleus [propor-
tional to &(1+ cr2++++)]. We also do not compare abso-
lute values of electron wavefunctions, nor do we list
other ratios than those contained in Tables I —VIII, be-
cause the magnitudes of the nuclear radius R chosen by
different authors are not the same, and moreover, some
authors report g, (R) and f,(R), while others instead
report the amplitudes 3,.

We can draw the following conclusions from Tables

V)= g (2.64)
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TABLE 1. List of calculations of electron radial wavefunctions inside or near the nucleus.

Nuclear charge

Atomic
References R/NR? potential P distribution z Shells Remarks
Brysk and Rose R TFD Uniform 10-100 K,L Results presented graphically
(1955)
Band et al. R TFD Uniform 18-98 K,L
(1956,1958)
Brewer et al. R TFD Uniform 55—-90 M Every fifth atomic number is listed
(1961)
Watson and NR HF Point 3—-42 All Analytical wave functions are used
Freeman
(1961)
Herman and NR HFS Point 2-100 All
Skillman
(1963)
Winter NR¢ HF Point 3-42 K,L L,/K ratios only
(1968) .
Behrens and R HF (Z< 36) Uniform 1-102 K,L,M
Jinecke TFD (Z> 36)
(1969)
Suslov R NR HFS (Z2<72) Uniform 2-98 K,L,M
(1969, 1970b) R HFS (Z=172) Ny, N,
Martin and R HFS ¢ Fermi 5-98 K,L
Blichert—Toft
(1970)
Froese—Fischer NR HF Point 2-86 All
(1972b)
Mann and Waber R HF Fermi 1-102 All
(1973)

ANR=nonrelativistic; R=relativistic.

b TFD=Thomas—Fermi—Dirac; HF =Hartree—Fock; HFS =Hartree—Fock—Slater.
¢ Supplementary relativistic corrections are applied to results from NR analytic wavefunctions of Watson and Freeman (1961)

and Malli (1966).
dNestor et al. (1966); Tucker et al. (1969); Lu et al. (1971).

II-VIII:

(1) For the s-electron ratios (Tables II-V), there is
excellent agreement between the nonrelativistic Har-
tree—Fock calculations of Froese-Fischer (1972b) and
Winter (1968) and the relativistic Hartree—Fock cal-
culations of Mann and Waber (1973). An exception is
the g?,l/g%,1 ratio. However, here relativistic effects
might play some role because of the high atomic num-
bers (Z ='70).

(2) Relativistic effects become notable in gfl/gff for
Z>15, ingj /g3, for Z>30, and in g% /g§ and g5 /g%
for Z>60. For g2 1/gf{, relativistic and nonrelativistic
ratios differ by ~50% for very heavy nuclei. For all
other ratios, relativistic effects are small (less than
2% for the gf,l/gil and g%, /g% , less than 8% for the
8%,/8%,)-

(3) The electron radial wavefunction ratios from
Hartree—-Fock calculations lie systematically below
those from Hartree-Fock-Slater and Thomas—-Fermi-
Dirac calculations, especially for low atomic numbers.

(4) For the K, L, and M ratios, the Hartree—Fock—
Slater calculations agree with the Thomas—Fermi-Di-
rac calculations to within 2.5% for Z > 40.
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(5) The gil/gff ratios of Brysk and Rose (1958) de-
viate systematically from all other calculations in the

"range 20<Z < 80 (Table II). Therefore, these values

should be discarded.

Of the various methods discussed above, the self-
consistent relativistic Dirac—Hartree—~Fock calcula-
tions of atomic structure are based on the soundest the-
oretical grounds (Mayers, 1972; Burke and Grant,
1967). It might consequently be expected that the wave-
functions of Mann and Waber (1973) would be most ac-
curate, and should preferably be used for analyzing
electron-capture experiments.” Table IX contains a
compilation of electron radial wavefunction amplitudes
according to Mann and Waber (1973). For practical
reason, we have listed the products g, p, "™ instead of

"However, for the immer shells and for medium and high atom-
ic numbers, there is only a negligible difference between the
wavefunctions of Mann and Waber (1973) and those from Har-
tree—Fock—Slater calculations (Suslov, 1969 and 1970b; Dzhel-
epov et al., 1972; Martin and Blichert-Toft, 1970) or Thomas—
Fermi-Dirac calculations (Behrens and Jianecke, 1969; Band
et al., 1956, 1958).
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0.127
0.138
0.151
0.167

0.128
0.139
0.152
0.168
0.187

0.128
0.139
0.152

0.128
0.140
0.152
0.167

0.128
0.140
0.154
0.170
0.190

0.128
0.139
0.153
0.169

0.125
0.137

0.107
0.109
0.111

0.107
0.109
0.110
0.111

60
70
80

0.151
0.166
0.184

0.167

90
100

0.186

0.112

=1,

=1, and m

=1, n

2The parameters in the Slater exchange term [Eq. (6) of Fricke et al. (1971)] are C

b Nonrelativistic results multiplied by a correction factor for relativistic effects.

. Bambynek et al.: Orbital electron capture

the amplitudes g,. It is always this product which ap-
pears in the formulae for the decay constant [Eq. (2.49)].

Because the electron-capture rate is essentially pro-
portional to the electron density at the nucleus, differ-
ent chemical environments or other macroscopic per-
turbations (pressure, temperature, etc.) can affect the
decay constant. Such effects are most noticeable in
capture from outer electron shells (Emery 1972;
Crasemann, 1973).

3. Nuclear form factors and nuclear matrix elements
a. Form factors and form-factor coefficients

The electron-capture transition matrix elements [Eq.
(2.7c)] were formulated in Sec. II.A under the assump-
tion that the vector and axial vector interactions govern
the process. However, the hadron part of this transi-
tion matrix element is only an approximation. In the
most general case, we must make the substitution

gy, (L Ny = f| V= AL D) (2.65)

in Eq. (2.7¢), where f and i represent the final and ini-
tial nuclear states, respectively. The vector and axial
vector hadron weak current are denoted by V, and 4,,.
According to Stech and Schiilke (1964) and Schiilke
(1964), we decompose this V —A nuclear current into
form factors depending on the square of the momentum
transfer (Armstrong and Kim, 1972; Bottino and Cio-
chetti, 1973; Donnelly and Walecka, 1972, 1973; Hol-
stein, 1974). We use a covariant decomposition, which
is strictly valid in the Breit system. A transformation
in the frame in which the initial nucleus is at rest is
easily performed because the decay energies are low
compared with the nuclear rest masses. The correc-
tion due to this transformation is of the order tk] /M,
where k is the momentum of the nucleus and M is its
mass. In this approximation, the hadron matrix element
depends only on the momentum transfer q=k, -k;. It
can be expanded as

<fl VI-L "Au'i>y47/u
=glun#%wun%%vwwﬁnm

S w (ay__@R)” .
-M; M M, TRLD oyt xed’)- (2.66)

Here, Ty, is the irreducible tensor defined by Egs.
(2.12); J;,J; and M;,M, denote the spins and magnetic
quantum numbers of the initial and final nuclear states,
respectively, and R is the nuclear radius.

This treatment of the nuclear current, similar to
methods used inelementary-particle physics, has the
advantage of being completely independent of any as-
sumption about the detailed form of the g -decay opera-
tors. All information about the nuclear current and all
effects due to the strong interaction (induced terms, ex-
change currents, relativistic nucleon motion inside the
nucleus, etc.) are contained in the form factors
F 1 (g%); they determine the outcome of g8 decay and
electron-capture experiments, and are the only quanti-
ties, as far as nuclear structure is concerned, that can
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TABLE III. Calculated electron radial wavefunction ratios g},/ gk 1

Nonrelativistic Relativistic
HFS HF TFD HFS HF
Calculated with
Herman and Watson and Froese— Brewer Behrens and the codes of Mann and

Skillman Freeman Fischer et al.? Jinecke Suslov Fricke et al. Waber

z (1963) (1961) (1972b) (1961) (1969) (1969, 1970) (1971) (1973)
15 0.095 0.075 0.076 0.095 0.095 0.076
20 0.132 0.118 0.119 0.133 0.133 0.119
25 0.144 0.134 0.136 0.145 0.145 0.136
30 0.148 0.144 0.143 0.162 0.150 0.150 0.144
40 0.174 0.172 0.184 0.176 0.176 0.174
50 0.194 0.193 0.201 0.197 0.196 0.195
60 0.208 0.208 0.216 0.214 0.212 0.211 0.210
70 0.218 0.218 0.228 0.224 0.224 0.222 0.222
80 0.225 0.225 0.237 0.233 0.231 0.231 0.230
90 0.231 0.242 0.240 0.237 0.238 0.237
100 0.235 0.245 0.243 0.242

2Here, gft has been taken from the tables of Behrens and Jinecke (1969).

be extracted from experimental data.

We neglect, for the moment, the initial electromag-
netic interaction between electron and nucleus, i.e., the
fact that there is a bound electron in the initial state.
Then the form factors Fy; J(g?) can be expanded in pow-
ers of ¢ [in analogy with the expansion of spherical
Bessel functions (Stech and Schiilke, 1964)]

@R) o

FKLs(qz)=F?fLs-m Yrstt. (2.67)
The _form-factor coefficients are then
FY = (- I)N(IZ%JZ; 2L + 1)!!(2N)!I/_d_>”F (qz)\ )
(2L +1)!IN! \dq? KLs 22=0
(2.68)

These form-factor coefficients contain all the informa-
tion about the initial and final nuclear states and the V-

A operator. Since g equals W, if the initial nucleus is at .
rest, we have gR <0.1, whence the form factors are
slowly varying functions of g2. Therefore, only the first
one or two terms will be significant.

In reality, however, we must take into account the fact
that there is a bound-state electron wavefunction in the
initial state. Hence the momentum transfer q, to the
nucleus is qy=p, —q, if the center of mass of the initial
nucleus and electron is at rest. The Fourier transform?®
of the lepton part of Eq. (2.10c) is

Liay)= [ e my, (1+7)9,-r) dr (2.69)

or

L(qN)-:ﬁv’yu(l"'ys)(pe-(qN'{'qx) (2-70)

TABLE IV. Calculated electron radial wavefunction ratios g,@l/ gﬁl.

Nonrelativistic
HFS HF

Relativistic
HFS HF

Suslov Calculated with
Herman and Watson and Froese— (1969,1970); the codes of Mann and

Skillman Freeman Fischer Dzhelepov et al. Fricke et al. © Waber

zZ (1963) (1961) (1972b) (1972) (1971) (1973)
35 0.116 0.094 0.094 0.116 0.094
40 0.162 0.143 0.163 0.162 0.143
45 0.184 0.168 0.186 0.185 0.167
50 0.203 0.188 0.206 0.204 9.189
60 0.233 0.224 0.236 0.235 0.225
70 0.237 0.232 0.245 0.243 0.236
80 0.251 0.248 0.257 0.257 0.251
90 0.266 0.271 0.271 0.267
100 0.279 ) 0.279

0.283

8The Fourier transform of the electron wavefunction ¢,-(7) is

¢e-(Pe)=fe"’e'r¢e-(r)dr3.

Rev. Mod. Phys., Vol. 49, No. 1, January 1977
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TABLE V. Calculated electron radial wavefunction ratios g(%l/ gﬁl.

Nonrelativistic Relativistic
HFS HF HFS HF
Calculated with
the codes of

Herman and Skillman Froese—Fischer Fricke et al. Mann and Waber
z (1963) (1972b) (1971) (1973)
70 0.155 0.135 0.161 0.146
75 0.182 0.163 0.186 0.171
80 0.203 0.183 0.208 0.192
85 0.229 0.211 0.232 0.216
90 0.252 0.252 0.239
95 0.263 0.266 0.254
100 0.272 0.278 0.279
(Schopper, 1966; Stech and Schiilke, 1964). Hence Eq. appear in electron-capture formulae (Schiilke, 1964),
(2.7c) becomes . where I(g},) has four different possible forms [Eq.
(2.42)] ~
Mye= [ 1V, = A, [i07,u(1+7,) 6@+ ,) dth. Jeisariaortar
(2.71)

[ez@ms@rear

The hadron matrix element corresponds to a transition (g4R)*

4 _—
from the initial state ¢’ to the final state f, whereas the Hay)= L+ f . Sy s (2.73)
Fourier transform ¢,-(q}+q,) induces an electromag- Sz la iz @iy ar
netic transition from ¢ to ¢’. The integral over g} cor-
responds to an integration over all momenta of the in- [ [ r)izla )i (@ w2dr.
termediate initial states, because we have q}= -k} —q,. N
The Coulomb interaction in the initial state therefore By expanding the spherical Bessel functions in powers
entails that terms of the form of » and the electron radial wavefunctions g,(») and
. f.(r) as discussed in Sec.II.B.2 [Egs. (2.49) and (2.51)],
j Hg')F g1 sl@\®)a’? dg’y (2.72) we obtain new form-factor coefficients (Behrens and
0 Biihring, 1971)
TABLE VI. Calculated relativistic electron radial wavefunction ratios f%z/ gfl.
TFD HFS HF
Suslov Calculated with
Brysk and Band Behrens and (1969,1970b); Martin and the codes of
Rose et al. Jinecke Dzhelepov et al. Blichert- Toft Fricke et al. Mann and Waber
z (1955) (1956,1958) (1969) (1972) (1970) (1971) (1973)
10 0.001 0.00052 0.00053 0.000 52 - 0.00046
15 0.002 0.00160 0.00155 0.00155 0.001 55 0.00143
20 0.003 0.002 35 0.003 18 0.003 08 0.003 06 0.003 06 0.00290
25 - 0.005 0.004 92 0.005 25 0.00515 0.00512 0.00512 0.00489
30 0.007 0.007 51 0.007 86 0.00778 0.00774 0.007 74 0.007 46
40 0.013 0.0145 0.0149 0.0148 0.0147 0.0147 0.0143
50 0.022 0.0241 0.0247 0.0246 0.0244 0.0244 0.0238
60 0.034 0.0368 0.0377 0.0376 0.0371 0.0371 0.0364
70 0.052 0.0538 0.0548 0.0546 0.0538 0.0538 0.0527
80 0.077 0.0757 0.0771 0.0755 0.0755 0.0754 0.0741
90 0.111 0.1056 0.1068 0.1043 0.1042 0.1041 0.1023
100 0.154 0. 0.1407

1474 0.1432

Rev. Mod. Phys., Vol. 49, No. 1, January 1977
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TABLE VII. Calculated relativistic electron radial wavefunction ratios f,,z,z/gf,l.

TFD

Brewer et al. Behrens and Janecke

(1969, 1970b)
Dzhelepov et al.

HFS
Calculated with
the codes of
Fricke et al.

Suslov

Mann and Waber

z (1961) (1969) (1972) (1971) (1973)
15 0.00112 0.00111 0.00102
20 0.00282 0.00281 0.002 59
25 0.00495 0.00492 0.00470
30 0.0079 0.007 66 0.007 61 0.007 30
40 0.0158 0.0156 0.0155 0.0150
50 . 0.0268 0.0267 0.0264 0.0258
60 0.0409 0.0416 0.0415 0.0409 0.0400
70 0.0601 0.0610 0.0609 0.0599 0.0588
80 0.0834 0.0865 0.0848 0.0847 0.0831
90 0.1179 0.1201 0.1176 0.1173 0.1153
0.1616 0.1589

100 0.1661

Fiy Skymn,0)= [ I@F e da¥a® dg, (2.74)
0 .
where
“g (qR)L ao<r>L+2N . . 2
J(CI)-,” (2L+ 1)1! J(; R I(k,m,n,p,’r)]L(qV)’r d’)".
(2.75)

Terms in which these new form factors occur always
contain powers of @Z. Terms that are independent of
aZ containthe simpler form-factor coefficients F¥,
[Egs. (2.67) and (2.68)].

b. Relation between form-factor coefficients and nuclear
matrix elements

The form factors or form-factor coefficients can
only be expressed in terms of nuclear matrix elements,
in general, if some approximations are made. First, it

TABLE VIII. Calculated relativistic electron radial wavefunc-
tion ratios f,?,z/ gﬁl.

HFS HF
Calculated with
the codes of
Fricke et al.

Suslov
(1969, 1970b)

Dzhelepov et al. Mann and Waber

z (1972) (1971) (1973)
35 0.0078 0.0076
40 0.0134 0.0133 0.0126
45 0.0185 0.0182 0.0176
50 0.0247 0.0244 0.0237
60 0.0400 0.0394 0.0385
70 0.0594 0.0583 0.0572
80 0.0836 0.0836 0.0821
20 0.117 0.117 0.115
100 0.162 0.160
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is assumed that the nucleons inside the nucleus interact
with leptons in the same way as free nucleons do (im-
pulse-approximation treatment). Meson exchange (Blin-
Stoyle, 1973; Lock et al., 1974) and other many-body
effects are hence neglected.

The g -decay Hamiltonian must be used with various
many-body nuclear wavefunctions that can only be cal-
culated in the framework of specific nuclear models.
Thus the uncertainties of nuclear-structure theory are
carried over into the nuclear matrix elements or form-
factor coefficients. '

Finally, the axial-vector constant A for nucleons em-
bedded in a complex nucleus is renormalized in a dif-
ferent way from that for free nucleons, because the
mesonic currents behave differently for free and bound
nucleons, and new mesonic currents appear that are
absent for free nucleons. Thus A is in principle not a
constant over the whole range of nuclei. For light nu-
clei, a deviation of A from the free-nucleon value by
~7% has been found (Wilkinson, 1973a, 1973b, 1974a;
Szybisz, 1975; Ericson ef al., 1973; Ohta and Wakamat-
su, 1974).

Under these assumptions, we develop the relation be-
tween form-factor coefficients and nuclear matrix ele-
ments for a pure V-A nucleon current of the form given
in Eq. (2.4). Induced terms will be discussed later.

We have (Stech and Schiilke, 1964; Behrens and Biihring,
1971)°

%In the formulae for 8~ and B* decay, the axial-vector cou-
pling constant A has the opposite sign [Sec. II.A, Eq. (2.39)].
For electron capture, there are hence two ways of defining
the axial-vector form-factor coefficients in terms of matrix
elements and coupling constants, i.e., by using the same sign
definition for A as in the f~-decay formulae or the same as in
the B*-decay formulae. In the present work, the definition of
the form-factor coefficients corresponds, as in Behrens and
Jinecke (1969), to those in 8~ decay. Consequently, in addition
to the substitution indicated in Eq. (2.40), we must replace
AFyrs by —*Fyr, Wwhen going from 8* decay to electron capture.
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TABLE IX. Amplitudes 8, pﬁx'l of the bound electron radial wavefunctions. (After Mann and Waber, 1973 and private commun-

ication.) Columns are headed by atomic numbers Z.

(Outermost electrons have been omitted.)

LI
LII

LI
Lo
LI
MI
MII
MII
MIV

LI
Lo
LI
MI
MII
MIII
MIV
MV

LI
LII
LI
MI
MII
MIII
MIV
MV
NI
NII
NIII

LI
LII
LI
MI
Mo
MIII

1

0.12470E-02
0.0
0.0

9

0.327 62E-01
0.759 54E-02
0.143 02E-03
0.0 )
0.0
0.0

17

0.897 21E-01
0.253 04E-01
0.112 05E-02
0.216 40E-02
0.76570E-02
0.298 83E-03
0.0

0.0

25

0.17020E 00
0.520 39E-01
0.364 06E-02
0.68132E-02
0.19193E-01
0.13161E-02
0.243 95E-02
0.325 69E-04
0.0

33

0.279 25E 00
06.88970E-01
0.856 45E-02
0.15284E-01
0.347 67TE-01
0.33581E-02
0.599 06E-02
0.141 02E-03
0.26980E-03
0.965 08E-02
0.0

0.0

41

0.421 35E 00
0.13943E 00
0.17154E-01
0.289 36E-01
0.585 04E-01
0.739 15E-02
0.125 20E-01

2

0.296 58 E-~02
0.0
0.0

10

0.386 34E-01
0.909 22E-02
0,194 56E-03
0.0
0.0
0.0

18

0.93431E-01
0.23140E-01
0.133 57E-02
0.257 29E-02
0.879 64E~02
0.373 10E-03
0.0

0.0

26

0.18210E 00
0.560 57TE-~01
0.41048E-02
0.763 95E~02
0.208 21E-01
0.149 84E-02
0.276 66E~02
0.400 24E-04
0.0

34

0.293 97E 00
0.944 30E-01
0.940 28E-02
0.166 74E-01
0.37281E-01
0.373 89E-02
0.663 20E-02
0.166 12E-03
0.316 92E-03
0.10947E-01
0.0

0.0

42

0.442 16E 00
0.146 91E 00
0.18572E-01
0.31088E-01
0.62071E-01
0.807 38E-02
0.13579E-01

0.578 43E-02
0.903 18E-03
0.0

11

0.448 67E-01
0.10984E-01
0.27259E-03
0.536 7T4E-03
0.0
0.0

19

0.107 54E 00
0.31129E-01
0.157 73E-02
0.302 68E-02
0.102 59E-01
0.480 51E-03
0.0

0.0

27

0.19441E 00
0.60226E-01
0.46073E-02
0.852 69E-02
0.225 05E-01
0.16956E~02
0.31189E-02
0.48529E-04
0.0

35

0.31035E 00
0.10014E 00
0.103 04E-01
0.18149E-01
0.399 30E-01
0.41521E-02
0.73220E-02
0.19417E-03
0.36941E-03
0.12273E-01
0.0

0.0

43

0.46370E 00
0.15469E 00
0.20084E-01
0.33351E-01
0.65796E-01
0.880 53E-02
0.146 98E-01

4

0.917 67E-02
0.167 27TE-02
0.0

12

0.514 61E-01
0.13042E-01
0.366 44E-03
0.71972E-03
0.0
0.0

20

0.117 02E 00
0.34259E-01
0.184 55E-02
0.35272E-02
0.118 12E-01
0.60071E-03
0.0

0.0

28

0.207 24E 00
0.64583E-01
0.515 25E-02
0.947 97E-02
0.242 60E-01
0.19095E-02
0.349 85E-02
0.581 94E-04
0.0

36

0.327 21E 00
0.106 04E 00
0.11264E-01

- 0.197 09E-01

0.426 88E-01
0.459 65E-02
0.806 08E-02
0.225 32E-03
0.427 58E-03
0.136 30E-01
0.0

0.0

44

0.486 09E 00
0.16279E 00
0.216 97E-01
0.35731E-01
0.696 64E-01
0.958 58 E-02
0.158 80E-01

5

0.13059E-01
0.263 79E-02
0.0

13

0.584 05E-01
0.15235E-01
0.478 22E-03
0.93526E-03
0.35174E-02
0.0

21

0.126 84E 00
0.375 22E-01
0.21416E-02
0.407 80E-02
0.13221E-01
0.719 56E-03
0.136 90E-02
0.0

29

0.22043E 00
0.69083E-01
0.57410E-02
0.104 97E-01
0.259 29E-01
0.212 31E-02
0.387 99E-02
0.660 18E-04
0.0

37

0.34474E 00
0.11221E 00
0.12294E-01
0.213 60E-01
0.455 90E-01
0.507 83E-02
0.88473E-02
0.260 01E-03
0.492 16E-03
0.15419E-01
0.15185E-02
0.0

45

0.50929E 00
0.17123E 00
0.23413E-01
0.38233E-01
0.73707E-01
0.104 20E-01
0.17127E-01

6

0.17386E-01
0.37220E-02
0.0

14

0.657 06E-01
0.175 60E-01
0.609 05E-03
0.118 50E-02
0.451 17E-02
0.0

22

0.13707E 00
0.40930E-01
0,246 73E-02
0.468 02E-02
0.146 48E-01
0.849 55E-03
0.160 56 E-02
0.0

30

0.23416E 00
0.737 T8E-01
0.637 26E-02
0.115 84E-01
0.27957E-01
0.238 86E-02
0.434 10E-02
0.813 68E-04
0.0

38

0.36289E 00
0.118 62E 00
0.13391E-01
0.23104E-01
0.486 24E-01
0.559 57E-02
0.968 52E-02
0.298 38E-03
0.56345E-03
0.17294E-01
0.17970E-02
0.0

46

0.533 19E 00
0.17984E 00
0.25230E-01
0.408 53E-01
0.778 93E-01
0.113 07E-01
0.18440E-01

7

0.221 25E-01
0.490 69E-02
0.67140E-04

15

0.733 54E-01
0.200 13E-01
0.758 40E-03
0.147 21E-02
0.55193E-02
0.176 36E-03

23

0.14770E 00
0.44481E-01
0.28241E-02
0.533 56E-02
0.16113E-01
0.99208E-03
0.186 10E-02
0.0

31

0.248 31E 00
0.786 36E-01
0.70509E-02
0.12741E-01
0.30096E-01
0.268 24E-02
0.484 54E-02
0.988 43E-04
0.18983E-03

39

0.38172E 00
0.12529E 00
0.14567E-01
0.24947E-01
0.51788E-01
0.61534E-02
0.10576E-01
0.341 00E-03
0.64184E-03
0.190 62E-01
0.206 24E-02
0.35534E-02

47

0.558 11E 00
0.18911E 00
0.27170E-01
0.436 09E-01
0.82290E-01
0.12257E-01
0.198 256E-01

8

0.27256E-01
0.619 94E-02
0.10080E-03

16

0.813 64E-01
0.225 96E-01
0.928 53E-03
0.17978E-02
0.656 60E-02
0.233 45E-03

24

0.158 75E 00
0.48189E-01
0.321 61E-02
0.604 69E-02
0.174 94E-01
0.113 44E-02
0.21192E-02
0.24081E-04

32

0.26301E 00
0.83701E-01
0.778 09E-02
0.13974E-01
0.323 69E-01
0.300 65E-02
0.53945E-02
0.118 62E-03
0.227 60E-03

40

0.40117E 00
0.13222E 00
0.158 18E-01
0.268 89E-01
0.5650 79E-01
0.67509E-02
0.11520E-01
0.387 94E-03
0.727 63E-03
0.208 27E-01
0.23381E-02
0.40141E-02

48

0.583 64E 00
0.198 53E 00
0.292 19E-01
0.464 86E-01
0.868 34E-01
0.132 65E-01
0.21279E-01
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TABLE IX. (Continued)
41 42 43 44 45 46 47 48
MIV  0.43977E-03 0.49583E-03 0.55730E-03 0.62384E-03 0.69641E-03 0.77478E-03 0.86027E-03 0.952 64E-03
MV 0.82127E-03 0.92367E-03 - 0.10347E-02 0.11560E-02 0.128 71E-02 0.14295E-02 0.158 22E-02  0.174 63E-02
NI 0.22468E-01 0.24297E-01 0.26341E-01 0.23121E-01 0.30132E-01 0.32082E-01 0.343 66E-01  0.367 88E-01
NI 0.26015E-02 0.29198E-02 0.32805E-02 0.36188E-02 0.40027E-02 0.43908E-02 0.48462E-02 0.533 99E-02
NIIL 0.44583E-02 0.49474E-02 0.55075E-02 0.60036E-02 0.657 51E-02 0.71345E-02 0.78125E-02 0.854 1TE-02
NIV 0.0 0.12877E-03 0.16111E-03 0.18017E-03 0.20928E-03 0.23174E-03 0.27540E-03 0.32276E-03
49 50 51 52 53 54 55 56
K 0.61029E 00 0.63774E 00 0.66627E 00 0.69548E 00 0.72657E 00 0.75813E 00 0.79123E 00 0.82511E 00
LI 0.20840E 00 0.21861E 00 0.22927E 00 0.24025E 00 0.25197E 00 0.26393E 00 0.27652E 00 0.28949E 00
LI 0.31404E-01 0.33717E-01 0.36175E-01 0.387 66E-01 0.41559E-01 0.44485E-01 0.47611E-01 0.509 02E-01
LIII 0.49509E-01 0.526 68E-01 0.55979E-01 0.59429E-01 0.63071E-01 0.66851E-01 0.708 18E-01 0.74943E-01
MI 0.91596E-01 0.96536E-01 0.10170E 00 0.10703E 00 0.11271E 00 0.11854E 00 0.12468E 00 0.13101E 00
MII 0.143 44E-01  0.15491E-01 0.167 13E-01  0.18006E-01 0.19401E-01 0.208 69E-01 0.22442E-01  0.241 02E-01
MIII  0.22812E-01 0.24422E-01 0.26117E-01 0.27892E-01 0.29772E-01 0.31731E-01 0.337 95E-01  0.35949E-01
MIV  0.10526E-02 0.11604E-02 0.127 67E-02 0.14016E-02 0.15367E-02 0.168 12E-02 0.18367E-02  0.200 30E-02
MV 0.19231E-02 0.21129E-02 0.23166E-02 0.25345E-02 0.27685E-02 0.30179E-02 0.32847E-02 0.356 88E-02
NI 0.39331E-01 0.42001E-01 0.448 09E-01 0.47729E-01 0.508 43E-01 0.54054E-01 0.57449E-01 0.60973E-01
NI 0.588 11E-02 0.64674E-02 0.70932E-02 0.77606E-02 0.848 38E-02 0.92499E-02 0.10076E-01  0.109 54E-01
NIII 0.93266E-02 0.10163E-01 0.11057E-01 0.12004E-01 0.130 12E-01 0.14077E-01 0.15196E-01  0.16372E-01
NIV 0.37449E-03 0.43054E-03 0.49217E-03 0.558 86E-03 0.63135E-03 0.70954E-03 0.79451E-03 0.88633E-03
NV 0.68149E-03 0.78300E-03 0.89168E-03 0.10087E-02 0.11352E-02 0.12711E-02 0.14186E-02 0.157 73E-02
NVI 0.0 0.0 0.11389E-04 0.127 00E-04 0.14044E-04 0.15406E-04 0.17255E-04 0.19179E-04
NVII 0.0 0.0 0.0 0.0 0.0 0.0 0.13933E-06 0.16136E-06
57 58 59 60 61 62 63 64
K 0.86070E 00 0.89769E 00 0.93616E 00 0.97557E 00 0.10166E 01 0.10590E 01 0.11034E 01 0.11485E 01
LI 0.30317E 00 0.31746E 00 0.33242E 00 0.34781E 00 0.36390E 00 0.38063E 00 0.39823E 00 0.416 23E 00
LI 0.54419E-01 0.58158E-01 0.62134E-01 0.66315E-01 0.707 55E-01 0.75454E-01 0.80464E-01 0.857 06E-01
LIO 0.79271E-01 0.83801E-01 0.88541E-01 0.93459E-01 0.98595E-01 0.10395E 00 0.10954E 00 0.11533E 00
MI 0.13769E 00 0.14468E 00 0.15201E 00 0.15955E 00 0.16745E 00 0.17566E 00 0.18429E 00 0.193 14E 00
MII 0.258 80E-01  0.27774E-01 0.29793E-01 0.31920E-01 0.34183E-01 0.36581E-01 0.39147E-01 0.418 31E-01
MII  0.38216E-01 0.40601E-01 0.43107E-01 0.457 12E-01 0.48439E-01 0.51288E-01 0.54273E-01 0.573 66E-01
MIV  0.21817E-02 0.23735E-02 0.25790E-02 0.27975E-02 0.30308E-02 0.327 94E-02 0.35462E-02 0.38272E-02
MV 0.387 20E-02  0.41975E-02 0.45463E-02 0.49137E-02 0.53040E-02 0.57178E-02 0.61553E-02 0.66161E-02
NI 0.64675E-01 0.68271E-01 0.71798E-01 0.75635E-01 0.79632E-01 0.83777E-01 0.88146E-01 0.927 98E-01
NIL 0.118 98E-01 0.12841E-01 0.13789E-01 0,148 41E-01 0.15958E-01 0.17142E-01 0.18409E-01 0.197 88E-01
NIII  0.176 14E-01 0.18815E-01 0.19984E-01 0.21281E-01 0.226 34E-01 0.24043E-01 0.25527E-01 0.27137E-01
| NIV 0.986 40E-03  0.10838E-02 0.11789E-02 0.128 95E-02 0.14077E-02 0.15337E-02 0.16683E-02 0.18212E-02
NV 0.17483E-02 0.19125E-02 0.207 14E-02 0.22547E-02 0.24488E-02 0.26542E-02 0.287 46E-02 - 0.312 07E-02
NVI 0.20971E-04 0,228 09E-04 0.24839E-04 0.28825E-04 0.33151E-04 0.37857E-04 0.43037E-04 0.50527E-04
NVI  0.18147E-06 0.11285E-05 0.11532E-05 0.12115E-05 0.12714E-05 0.13331E-05 0.77773E-04 0.920 61E-04
65 66 67 68 69 70 71 72
K 0.11964E 01 0.12455E 01 0,12968E 01 0.13501E 01 0.14058E 01 0.14627E 01 0.15227E 01 0.15843E 01
LI 0.43539E 00 0.45516E 00 0.47592E 00 0.49761E 00 0.52034E 00 0.54376E 00 0.56850E 00 0.59411E 00
LI 0.91339E-01 0.97268E-01 0.10358E 00  0.11028E 00 0.11739E 00 0.12488E 00 0.13287E 00 0.14130E 00
LIII 0.12141E 00 0.12772E 00 0.13431E 00 0.14117E 00 0.14833E 00 0.15574E 00 0.16349E 00 0.17152E 00
MI 0.20256E 00 0.21230E 00 0.22252E 00 0.23320E 00 0.24441E 00 0.25597E 00 0.26817E 00 0.28082E 00
MII 0.447 32E-01  0.47785E-01 0.51040E-01 0.544 97E-01 0.58179E-01 0.62055E-01 0.66195E-01 0.70564E-01
MII  0.60628E-01 0.64019E-01 0.67568E-01 0.71275E-01 0.75149E-01 0.79172E-01 0.83385E-01  0.877 65E-01
MIV  0.41318E-02 0.44529E-02 0.47950E-02 0.51586E-02 0.55452E-02 0.59540E-02 0.63870E-02 0.68449E-02
MV 0.71068E-02 0.76238E-02 0.81705E-02 0.87478E-02 0.93575E-02 0.99986E-02 0.10675E-01 - 0.11385E-01
NI 0.97362E-01 0.10226E 00 0.10741E 00 0.11278E 00 0.11841E 00 0.12422E 00 0.13051E 00 0.137 09E 00
NI 0.21163E-01 0.22668E-01 0.24272E-01 0.25976E-01 0.277 91E-01  0.297 02E-01  0.317 99E-01  0.340 30E-01
NIII 0.28683E-01 0.30366E-01 0.32126E-01 0.33964E-01 0.35887E-01 0.37883E-01 0.40048E-01 0.423 21E-01
NIV 0.196 33E-02 0.21250E~02 0.22972E-02 0.248 04E-02 0.267 52E-02 0.288 15E-02 0.31120E-02 0.33595E-02
NV 0.33550E-02 0.36166E-02 0.38938E-02 0.418 70E-02 0.44972E-02 0.48240E-02 0.518 51E-02 0.557 03E-02
NVI 0.547 63E-04 0.61389E-04 0.68582E-04 0.76377E-04 0.84820E-04 0.93936E-04 0.10646E-03 0.12007E-03
NVII  0.98950E-04 0.11086E-03 0.,12374E-03 0.13765E-03 0.15268E-03 0.16886E-03 0,19171E-03 0.21628E-03
oI 0.0 0.0 0.41330E-01 0.43281E-01 0.45323E-01 0.47427E-01 0.507 22E-01  0.54179E-01
oII 0.0 0.0 0.0 0.0 0.0 0.0 0.11189E-01 0.12214E-01
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TABLE IX. (Continued)
73 74 75 76 77 78 79 80
K 0.16489E 01 0.17158E 01 0.17856E 01 0.18573E 01 0.19330E 01 0.20112E 01 0.20932E 01 0.21775E 01
LI 0.62103E 00 0.64910E 00 0.67853E 00 0.70899E 00 0.74123E 00 0.77477E 00 0.81010E 00 0.84665E 00
LII 0.15028E 00 0.15978E 00 0.16989E 00 0.18054E 00 0.19195E 00 0.20401E 00 0.21687E 00 0.23043E 00
LI 0.17990E 00 0.18861E 00 0.19768E 00 0.207 O7E 00 0.21689E 00 0.22708E 00 0.23770E 00 0.248 69E 00
MI 0.29412E 00 0.30798E 00 0.32256E 00 0.33764E 00 0.35362E 00 0.37025E 00 0.38778E 00 0.40594E 00
MII 0.75224E-01 0.80165E-01 0.85426E-01 0.90977E-01 0.96925E-01 0.10322E 00 0.10995E 00 0.117 04E 00
MIIT 0.92343E-01 0.97114E-01 0.10210E 00 0.10727E 00 0.11269E 00 0.11833E 00 0.12422E 00 0.13034E 00
MIV 0.73308E-02 0.78453E-02 0.83900E-02 0.89648E-02 0.95750E-02 0.10219E-01 0,10902E-01 0.116 21E-01
MV 0.121 34E-01 0.12922E-01 0.13751E-01 0.146 21E-01 0.15538E-01 0.16500E-01 0.17512E-01 0.18570E-01
NI 0.14404E 00 0.15134E 00 0.15902E 00 0.16701E 00 0.17550E 00 0.18435E 00 0.19371E 00 0.20346E 00
NII 0.36424E-01 0.38978E-01 0.417 05E-01 0.44596E-01 0.47704E-01 0.51004E-01 0.54541E-01 0.58287E-01
NI 0.447 18E-01 0.47234E-01 0.49879E-01 0.52644E-01  0.55556E-01 0.58605E-01 0.61800E-01 0.65127E-01
NIV 0.36254E-02 0.39102E-02 0.42128E-02 0.45344E-02 0.48781E-02 0.52430E-02 0.56320E-02 0.60444E-02
NV 0.598 10E-02 0.64171E-02 0.68817E-02 0.73735E-02 0.78956E-02 0.84500E-02 0.90362E-02 0.96501E-02
NVI 0.13488E-03 0.15095E-03 0.168 57E-03 0.187 62E-03 0,208 24E-03 0.230 52E-03 0.254 54E-03 0.28039E-03
NVII 0.24279E-03 0.27139E-03 0.30205E-03 0.33510E-03 0.37077E-03 0.40900E-03 0.45029E-03 0.49477E-03
()% 0.578 35E-01 0,61666E-01 0.65728E-01 0.69952E-01 0.744 15E-01 0.79983E-01 0.83625E-01 0.89077E-01
on 0.13314E-01  0.14488E-01 0.15828E-01 0.17252E-01 0.18782E-01 0.20346E-01 0,22085E-01 0.24004E-01
on1 0.0 0.0 0.18681E-01 0.20049E-01 0.21485E-01 0.22840E-01  0.244 04E-01 0.261 92E-01
81 82 83 84 85 86 87 88
K 0.22651E 01 0.23569E 01 0.24532E 01 0.25542E 01 0.22604E 01 0.27606E 01 0.28746E 01 0.29917E 01
LI 0.88486E 00 0.92511E 00 0.967 56E 00 0.10123E 01 0.10595E 01 0.11049E 01 0.11563E 01 0.12094E 01
LII 0.24481E 00 0.26016E 00 0.27654E 00 0.29404E 00 0.31275E 00 0.33146E 00 0.35247E 00 0.37462E 00
LT 0.26011E 00 0.27206E 00 0.28441E 00 0.29734E 00 0.31082E 00 0.32430E 00 0.33880E 00 0.35377E 00
MI 0.424 94E 00 0.44497E 00 0.46610E 00 0.48838E 00 0.51193E 00 0.53461E 00 0.56027E 00 0.58683E 00
MII 0.12458E 00 0.13263E 00 0.14124E 00 0.15044E 00 0.16028E 00 0.17015E 00 0.18123E 00 0.19291E 00
MIn 0.13671E 00 0.14336E 00 0.15032E 00 0.15759E 00 0.16519E 00 0.17282E 00 0.18104E 00 0.18955E 00
MIV 0.12380E-01 0.13184E-01 0.14035E-01 0.14935E-01 0.15888E-01 0.16865E-01 0.17922E-01 0.190 32E-01
MV 0.196 80E-01 0.20846E-01 0.22071E-01 0.23356E-01 0.247 06E-01 0.26091E-01 0.27567E-01 0.29108E-01
NI 0.21368E 00 0.22446E 00 0.23586E 00 0.24790E 00 0.26065E 00 0.27300E 00 0.28695E 00 0.30142E 00
NII 0.62283E-01 0.66563E-01 0.71146E-01 0.76055E-01 0.81320E-01 0.86627E-01 0.92581E-01 0.98879E-01
NIII 0.68607E-01 0.72255E-01 0.76085E-01 0.80101E-01 0.84313E-01 0.88571E-01 0.93153E-01 0.97915E-01
NIV 0.648 24E-02 0.69482E-02 0.74438E-02 0.79706E-02 0.85307E-02 0.91096E-02 0.97368E-02 0.103 99E-01
NV 0.10298E-01 0.10983E-01 0.11705E-01 0.12467E-01 0.13271E-01 0.14102E-01 0.14991E-01 0.15923E-01
NVI 0.308 24E~-03 0.338 28E-03 0.370 63E-03 0.40546E-03 0.44292E-03 0.48262E-03 0.525 67E-03 0.57171E-03
NVII 0.542 53E-03 0.59383E-03 0.648 88E-03 0.707 88E-03 0.77110E-03 0.838 01E-03 0.91014E-03 0.987 02E-03
o1 - 0.94751E-01 - 0.10079E 00 0.10719E 00 0.11399E 00 0.12119E 00 0.12830E 00 0.13626E 00 0.14458E 00
on 0.26097E-01 0.28376E-01 0.30808E-01 0.33426E-01 0.36246E-01 0.39129E-01 0.42355E-01 0.457 86E-01
Oon1 0.28110E-01  0.30145E-01 0.323 13E-01 0.346 03E-01  0.37022E-01 0.39511E-01 0.42152E-01 0.449 09E-01
o1v 0.21480E-02 0.23968E-02 0.26699E-02 0.29593E-02 0.32664E-02 0.35861E-02 0.393 17E-02 0.42988E-02
ov 0.0 0.0 0.41515E-02 0.45797E-02 0.50297E-02 0.54968E-02 0.60011E-02 0.653 30E-02
OVI 0.0 0.0 0.0 0.0 0.0 0.0 0.44033E-04 0.48652E-04
89 90 91 92 93 94 95 96
K 0.31189E 01 0.32408E 01 0.33781E 01 0.35118E 01 0.36613E 01 0.38136E 01 0.39697E 01 0.41326E 01
LI 0.12673E 01 0.13236E 01 0.13869E 01 0.14493E 01 0.15191E 01 0.15907E 01 0.16648E 01 0.174 25E 01
Lo 0.398 82E 00 0.42327E 00 0.45059E 00 0.47846E 00 0.50949E 00 0.54208E 00 0.57644E 00+ 0.61308E 00
LII 0.36959E 00 0.38547E 00 0.40251E 00 0.41971E 00 0.43809E 00 0.45700E 00 0.47648E 00 0.496 72E 00
MI 0.61574E 00 0.64395E 00 0.67561E 00 0.70691E 00 0.74185E 00 0.77777E 00 0.81494E 00 0.853 98E 00
MII 0.20569E 00 0.21862E 00 0.23306E 00 0.24782E 00 0.26425E 00 0.28152E 00 0.29974E 00 0.31918E 00
M1 0.198 56E 00 0.20764E 00 0.21739E 00 0.227 28E 00 0.23785E 00 0.24876E 00 0.26004E 00 0.27178E 00
MIV 0.20217E-01 0.21437E-01 0.227 52E-01 0.24110E-01 0.25570E-01. 0.27097E-01 0.28698E-01 0.303 83E-01
MV 0.307 35E-01 0.32407E-01 0.34189E-01 0.36023E-01 0.37969E-01 0.39994E-01 0.42099E-01 0.44297E-01
NI 0.31715E 00 0.33259E 00 0.34981E 00 0.36692E 00 0.38598E 00 0.40560E 00 0.42595E 00 0.447 35E 00
NII 0.10577E 00 0.11278E 00 0.12058E 00 0.128 59E 00 0.13750E 00 0.14688E 00 0.15679E 00 0.167 39E 00
NOI 0,10296E 00 0.10808E 00 0.11356E 00 0.11914E 00 0.12511E 00 0.13128E 00 0.13769E 00 0.14437E 00
NIV 0.111 08E~01 0.11342E-01 0.12634E-01 0.13456E-01 0,143 42E-01 0.15270E-01 0.16247E-01 0.17279E-01
NV 0.16910E-01 0.17832E-01 0.19019E-01 0.20144E-01 0.21341E-01 0.22589E-01 0.23895E-01 0.25262E-01
NVI 0.621 30E-03 0.67374E-03 0.73077E-03 0.79091E-03 0.85573E-03 0.92512E-03 0.998 03E-03 0.107 58E-02
NVI 0.106 94E-02 0.11564E-02 0.124 94E-02 0.13477E-02 0.14528E-02 0.156 40E-02 0.168 23E-02 0.18073E-02
OI 0.15355E 00 0.16246E 00 0.17200E 00 0.18165E 00 0.,19230E 00 0.20313E 00 0.21452E 00 0.226 62E 00
OI1 0.49541E-01 0.53399E-01 0.57471E-01 0.61751E-01 0.66487E-01 0.71383E-01 0.76722E-01 0.82471E-01
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TABLE IX. (Continued)
89 90 i 91 92 93 94 95 96
OI11 0.478 36E-01 0.508 29E-01 0.538 07E-01 0.56927E-01 0.60238E-01 0.63560E-01 0.67082E-01 0.708 57E-01
o1v 0.469 60E-02 0.51117E-02 0.548 69E-02 0.590 91E-02 0.636 11E-02 0.680 18E-02 0.73136E-02 0.787 49E-02
ov 0.709 90E-02 0.768 78E-02 0.82381E-02 0.88376E-02 0.946 95E-02 0.10094E-01 0.10771E-01 0.11519E-01
OVI 0.53203E-04 0.57651E-04 0.21069E-03 0.240 24E-03 0.27099E-03 0.29148E-03 0.32587E-03 0.372 15E-03
OVIL 0.81185E-06 0.897 32E-06 0.30926E-05 0.328 07TE-05 0.348 45E-~05 0.36421E-05 0.53152E-03 0.616 03E-03
OVIII 0.0 0.0 0.96413E-06 0.104 38E-05 0.113 08E-05 0.12065E-05 0.38582E-05 0.413 39E-05
o 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.93045E-07
97 98 99 100 101 102
K 0.43058E 01 0.448 68E 01 0.467 41E 01 0.48776E 01 0.508 26E 01 0.53013E 01
LI 0.18256E 01 0.191 29E 01 0.20040E 01 0.210 31E 01 0.22040E 01 0.23121E 01
LII 0.652 63E 00 0.69488E 00 0.73976E 00 0.788 90E 00 0.840 26E 00 0.89589E 00
LIII 0.517 90E 00 0.53989E 00 0.56265E 00 0.586 67E 00 0.611 24E 00 0.636 96E 00
MI 0.89567E 00 0.93953E 00 0.98530E 00 0.10351E 01 0.108 58E 01 0.11402E 01
MII 0.340 18E 00 0.36262E 00 0.38646E 00 0.41257E 00 0.43986E 00 0.46943E 00
MIII 0.284 10E 00 0.296 92E 00 0.31022E 00 0.32428E 00 0.33871E 00 0.35386E 00
MIV 0.321 69E-01 0.34049E-01 0.36022E-01 0.38123E-01 0.403 10E-01 0.426 26E-01
MV 0.466 03E-01 0.490 10E-01 0.51518E.-01 0.541 58E-01 0.568 91E-01 0.597 54E-01
NI 0.47017E 00 0.49421E 00 0.51932E 00 0.546 61E 00 0.57449E 00 0.604 33E 00
NII 0.178 82E 00 0.191 06E 00 0.204 08E 00 0.218 33E 00 0.23327E 00 0.24945E 00
NIII 0.15138E 00 0.15870E 00 0.166 30E 00 0.17435E 00 0.18263E 00 0.191 32E 00
NIV 0.18372E-01 0.19527E-01 0.207 42E-01 0.22040E-01 0.233 94E-01 0.248 31E-01
NV 0.266 99E-01 0.28205E-01 0.297 78E-01 0.31438E-01 0.33162E-01 0.34972E-01
NVI 0.11584E-02 0.12463E-02 0.133 97E-02 0.143 95E-02 0.15448E-02 0.165 69E-02
NVII 0.19411E-02 0.208 23E-02 0.223 16E-02 0.23905E-02 0.25577E-02 0.273 57E-~02
Ol 0.239 25E 00 0.25267E 00 0.26671E 00 0.28193E 00 0.29752E 00 0.31420E 00
OI1 0.886 01E-01 0.952 09E-01 0.10225E 00 0.10997E 00 0.118 07E 00 0.126 86E 00
Ol 0.74587E-01 0.78588E-01 0.827 45E-01 0.871 35E-01 0.916 56E-01 0.96401E-01
o1V 0.84260E-02 0.903 04E-02 0.96671E-02 0.10346E-01 0.11056E-01 0.118 10E-01
ov 0.122 21E-01 0.12999E-01 0.138 13E-01 0.146 71E-01 0.15564E-01 0.16503E-01
OVI 0.400 21E-03 0.44073E-03 0.48370E-03 0.529 57TE-03 0.578 11E-03 0.629 86E-03
OVIL 0.653 59E-03 0.71910E-03 0.787 83E-03 0.860 69E-03 0.937 11E-03 0.101 63E-02
OVIII 0.432 18E-05 0.457 21E-05 0.48331E-05 0.511 59E-05 0.540 55E-05 0.57155E-05
VFRL fkyym,n, p)= (= D)¥ L Vany, (k,,m,n,0), von, (k.,m,n,p) and 4MY, (2., m,n,p). The meaning
s\¥xy 270y KL s\"®xy ERAS ]
(2.76) of the indices has been explained in connection with the

AFIPéLs(kx,m’n,p)= (" 1)K..L7t AmKLs(kxym:n’p)y

where the nuclear matrix elements are denoted by

(= 1)7F%s

J, K J

-M; M

form-factor coefficients.
The nuclear matrix elements are [Eq. (2.42)]

Mi {Vm%Ls(kx,m’n,p)"" )\AmﬁLs(kx’m;n; P)}

=(ar /27 + 0] [ ff (1,2,.. . A0 Mm )

A Le2N '
X Z{(YZ‘) I(kx,m,n,p;r)(l+)W5)T','§Lst’}j l,bf(l, 2’ .. 'A;JiMiﬂi)dTl d72° °* dTA' (2'77)
=1

Here, Y, and ; are the nuclear many-particle wave-
functions of the final and initial state, respectively,
which depend on all the coordinates of the A nucleons.
The sum over j runs over the A nucleons, and all the
operators are single-particle operators operating on
the jth nucleon only. The ¢* is the isospin operator
changing a proton into a neutron. The term with 1 gives
the V matrix element, while the term with Ay, leads to

Rev. Mod. Phys., Vol. 49, No. 1, January 1977

—

the A matrix element. The multipole operators T%,
have been defined in Eqs. (2.45).
The nuclear matrix elements of Eq. (2.77) must be
calculated on the basis of appropriate nuclear models.
This is a complicated problem which requires special
considerations for each particular g8 transition. One-
body operators O¥ must be used in Eq. (2.77), which

can be expanded (Bohr and Mottelson, 1969) as
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O= Z (a|O|ﬁ)chL,

Uyp

(2.78)

where agz is the annihilation operator for a proton in the
single-particle state g and ¢!, is the creation operator
for a neutron in the single-particle state a. Here,
and B represent a complete set of single-particle quan-
tum numbers. We can, therefore, write

imllgLs(kxym,nyp)
=D, (= 1)aris2K L 1)1 o || 104 ||8)Cos, (2.79)
B
with ¢=V,A and

” 7 L+2N
VOK=(E> Iy, m,n,p;7)T Tk s,

(2.80)
" » L+2N
AOK=<—R—> Iy, m,n, p37)s Ty o
The expansion coefficients C,; are
Cos =77 | [{ascl i t]’n), (2.81)

where
A= (-1)""a,_,.

It follows that, however complicated the nuclear states
may be, the exact nuclear matrix elements between
many-body states can be expanded in a linear combina-
tion of single-particle matrix elements (Donnelly and
Walecka, 1972, 1973). For example, methods of cal-
culating the coefficients C,; in the framework of the
shell model are discussed by de Shalit and Talmi (1963).

J

Formulae for nuclear matrix elements within the iso-
spin formalism are also given by de Shalit and Talmi
(1963).

Once the set of numerical coefficients C,,; has been
determined, the nuclear matrix elements can be com-
puted if we are able to deduce reliable values for the
single-particle matrix elements. In Egs. (2.84), we
therefore list the single-particle expressions for all the
nuclear matrix elements in terms of radial-integral and
angular-momentum quantum numbers (Brysk, 1952;
Talmi, 1953; Rose and Osborn, 1954; Berthier and Lip-
nik, 1966; Lipnik and Sunier, 1966; Delabaye and Lipnik,
1966; Strubbe and Callebaut, 1970). The compact form of
Egs. (2.84) is that given by Behrens and Biihring (1971).
The orbits of the nucleons are assumed to have definite
angular momentum, as in the jj-coupling shell model.
In the same notation as used for the electron wavefunc-
tions [Eqs. (2.16) and (2.17)], the nuclear wavefunctions
can be written

- I
)= ]( (sign K)fk(r)x-.c.
~ &)Xy
The orbit of a nucleon is identified by the number «, de-
fined as for leptons
(1>0 if I= j+3

(2.82)

K|=j+2; (2.83)
|l k<0 if71=j-1%.

The large component of the nuclear radial wavefunctions
is denoted by g, and the small component, by f,. The
single-particle values of the nuclear matrix elements

then are

_ o y K+2N
Vmﬁxo(kx,m,n,p)m/?(&fﬁl)"Z{Gxxo(Kf,Ki)fo gAﬁK,:)(g) IRy, m,n,p7)g, o, kw2 dr

. . o o K+2N \(
+ sign(x,)sign(x;)G g ol — K4, — ;) f frr, K‘f)(E> Ik, ,m,n,p;v)f;0r, Ki)afzd'rj ,

(2.84a)

7

o .\ L*2N
My, (kyym 1, p)= V(2T + 1)-1/2{GKL1(Kf,Ki)f g, Kf)(—> Ik, m,m,p;7)g, v,k 2dr
0

R

o L+2N
+ sign(x;)sign(; )Gy, (- Ky, ~ K;) f filr, fcf)(}% Iy, m,m, p;v)f; (7, fq)?fzdr} ,
o .

(2.84Dp)

- X L \E*2N
gl )= VIR, 1 st Gty = ) [ a0 k) K030 it e
(o]

) ®© K+2N
+ Sign(Kf)GKKO(_ Kf’ K‘l) f ff(,V! Kf)(}l;_> I(kx’m n, p;'r)gi(’r’ K()",Zdy} ’ (2-840)
o

0% L2,

) - .
VoL, (b, m,m, p) = V2(2J, + 1)'1/2{sign(lci)GKL1(Kf, - /c{)f g, Kf)(R> Ik, ,m o, p;7)f; 0, k2 dr
0

. . w© 4 L+2N
+ sign(k;)Ggy, (- Kf,Ki)f ff(r,/cf)(k—> Ik, ,m,n,p;v)g;r,k,w2dr .
o

The indices 7 and f refer to the initial and final states of
the nucleon undergoing decay. The radial quantum num-
bers of the orbits are not explicitly indicated. The
quantity Gz (ns,n;) is defined through Eq. (2.36).

If relativistic nuclear wavefunctions are used (Miller
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(2.84d)

and Green, 1972; Miller, 1972; Krutov and Savashkin,
1973; Krutov et al., 1974), the nuclear radial wavefunc-
tions must be normalized to satisfy the condition

f”gz(V,K)’Vzd'V+fwf?(r,fc)vzdr=1. (2.85)
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In most cases, relativistic nuclear wavefunctions are
not known, whence actual calculations must be per-
formed in the context of nonrelativistic nuclear models.
It is then necessary to find the small components f(r, k)
of the nuclear radial wavefunctions.'® It is possible to
express f(r, k) in terms of g(r, k) by using the Dirac
equation in the nonrelativistic limit, if the spin angular

and the radial parts of the wavefunctions are considered |

separately (Behrens and Bilihring, 1971). In the nonrel-

ativistic limit one then finds
d K+ 1
7, 0= 557 2+ £ gtr, 0, (2.86)
where M is the nucleon mass, and g(, k) is the solution
of the single-particle Schrddinger equation. In this

case, the radial wavefunctions g(», ¥) must be normal-
ized according to

f 2y, kwidr=1.
0

The matrix elements of Eqs. (2.84a) and (2.84b) are
usually called nonrelativistic because their radial parts
depend only on the radial functions g(»,«). The terms
containing both f;(r, k) and f; (r, k;) constitute small
relativistic corrections that can usually be omitted. On
the other hand, the matrix elements of Eqs. (2.84c) and
(2.84d), which contain f(», «), are called relativistic
matrix elements.

The radial momentum operator p, is

(2.87)

1/d 1
Pr-;(;l‘; +;>; (2.88)
hence we have
flr, k)= —2—34—{7,‘;),+ f}g(r ,K). (2.89)

For a bound nucleon state in a spherical potential, on
the other hand, the relation

<, aGas 1)>g(r K)=Ey 80, K)

holds, where E,,, is the kinetic energy of the nucleon.
The ratio of relativistic to nonrelativistic single-particle
matrix elements can, therefore, be estimated as

My/Mygp= (Eyn/2M3*2=0.1. (2.91)

It has been shown that some approximations must be
made in going from relativistic nuclear wavefunctions
to the nonrelativistic limit. Some of the relativistic
form-factor coefficients, however, can be related to
nonrelativistic coefficients on the basis of CVC theory
(Stech and Schiilke, 1964; Fujita, 1962; Eichler, 1963;

(2.90)

WThere is another possibility of going to the nonrelativistic
limit. By applying the Foldy—Wouthuysen transformation on
the total (nuclear plus B-decay) Hamiltonian, one can con-
struct an effective V-A transition operator that can be used
with nonrelativistic single-particle wavefunctions (Rose and
Osborn, 1954; Blin-Stoyle, 1973; Konopinski, 1966). The
operators & and y; which appear in the relativistic matrix ele-
ments are replaced in the nuclear space by

@By TR

M

This treatment of the relativistic nuclear single-particle ma-
trix elements is fully equivalent to that described in the text.
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Damgaard and Winther, 1965; Schopper, 1966; Blin-
Stoyle and Nair, 1966; Blin-Stoyle, 1973). The most

important such relations are (Behrens and Biihring,
1971)

VF{)VI-]_X(kxim)n’p)

(T /x 2N=1 V\
= (Wy+ 2.5) ff (f> I(ky,m m, p5%) dX Too, 5o
o
az T (x\3 .
—T{ff (_R—> I(k,,m,n,p5%, de("’)Tooo]ov}
o

(2.92)
and

- (2K+ 1+ 2N)[K/K+ D)2 VFY, |
—2N[(K+ 1)/(2K + ik /2 VF%I.(lﬂ,l

K+2N ’
=(W,+2.5)R VFlngo - aZ[ f (‘;L) U(”)Tkkojg] .

(2.93)
Additional relations are given by Behrens and Biihring
(1971).

Because the old Cartesian notation for nuclear matrix
elements is used in many papers, the connection be-
tween form-factor coefficients and nuclear matrix ele-
ments is listed in Cartesian notation in Table X.

¢. Induced interactions

As indicated in Sec. II.A, the hadron current is influ-
enced by the presence of the strong interactions. It can
be shown (Delorme and Rho, 1971), that hence the sim-
ple nuclear current of Eq. (2 4) .must be replaced by the
most general current

>

1=V, SyMy Ay Py T

J,=iP,(p") [&,0%L + F,(Gyp’ + M)O!,

+G,0Y (iyp+ M)
+Hy(@yp' + M)O, (iyp+ M) ]9,(p),
(2.94)
where we have R
OK’—'YM O:f:iqu’ OAI-{: Ourdus Oﬁ:'y“'ys, ‘ 0i=iqu75
and

0= 0,017 5+
Because the binding energy B of the nucleons inside the
nucleus is always small compared with their mass M,
the off-mass-shell effects are expected to be negligible
(of order B/M). In the standard impulse-approximation
treatment, the nucleons are therefore taken on their
mass shell, i.e., ¥Yp+Mu(p)=0 is assumed. Then the
terms associated with the coupling constants, F;, G,;,
and H; vanish. On replacing g, by the corresponding
differential operator (Behrens and Biihring, 1971;
1974), we obtain

— . 9 . 8 .
J, =z¢p[}'u + szo,“,<—87+ zeA,,) +fs<—8—;— + zeAu>
v “

2] 9
+AY Vs + szcru,,75< + zeA> +f. 75< +ieA >:' Iy
(2.95)
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TABLE X. Relations between form-factor coefficients and nuclear matrix elements in Cartesian notation.
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Jinecke, 1969; Biihring, 1963b; Biihring and Schiilke, 1965).

Orbital electron capture

Type of Form-factor
transition coefficient Matrix element in Cartesian notation
Allowed VF® f 1
A0
yatH —Afo
First-forbidden AR A [ Vs
non-unique
.g°T
AFO),1,1,1) 7&[’;‘%1(1,1,1,1;7}
v
F{§) f a
V (0 r
F) «ff)’—f1ﬁ
r
VFa,1,1,1) \/’S_Iiﬁl(l,l,l,l;v)
o°r
4r{ g [ L
o°r
4rfla,1,1,1) —x(%)"ZfTI(l,l,l,l;r>

Lth forbidden
- non-unique

First-forbidden
unique

(L — 1)st forbidden
unique

A0
Faii

V 7d0)
Frio

VE® (#,1,1,1)

V 0)
FOL 4

©)
ARy

AFQ (k,1,1,1)

AR 1

A(0)
Foiq

AF(O) 1,1

iBy;

QL+ 1)!! 1/2f iLRil'"iL
L! RE

L!

1/2 LR, ...
<(2L+ 1)!!) f 1;1 i I(,1,1,157)

1 {eL-1!!
LI\ @-D!

1/2 f L VRS
1

RE®

L+1
Tipeesy

NEW(CI S E
I\ !

L )1/2 f
L+1

RE

L+1
T ..
W rg1,1,157)

N 1 /@2L+1)!!
I\ 1!

L \i/2
L+1 f

RL

7 B‘l"' o

MEr

NG f By

1 @L+1)11\l/2
(e

RL

;L=1
z Bil"' ir

1
_Kfr

(2L —1)11 \1/2
(L-—1)1> f

RL-1
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for the case of 3~ decay. Inp* decay and electron cap-
ture, the Hermitian conjugate current is

= . 9 . 9 .
JL:zz/)n[yu+szcw<:)}— —zeA,> —fs(_ax —zeAu> +AY Vs
v 23

. L LI
- szou,,n(éx— - zeA,) +fP75<—ax - zeAu> ]zp,.
v "
(2.96)

By comparing Eqgs. (2.95) and (2.96), the formal substi-
tutions can be determined that must be made for the in-
duced coupling constants in going from g~ to g* decay,
from g* decay to electron capture, or from g~ decay to
electron capture (Behrens and Biihring, 1974).

Between 3~ and 8* decay, the following correspon-
dences hold [in addition to those indicated in Eq. (2.39)]

B~ decay pB* decay

Su - Tu

Ss - —fs

f:r/X - "fT/k

fe/x = fe/x

ieA, -~ -—ieA,. (2.97)

For B* decay and electron capture, the hadron current
(and therefore also the hadron part of the transition
matrix element) has the same form. Thus, beyond the
substitutions indicated in Eq. (2.40), it is only necessary
to replace W, by W,+ W, to go from B* decay to electron
capture.

Starting from g~ decay, on the other hand, the follow-
ing substitutions apply [in addition to those indicated in
Egs. (2.41) and (2.42)]

B~ decay electron capture
fu - Su
fs - ~fs
fr/x — ~fz/
fe/n - Ip/ .
ieA, -~ —ieA,. (2.98)

The quantities fy;, fs, fr and fp are the coupling con-
stants for the weak magnetic, induced scalar, induced
tensor, and induced pseudoscalar interactions, respec-
tively (Marshak et al., 1969; Schopper, 1966; Blin-
Stoyle, 1973; Blin-Stoyle and Nair, 1966; Kim, 1974).

The conserved-vector-current theory predicts the val-
ues (Blin-Stoyle and Nair, 1966)

fu=(kp - 1,)/2M~0.0010,

2.99)
fS=Oy (

for f,; and fg; here, p, and u, are the anomalous mag-
netic moments of the proton and neutron, and M is the
nucleon mass.

The quantity A, =(4,i¢) in Eq. (2.98) is the potential
of the external electromagnetic field, which in this case
is the static electric field of the nuclear charge, for
which we have A=0, —e¢=V )= (0Z/R)U). The
terms containing A, must be included to assure gauge
invariance of the Hamiltonian.

By applying the Dirac equation, the operator a/ax4 in
Eq. (2.96) can be replaced by the transition energy W}
=Wy+ W,.

Like the simple current of Eq. (2.4), the general cur-
rent given by Eq. (2.96) consists of two parts, one of
which Lorentz transforms like a four-vector, the other
like an axial vector. We make use of this property. In
the nuclear matrix elements without induced interactions
[Eq. (2.77)], the spherical tensor operators T, , and
vsTgrs OCCUr :

1o Tdp0= 1074,
AYs* Tipo=Ms*i8YY,
1 THp =ax (- 1D)FFEYY,,

Ay T, =nge (- 1)2-Ery iyl |

(2.100)

The nuclear operators 1, Ay,, @ and Ao behave under
rotation like scalars, pseudoscalars, vectors, and
axial vectors, respectively. Introduction of the general
current of Eq. (2.96) makes it necessary to replace
these operators by more complicated operators which
have the same transformation properties (Behrens and
Biihring, 1971) o

1—-jp=1~—ifyBa° V+fg[W, - (@Z /R)U@)],
NYs =8 =\ys+ifrB80° V ~fopYs[Wh — (@Z /R)U()],
@~ —§"=a+7,8l0xV]

+ fuB e[ Wh - (@Z /R)U(7)] —ifspV,  (2.101)

Ao~ — j4=x0 - frplaxV]

—frBol Wi —(aZ /RYUW)] +ifpBYsV.

These substitutions, in Eq. (2.76) via Eq. (2.77), lead to
the form-factor coefficients that correspond to the gen-
eral nuclear current. The expressions for the obser-
vables in terms of form-factor coefficients remain un-
changed (Sec. II.B.3; Stech and Schiilke, 1964; Biihring
and Schiilke, 1965). Only the definition of the form-fac-
tor coefficients in terms of nuclear matrix elements and
coupling constants is changed.

The form-factor coefficients in terms of nuclear ma-
trix elements appropriate for electron capture are asfol-
lows:

VFixolk,m,n,p)= "My ok, m 1, p) +fMR'*{[K/(2K+ 1)]1’2( [ o /RY N @K 14 2000+ ()] TKK-u)

+[(&+1)/(2K+ 1)]”2( f (r/R)"*Z”'I[ZNI(r)+ﬂ'(r)leTKK.u>}

+ fSR'l( f o /RYE2N () WIR - aZ U(r)]BTKm) ,
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AR ol m,n, p) = NAME ok, m 1, p) — fTR“{ [K/(2K+ D]t /2< f o /RY (2K + 14 2N () + T’ (V)]B‘ysTKK_U>
+[(K+1)/(2K + 1)]1/2( f o /RN NI ) + 7T () 875 Ty .)}
—pr"( f o /RY*2M)[WiR - aZ U(ri]svsTKKo> ; (2.102b)
VEY g (kym n,p)=" Iy (k,m,n,p)+ fMR"{[ (K+1)/(2K+ 1)]1/2( f or /R)F*N (2K + 1+ 2N () + 71 (V)]BVSTKK_11>
—[K/(2K+ 1)} (f(7’/R)K‘2”'1‘[2NI(1')+vl'(r)]BvsTxmu>
+( f & /RY2 () WIR - aZ U(r) B T,fm)} , | (2.102¢)
f

AF R (k,m,m, p) =N My, (R, m 0, p) —fTR"l[(K+ 1)/(2K + 1)]*72 (f O /RY* (2K + 1+ 2N () +71' ()8 TKK-M>
-[&/(2K+ 1)]”2<f o /RY >N 2NIGr) + T ()18 T;mu>
+(f /R () [WiR = aZ UW)BYs Tk )} (2.1024)
~VFY i, m m,p)=" MY, (R, m,7,p) +]§,R"{—[(K+ 1)/(2K + 1)]1/2(f (r /R)**2N "2 NI (3) + 71’ (V)]BVGTKK)
; ( [ /Ry Wik - aZ UGV T )}
—fsRK/(2K + 1)]1/2( f (o /RYE*2N=2 2NI(r) + 71’ () ]3 TKK(), (2.102¢)
—AF gy (ym m, p) = NGy, (R, ) —fTR'l{— [(x+1)/(2K+ 1)]1/2< f (r /RYE* 2N ONI(r) + T (r)]3 Tm>
o wlryare iR - azue By, Ten..)|
+fpR{K /@K D} [ (/RN ) 7T BT, (2.102)

= "FRgan(k,m,m,p) ="My, (,m,m, p)+ Jj,,R'l{ (&/(2K+ 1)]1/2( f o /RY*M (2K + 3+ 2N () + 71 (y)]BySTm>

+ (f /R YN )] WoR — 0Z UW) B Ty, 1>}

—fsR(K+1)/(2K + 1)]1/2(f (o /RY*2N[ (2K + 3+ 2N () +vI' (r)]3 TKK0>, (2.102¢g)
—AFN (B ym,m, p)= A4 (Rym L ) — fr R'l{[K/(2K+ 1)]1/2<f o /RY*N[(2K+ 3+ 2N) () +vI' )3 Txm)
+< f (r /R)E*1+2N] (’V WWiR — aZ U()BYs Tmnu)}

+RY(K+1)/(2K+ 1)]1/2( f (r /RYE*2N[(2K + 3+ 2N (r) +vI’ (r)]BYSTKKQ. (2.102h)

For brevity, we have written I(r) instead of I(k,,m,n,p;7); we have I’ (*)=dI/dy. In addition to the single-particle
matrix elements of Eqs. (2.84), the following are required:

([ /RY* 00 T =225 1>]1’2{— Grrolis ) [ 8,0, k) O/RY™ 001,67, )

+ Sign("f)Sigﬂ(’Q)G KKo(-‘ Key — Ki) J;w ff("’ ) Kf)-(’*’ /R)K‘ZNQb("')fi o, Ki)"’z d”'}y

(2.103a)
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< f (V/R)L*ZN(p(}V)BYSTKL]) =[2/(2J;+ 1)]1/2{- Gry (K, K;) Jom &, "f)(V/R)LﬂNqb("’)gi(’” ke dr

+ sign(k,)sign(x,)G gr, (= K¢, = K;) f ) fr, k) /RN (), (7 szdr},

(2.103b)

< J (/R )K*2”¢(7)375TKK(>= [2/(2J,+ D] /2{- sign(k;)G gxolks s — K;) fow g, k) /RN ol )f (v, 1, 2 dr

+ 8ign(kp)Ggol— Ky, K;) fo ) fi o, k) /RN (), (r fci)rzdr}, (2.103c)

(f /R o) TKL1>=[2/(2J{+ 1)]1’2{— sign(i;)Gyy, (ky, - K,)f mgf('r,fcf)(r/R)""z”qb(r)f,(r,K,)rzd'r

+ sign(K;)Gp, (— K5, ;) j:' fir k) r /RVE*2N G (v)g, O K,)'rzd'r}. (2.103d)

Here, ¢(r) stands for I(k,,m ,n,p;7v) or vI' (k,,m ,n,p;v)
or a linear combination of these integrals. The question
whether a finite coupling constant f, exists for the in-
duced tensor interaction has aroused great interest of
late. Second-class currents (Weinberg, 1958) manifest
themselves in principle only through the coupling con-
stants fg and f, and fg vanishes in accord with the con-
served vector current theory. Hence, the determination
of fr is connected with the very question of the existence
of second-class currents in3 decay and electron cap-
ture.!* Although this problem has been discussed exten-
sively in the literature (Wilkinson, 1970a, 1971, 1972a,
1971/72, 1974b; Alburger and Wilkinson, 1970; Kim,
1971; Holstein and Treiman, 1971; Vatai, 1971, 1972b;
Wilkinson and Alburger, 1971; Blomquist, 1971; Wolf-
enstein and Henley, 1971; Lipkin, 1970, 1971; Kim and’
Fulton, 1971; Blin-Stoyle et al., 1971; Laverne and
Dang, 1971; Alburger, 1972; Tribble and Garvey, 1974;

Towner, 1973; Greenland, 1975) an unambiguous answer

concerning the existence of second-class currents has
not yet been obtained. An excellent review of this mat-
ter has been written by Wilkinson (1971/72).

In view of the uncertainty about second-class currents,
Kubodera et al. (1973) have recently pointed out that
one cannot neglect the nucleon binding effects, i.e., off-
mass-shell phenomena and exchange currents. Thus, at

UFirst- and second-class currents are defined on the basis
of their behavior under a G operation. If we split the hadron
current into first- and second-class terms (Weinberg, 1958;
Kim and Primakoff, 1969),

Jy=Jd +J1,
we have
2Jr=d,+GJ, G,
2J =g, - GJ, G,
and hence,
GJIGt=+J] ,
GIIG=—J] .

Here, J‘f is a first-class element of the hadron current, and
Jt is a second-class element. The G operator is defined as

T
G=Ce' T2,

where C is the charge-conjugation operator, and T, is the
second isospin component.
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least as far as the axial-vector part is concerned, one
should start with the most general current [Eq. (2.94)].
But then the large number of coupling constants com-
plicates the problem to such an extent that it can be
dealt with only under some simplifying assumptions,
i.e., minimal coupling. Furthermore, special models
for the meson exchange current must be used. Follow-
ing this line of attack, Kubodera et al. (1973) were able
to calculate explicitly off-mass-shell and meson-ex~
change effects for some special cases, and to demon-
strate their importance (Eman et al., 1973).

4. Explicit expressions for the quantities M (k, ,k,) and
my (k,.k,)

By expanding electron and neutrino radial wavefunc-
tions as outlined in Sec. II.B.2 and introducing the form-
factor coefficients defined in Sec. II.B.3, we can derive
from Eq. (2.42) explicit expansions of the quantities
My(k,, k,) and my(k,,k,). If we take into account only
dominant terms (of lowest order in the expansion of elec-
tron and neutrino radial wavefunctions), we arrive at
the following simple forms for M (%,, k,) and m,(%,, %,)
(Behrens and Jidnecke, 1969; Behrens and Biihring, 1971):

For allowed transitions,

Mot 1= Fogs (2.104)
M,(1,1) == 4F% ;
for first-forbidden transitions,

My(1, 1) =4FS, +5aZ “F,,,(1,1,1,1) - $W R “FS,,,
mg(1,1) =% R 4F9,,,
M, (1,1)=="F% +35aZ(1/3)"/2YF9, (1,1,1,1)

- 3W,R(1/3)2VF9

—3aZ(2/3)"24F% (1,1,1,1)

- 5(W,+q)R(2/3)Y24F9,, (2.105)
m,(1,1) =% R[(1/3)"2VF9,, - (2/3)*/24F9,,],
M,(1,2)=-5q,R[(2/3)"/2VF},, - (1/3)/24F,, ],
M,(2,1) == 3p,R[(2/3)"/2VF}, + (1/3)24F Y, ],
M,(1,2)=-3q.R*F3,,,
M,(2,1)==%p.R4FY,,.
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For higher forbidden transitions, we have

My B =K L (p,R)%" (g, R)%"

{-[(@L +1)/L)Y2VF

W. Bambynek et al.: Orbital electron capture

Lren + @k + 1)V 2aZVFY (R, 1,1,1)

+[(@hy + 17 @RD 4171, R] FY 1o — @y + )7aZ[(L + /L2 4R, (6, 1,1, 1)

=[@k, +1)'W,R + @k +1)"q, R][(L +1)/L]*/24F% , },

1 (ke bS) =K 1 (5, R (@, R)%" " @R, + 1R {"FY 1o = [(L +1)/L]/2 4FS,, },

k;z)

ML(kx’ kxfz)) = "I?L(pxR)kx-l(qu)

> - (2)_
ML+1(kx7 kIEZ)) = _KL(pxR)kx l(qu)kV ! AF?L,I)Ll'

Here we have introduced the abbreviations
K, =(1/2)"2[@L)!! /(2L +1)11]'/2
X[(2k, — 1)1 (2R — 1)1]7V/2; (2.107a)
K, =[@L)!11/@L + 1)11]2[(2k, — 1)1 (222 — 1)1]°2/2,

- (2.10Tp)
The two quantities K; and K, are related by

R, ., =[(2L +1)/L]*'*K,. (2.108)

The energy of the bound electron in the parent atom is
defined as W, =1 - |Ex I , where E, is the binding energy
in the parent atom. The electron momentum p, is given
by

Pe=(1 =W2/2, (2.109)

The form-factor coefficients are "F¥, = AF¥

VF ¥ 1s(Rys m,m, p) and AF ¥, (., m,n, p); they are related
to the nuclear matrix elements as indicated previously.
The symbols V and A refer to vector and axial vector;
K specifies the rank, L the multipolarity, and s the spin
of the spherical tensor operators that are involved. The
radial dependence of this operator is » *2¥ or

» 12N (k. ,m,n, p;7). These form-factor coefficients
occur in accordance with the expansion of the electron
radial wavefunctions discussed in Sec. II.B.2.

In Eqgs. (2.47) through (2.49) we have only presented
the dominant terms of the multipole expansion and the
expansion of the electron radial wavefunctions for linear
combinations of form-factor coefficients. Complete ex-
pressions are listed in Appendix 1 (Behrens and Biihring,
1971). Unless there are strong cancellations between
different terms connected with the form-factor coeffi-
cients, the higher-order terms can be neglected.

C. Formulae for allowed and forbidden transitions
1. Allowed transitions

In allowed transitions, electrons can only be captured
from orbits with x,=x1, i.e., from the K,L,,L,, M,
M,, ... shells [cf., Eqgs. (2.44)-(2.47)]. This result is
based on the approximate neglect of contributions from
higher-order (so-called second-forbidden) terms (see
Appendix 2). Capture from orbits with k =+2, for ex-
ample, would be governed by matrix-element combina-
tions M,(2,1), M,(2,1), etc., which are smaller than
‘My(1,1) and M,(1, 1) by at least a factor p,R <0.02. Con-
sequently, we have
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(2.1062)

(2.108b)

UL+ DY 2[(2k, -~ 1)(22 = 1)V 2{"FG 1o+ (ky = B P) (L + 1) [(L +1)/L]Y24F% ..},

(2.106¢)

(2.106d)

C.lk=£2)<4X10"C (k=%1)

[Eq. (2.44)], and capture from orbits with k =+ 2 can be
expected to be difficult to observe. However, capture
from such states in principle offers a possibility of de-
termining the higher-forbidden contributions separately
from the leading terms.

For the quantity C, we find

C,=("FS0)2 + (AF9,, ) (2.110)
[Egs. (2.44) and (2.104)]. Inserting this result in Eq.
(2.43) leads to

A= (g2/4772){(VFgoo)2 + (AFtl)m)z}

xanq?( Bi(BK+nL1quBilBLl+nL2inB§2BL2+ SRR
(2.111)
for the decay constant. Hence it is easy to derive the

ratios of the capture probabilities from different sub-
shells. The L,/K ratio, for example, is

>t1.1/7\f(=(”‘qu?r,lﬁilBLl)/(f’lKqu}B,{). (2.112)

2. First-forbidden nonunique transitions

Considering, as before, only the dominant terms in
nonunique, first-forbidden transitions, we find that elec-
trons with the quantum numbers k,=+1,+2 are captured.
ForK,L, L, M, ,M,,... capture, we have

C.=[My1, 1) Fmy(1, D] +[M,(1, 1) Fm, (1, 1)]?
+M2(1,2)+M2(1,2) (2.113)
[Egs. (2.44)—(2.46)]. The upper sign holds:for K, L,
M,,... capture andthe lower for L,,M,,... capture. The
quantities M;(k,,%,) in Eq. (2.113) are defined through
Egs. (2.105). If there is no cancellation between the dif-
ferent terms in Egs. (2.105), we can simplify Eq. (2.113).
Because we have W, =1 — [EKI, with |E,|<0.2 and R
=0.0031A41/3<0.02, we can usually neglect terms multi-
plied by R and W,R. Then we find (Vatai, 1973)
CB:=[AF300 "2715‘12 AFgu(]-; 1,1,1) - %WOR AFgu]z
+["Fo, = (@z/3)(1/VT)
x{"F9,,(1,1,1,1) =V2 4F9, (1,1,1, 1)}
+(WoR/3) 1V 3){"FS,, +V2 4F9, 1°
+ (WOR)z/Q[{(2/3)1/2 VF?IO - (l/ﬁ—)AF(;u}z +{AF211}2]'
(2.114)
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This result shows that, even in the case of first-forbid-
den nonunique transitions, the quantity C, to a very good
approximation does not depend on the particular sub-
shell from which the electron is captured. As for al-
lowed electron capture, the ratios of the capture proba-
bilities from different subshells are therefore indepen-
dent of the form-factor coefficients. Thus these ratios
have the same form as given in Eq. (2.81).

In many cases, especially for the heavier nuclei, we
have aZ > W, R. Then Eq. (2.114) can be simplified fur-
ther:

C,.=[*FS, +5aZ *F9,,(1,1,1, 1)]?
+["FS, = (@Z/3)1/V3)

) {VFO(1,1,1,1) =V A4F°, (1,1,1, D}.  (2.115)
For capture from k=+2 (L,,M,,M,,...) states, we have
c,={m, @2, )2 +{pm,2, 1)}, (2.116)
or explicitly [cf. Egs. (2.105)]
C.=[(pR)?/9{(2/3)"/2 VFyy + (L/VI)VFY, P +{F,0, P 1.

(2.117)

Comparison of Eq. (2.117) with Eq. (2.114) suggests that
k =+2 capture is negligibly small as against capture
from k =+1 orbits.

3. First-forbidden unique transitions

Considering dominant terms in Eqs. (2.105) for unique
first-forbidden transitions, we find that subshells with
k=%1,+2 can contribute (Behrens and Jinecke, 1969).
For capture from k,=+1 (K,L,,L,,M,,M,,...) states,
we have

C.=(*F3,))%(R?/9)q2, (2.118)

and for capture from k,=+2 (L, M,,M,,...) orbits, we
find

C.=("F9,))2(R?/9)p2. (2.119)
1t follows from Eqs. (2.43) and (2.118) that the L,/K cap-
ture ratio is

)\LI/AK=(nqu},IBilBLl)/(an?(B?(BK)' (2~120)

Expressions for the L,/K, M,/K, L,/L,, and M,/L, cap~-
ture ratios are entirely analogous. For the L,/L, ratio,
on the other hand, we have

7&,13/>\L1=(n,l3 24, %,B1,)/ny a1 B% By ). (2.121)

Other k,=2 to k,=1 capture ratios are analogous to Eq.
(2.121).

4. (L - 1)-forbidden unique transitions

Taking only dominant terms in Eq. (2.106d) into ac-
count, we have for L =k,

_eL-2)1!
*T@L -1

2(k,~1) 2(L=k,)
px x qx *

@k, - NH2(L -k )+ 11"
(2.123)

C

A 2p2(L-1)
(FL-u)R

For K,L,,L,,M,,M,,.
tain

...capture, for example, we ob-
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C,= (AF ., ){ (2L = 1)11}2(q, R)2 21, (2.124)

5. Some general remarks on higher-forbidden nonunique
transitions

Special formulae for the higher-forbidden nonunique
capture rates can easily be derived from Egs. (2.106)
in analogy with the first-forbidden nonunique transition
rate [Egs. (2.113) to (2.115)]. The following general
statements can be made regarding such higher-forbidden
capture transitions:

(i) As for AJ =1 first-forbidden nonunique transi-
tions, these capture rates depend only on six different
form-factor coefficients, viz., "F&)_ ., "F©),,

VF?L)O(kx? L1, 1)! AF)(;OITL’ AFLLl(kx’ L1, 1)1 AF},0+)1,L. 1+ Ex-
pressions for these rates are therefore no more compli-
cated than those for first-forbidden transitions.

(ii) If we neglect terms multiplied by R and W, R, as
in Eq. (2.114), the capture ratios from shells with the
same %, value do not depend on the nuclear form-factor
coefficients. Form-factor coefficients can therefore be
determined by investigating capture ratios only if ratios
of capture from states with different 2, are measured
(e.g., L;/K, M,/K) (Vatai, 1973).

(iii) Nonunique Lth-forbidden capture rates are al-
ways proportional to a factor

{@L + D11} (g, R)*E(p,/a,)

[Egs. (2.106)]. Consequently, such capture probabilities
decrease very rapidly with increasing degree of forbid-
denness.

D. Electron-capture to positron-decay ratios
1. General expressions

For allowed as well as forbidden transitions, the fol-
lowing general result for EC/B* ratios holds [Egs. (2.2),
(2.7), (2.10)]:

e > niC.f.) /(fBHWi)

Here, f,. is the integrated Fermi function (Behrens and
Jdnecke, 1969)

(2.125)

» .
fom [ 0AW, - WPR(Z W dp, (2.126)
0
where p is the positron momentum (in units of m,c), the
maximum momentum is p,=(W2-1)/2, W is the posi-
tron energy (in units of myc?), Z’ is the atomic number
of the daughter nucleus, F(Z,W) is the Fermi function,
and C(W) is the spectrum shape factor, averaged over
the p* spectrum. The form of the shape factor for dif-
ferent types of B* decay has been discussed, for ex-
ample, by Schopper (1966), Behrens and Jinecke (1969),
and Behrens and Biihring (1971).

To calculate the integrated Fermi function f we need
the continuum-electron radial wavefunctions g_,(7) and
f.(7). Conventionally, these functions (and hence the
Fermi function) are evaluated at the nuclear radius
(»=R). However, recent discussions indicate that a
less ambiguous result is achieved if the Fermi function
is evaluated at the center of the nucleus (»=0) (Schopper,
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1966; Behrens and Biihring, 1968, 1972; Blin-Stoyle,
1969). This latter definition of the Fermi function is ap-
propriate for the electron-capture formalism in the
present paper (Sec. II.B.2). A number of detailed calcu-
lations and tabulations of the Fermi function F(Z, W) and
of the integrated Fermi function f(Z, W,) exist. How-
ever, in many instances finite nuclear size and screen-
ing by orbital electrons has not been taken fully into ac-
count. The Fermi function for a point nucleus without
screening is listed in the National Bureau of Standards
Tables (1952) and in a paper by Rose and Perry (1953).
Dzhelepov and Zyryanova (1956) have calculated the
Fermi function and the integrated Fermi function (at
7=R) by adding corrections for screening and finite size
to the functions for a point nucleus. Several authors
(Matese and Johnson, 1966; Durand, 1964; Brown, 1964),
however, have noted that the screening corrections of
Reitz (1950) used by Dzhelepov and Zyryanova are in-
correct for higher electron momenta.

Fermi functions evaluated numerically (at »=R) from
an exact solution of the Dirac equation for a nucleus with
finite size, but without screening, have been tabulated by
Bhalla and Rose (1960, 1961, 1962, 1964). It was later
shown, however, that these tables are not entirely cor-
rect for positrons of higher momenta (Biihring, 1967,
Huffacker and Laird, 1967, Behrens and Biihring, 1968,
Blin-Stoyle, 1973, p. 38, Asai and Ogata, 1974). For a
few elements, Biihring (1965) has carried out an exact
numerical integration of the Dirac equation, taking into
consideration finite nuclear size and screening. By em-
ploying a method similar to that of Biihring, extensive
tables of the Fermi function (at »=0) and graphs of the
integrated Fermi function have been published by Beh-
rens and Jinecke (1969); this calculation takes exact
account of both finite nuclear size and electron screen-
ing. Numerical integration of the Dirac equation, in-
cluding finite size and screening, has also been carried
out by Suslov (1966, 1967, 1968a). Theoretical K/B* ra-
tios have also been listed by Suslov (1970b). The exten-
sive tabulations of the Fermi function (at »=R) and of the
integrated Fermi function by Dzhelepov, Zyryanova, and
Suslov (1972) are based on these calculations. Suslov,
however, included in the electrostatic potential caused
by the atomic electrons a Slater exchange term.!? While
the exchange term is applicable to the bound orbital elec-
trons, it is not appropriate for the continuum states;
this is self-evident for positrons and has also been shown
for emitted g~ particles (Matese and Johnson, 1966;
Behrens and Jinecke, 1969, p. 25). It may be for this
reason that Suslov’s calculations do not agree at low *
energies with his Thomas—Fermi-Dirac calculations
and with results of other authors (Behrens and Jinecke,
1969; Bhalla'and Rose, 1960, 1961, 1962, 1964).

An extensive tabulation of log f (at »=R) and of cap-
ture-to-positron ratios, with an accuracy of two to three
digits, has been compiled by Gove and Martin (1971).
These values were obtained by correcting point-nucleus
continuum radial wavefunctions for finite nuclear size
and screening.

In all calculations discussed so far, the finite size of

L2gyslov used the nonrelativistic self-consistent Hartree—
Fock—Slater potential of Herman and Skillman (1963).
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the nucleus was represented by the simplest model, viz.,
a uniformly charged sphere of radius R, equal to the nu-
clear radius. A more realistic charge distribution has
been employed by Behrens and Biihring (1970), who have
shown that the influence of the shape of the charge dis-
tribution on the Fermi function can be neglected in most
cases (see also Asai and Ogata, 1974). An analytical
parametrization of the Fermi function and of the inte-
grated Fermi function (for a pointlike nucleus), of the
screening corrections, the finite nuclear-size effects,
and of the dependence of allowed B decay on the nuclear
radius has been derived by Wilkinson (1970b, 1970c,
1970d, 1970e, 1972b, 1973c; Wilkinson and Macefield,
1974).

2. Allowed transitions

For allowed transitions, for which we have C(W)=C,
=(YFS,)2 +(#F% )2, the EC/p* ratio has a very simple
form

AK/)\B*=fK/fB+'

This ratio consequently does not depend on the form-
factor coefficients, just like the capture ratios. How-
ever, for the EC/pB* ratio there are two effects that can
lead to small deviations from the result predicted by Eq.
(2.127):

(i) If higher-order terms (Appendix 1) contribute sig-
nificantly, the differences between C, and C(W) must be
taken into account [Sec. II.A; Eq. (2.40)]. For allowed
transitions, the correction factor of Eq. (2.127) can be
given explicitly. Neglecting terms in F;gfgu, m,n,p) and
form-factor coefficients of rank two, we find (Appendix
1: Behrens and Biihring, 1971)!*

(2.127)

13(a) Note that ¢, —§= W,+ W. A correction formula given by
Firestone et al. (1975b) might contain an error of sign and
therefore should not be used. (b) Form-factor coefficients not
included in Table X are related as follows to the nuclear ma-
trix elements (without induced terms):

2
I
VFO(Oi())=f<E> s
Vg (V) r W
Fyho (k,m,n,p)=f<§> Ik, m,n,p;7),

3\/2 raxr ir
'F 1(101)=—<'2‘> = AR =28 f V5=,

{7 \2
AF1(011)=—7\f U\ﬁ ,

Ap r\¥
F1o’¥’(k,m,n,p)=—7\f 0<—ﬁ> Ik, m,n,p;7) .
(c) In the case of a mixture between V,A interaction and S, T
interaction (where S stands for scalar, and 7, for tensor), the
EC/B* ratio depends on the so-called Fierz interference term
b (Fierz, 1937). For allowed transitions and K capture we
have, for example,

Ag Tk 1+b/Wy
A+ far 1—b/W

The term b is proportional to an interference between S and V
or T and A interactions (see, e.g., Schopper, 1966). For the
pure V—A interaction, however, which is discussed here, we
have b=0.
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7‘1(/7‘{#: (fK/fﬂ") [1+(A4,+ yZAz)/(1+ )1,
where
A =(2/30 2 Wi+ W) = [1+(Byy)/W [FROFRY/AF Q)
+2(3)3/ 21+ () /W IR(AFR) /AF)
— 32 (Wy+W)IRaZ[HAFEX1,1,1,1)/AF)
+(AF8X1,2,2,1)/AF8)]
= W RH20(Wy+ W) — 2[1+(21,y,)/W JHAFE)/AFS) ,
(2.129)

(2.128)

A,=-3[1+(uy)/WIR(VFQ)/VFQ
-3 (W + WRaZ[(YF&(1,2,2,1)/YF)
—("F&(1,1,1,1)/3F3) ]
+ ZWRH2AW, + W) = [1+(Byy,)/WIHTFE /VFR)
(2.130)

and y="FQ)/AF). Here, the energy W and the Coulomb
function ﬁl are averaged over the g* spectrum (Behrens
and Jinecke, 1969); y, stands for [1 - (aZ)?]'/2.

Equations (2.128) to (2.130) also apply to other allowed
EC/B* ratios (L,/B*,L,/B*,M,/B*,...). In most mixed
allowed transitions, the form-factor coefficient YF{) is
isospin-forbidden, and hence very small. Thus we gen-
erally have y <1 (Blin-Stoyle, 1973; Bertsch and Mek-
jian, 1972). Hence A, is the important correction term.
The form-factor coefficient ratio "F{)/4AF{), relativis-
tic 'over nonrelativistic, depends sensitively on the nu-
clear structure and is difficult to calculate. This ratio
is of the order ~0.1. The ratios 4F{X1,1,1,1)/4F{3),
AFQaX1,2,2,1)/AF8), and AF{) can, however, be esti-
mated more easily. They generally lie in the range
0.5-2.0. Taking into account only the latter form-factor
coefficient ratios leads to the estimate A, = -0.03 for
Z=80.

(ii) A second cause for deviations of the EC/B* ratio
from the prediction of Eq. (2.127) lies in electromagnetic
radiative corrections to the electron-capture and g* de-
cay rates, for example for the emission of internal
bremsstrahlung. Radiative corrections for allowed B
transitions, especially for the superallowed 0*— 0* tran-
sitions, have been discussed extensively (Marshak et
al., 1969; Sirlin, 1967, Killen, 1967; Dicus and Norton,
1970; Beg et al., 1972; Jaus and Rasche, 1970; Jaus,

1972; Sirlin, 1974; Roos, 1974; Suzuki and Yokoo, 1975).

For allowed B transitions, the effect of radiative cor-
rections can be described, first, by a renormalization of
the vector and axial-vector coupling constants

Cy,—~Cy(l+aC/4m), (2.131)
C,—~C,(1+aD/4n), (2.132)

(Blin-Stoyle, 1973), and second, by a known modifica-
tion of the B spectrum. This second point affects the
integrated Fermi function

For=Far{l + 05(W, 2)}. (2.133)

In Egs. (2.131) and (2.132), C and D are the so-called
model-dependent radiative corrections; they depend on
details of the weak and strong interaction theories (Sir-
lin, 1967, Killen, 1967; Dicus and Norton, 1970; Beg
et al., 1972; Sirlin, 1974; Roos, 1974, Wilkinson,
1975). These model-dependent radiative corrections
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cannot as yet be calculated without ambiguity, but they
cancel in EC/B* ratios. The model-independent radia-
tive correction factor [1+ 6.(W, Z)] is well-known to or-
der « (Sirlin, 1967; Killen, 1967; Dicus and Norton,
1970). This correction factor can be found, for example,
in the work of Wilkinson and Macefield (1970), where
semianalytical formulae and nomograms are given. The
terms of order Za?® and Z2a® have also been calculated
(Jaus and Rasche, 1970, Jaus, 1972). For electron
capture this model-independent part of the radiative cor-
rection differs, however, from that discussed for g* de-
cay. Unfortunately, no explicit calculation has been car-
ried out as yet. A

Some contrary statements notwithstanding (Vatai, 1971,
1972b; Eman et al., 1973), Behrens and Biihring (1974)
have pointed out that the existence of second-class cur-
rents, i.e., of a finite value of f,, does not significantly
affect EC/B* ratios. This fact follows in principle from
the equality® of the hadron parts, or of the form-factor
coefficients, for electron capture and g* decay (Sec.
II.B.3).

3. Nonunique forbidden transitions

The EC/B* ratios for nonunique forbidden transitions
are proportional to an additional factor C,/C(W). The .
quantity C, is given by Egs. (2.44), (2.105), and (2.106).
The corresponding formulae for the shape factor C(W)
can, for example, be found in the papers by Behrens and
Jinecke (1969) and in Behrens and Biihring (1971). These
formulae show that the EC/B* ratios for nonunique for-
bidden transitions generally depend on the relative val-
ues of the nuclear form-factor coefficients, i.e., on the
details of the nuclear structure.

There is one exception from this rule, however, in
the case of nonunique first-forbidden transitions. When
the ¢ approximation [Eq. (2.115)] is applicable, the EC/B*
ratios from %,=1 states are independent of the nuclear
matrix elements, and have the same values as for al-
lowed transitions. The applicability of the £ approxima-
tion can be tested experimentally by investigating the
shape factor of the 8* spectrum.

4. Unique forbidden transitions

For the (L — 1)st unique forbidden transitions, explicit
expressions for the ratios Cx/ C(W) can be given. The
formulae for C, can be taken from Eq. (2.123), and for

UThere is only a small difference between the form-factor
coefficients for electron capture and 8* decay, because of the
different decay energies. In the former case, the decay energy
is Wi=Wy+ W,, while in the latter case it is W,. This energy
difference leads to the following correction factor (Behrens and
Biihring, 1974):

Ae S fi 1 By
i%ﬁ{f{“z_xl[w”“ﬁ(“ Wﬂ}

Because we can assume | f4/A| <8X 107 (Blin-Stoyle, 1973;
Wilkinson, 1970a; Alburger and Wilkinson, 1970; Wilkinson
and Alburger, 1971; Eman et al., 1973), we obtain a correction

Ir {WK—%<1+-’-—‘-%L>} <2X10% .

A
This value is smaller than the contributions from higher-order
terms[Eqgs. (2.128)—(2.131)] and from the radiative corrections.
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C(W), for example, from the work of Behrens and
Jinecke (1969). We find

c,/c(W)
={(2k, = D) [2L — k) + 1] 1} p2axmL0g2 (2 k0]

[

n=1

(20— 1)1 [2L —n)+1] 1}-1}'1 .

(2.134)

Here, A, is a special Coulomb function defined, for ex-
ample, by Behrens and Jinecke (1969). As before,
barred symbols denote quantities averaged over the g*
spectrum.

For K,L,,L,,M,,M,, ...
simpler form

capture, Eq. (2.134) takes the

C./C(W)

= (2L - D1

x{ L 771y "”‘]{(27;—1)![Z(L—-n)+1]!}-1}'1.

. n=1

(2.135)

E. Atomic matrix elements: Exchange and overlap
corrections

1. Introduction

According to the usual theory of allowed orbital elec-
tron capture (Sec. II.C). the probability that a K electron
is captured by the nucleus is

A G2PE |9, (0) |2,

where G is the B-decay coupling constant, ¢ is the ener-
gy of the neutrino that is emitted, £ is the appropriate
combination of nuclgar matrix elements, and |,(0)]|? is
the square of the parent atom’s 1s electron wavefunction
at the nucleus. In Eq. (2.136), no atomic matrix ele-
ments are included.

Benoist-Gueutal (1950, 1953b) first suggested that
atomic electrons must be included in a complete descrip-
tion of the nuclear electron-capture process. She esti-
mated the effect of imperfect atomic overlap on the total
electron-capture rate of "Be by calculating the electron-
capture probability for various final atomic states. Due
to the lack of accurately known wavefunctions for excited
Li atoms, Benoist-Gueutal only concluded that the de-
crease in the total decay rate was less than 30%. Odiot
and Daudel (1956) made a quantitative calculation of the
37TAr L-to-K capture ratio, using wavefunctions for the
entire atom. Odiot and Daudel’s prediction of 0.10 for
the %"Ar L-to-K capture ratio has subsequently been
verified by experiment.

The discrepancy between the traditional theory of
electron capture (Brysk and Rose, 1958) and experi-
ments on L-to-K electron-capture ratios indicated that
a critical examination of the theory was needed. Bahcall
(1962a, 1963a,b, 1965a) made a comprehensive study of
the role of atomic electrons in the nuclear electron-
capture process, emphasizing the importance of the in-

(2.136)
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distinguishability of electrons and of the change in nu-
clear charge by one unit from initial to final atomic
states, aspects which were neglected in the usual theory.
In Bahcall’s work, ground-state wavefunctions were
used for the initial and final atoms. The importance of
the presence of an inner-shell hole in the daughter atom
was pointed out by Vatai (1968b).

In this section, we consider the effect of atomic over-
lap and exchange corrections on the total electron-cap-
ture rate and on various subshell capture ratios. We
also discuss the calculation of atomic matrix elements.
This subject has recently been reviewed by Genz (1973a)
and Vatai (1973c). The calculations of electron density
at the nuclear surface are discussed in Sec. II.B.

2. Effect of atomic overlap and exchange on total capture
rates

Bahcall (1963a,b) used second quantization to formu-
late the nuclear electron-capture process. For allowed
transitions, the probability per unit time that a nucleus
will capture any of its atomic electrons and leave the
daughter atom in the final state |A’) is

MA') = G2E(2m) P (ANMA ) (1 +y)M(A”) , (2.137)
where

M(A") =(A" | (0)]G) (2.138)
and

g(A") =W,+1+[E(G) - E(A’) -1]. (2.139)

Here, W, is the difference between initial and final nu-
clear masses; E(G) and E(A’) are the total energies of
the initial and final atomic electrons, including their
rest masses.

If one uses a single-particle representation of ]G), the
total electron-capture rate can be written

AAO[L4+ /204 AN/20], (2.140)
where
Ao =G2E(2m) 1 25,6%(b") [ §4(0) |2 (2.141)
is the usual total electron-capture rate. We have
A =GR (15, | 04(0) |2[—e(Ls”) + (D)
+33 4 Ag(AN)(G | al|ATNA | a, | G) ], (2.142)
and
Ar=q(1s)GEm™ S ¢ (0)¢,,(0)ag(A’)
by,bo, A’
x(Gla} |ANA’ |a,,|6), (2.143)
and
q(1s”") =W, + E(G) — E(G") —e(1s”), (2.144)
and
Ag(A)=E(G’) —E(A’) +<(1s"), (2.145)

where €(1s’) is the K binding energy in the final atom.
The second and third terms in Eq. (2.140) are the con-
tributions due to imperfect atomic overlap and exchange
capture, respectively. By applying closure to sum the
electron-capture probability over all possible final atom-
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ic states, Bahcall found

N1 9%E(G)
ey (2.140)
and
ax 4 R,(0) [<1> 1 ]
— S = b’2s|— |b’1ls)|.
AT R0 L\F 2S’ls+ bZ( Sl 7 !b s)
(2.147)

The contributions of overlap and exchange are of the op-
posite sign. They partially cancel each other in the total
capture rate. The net effect on the total capture prob-
ability does not exceed a few percent if g(1s’) is greater
than, or of the order of, 50 keV.

3. Overlap and exchange corrections on capture ratios

The electron-capture rate, including the atomic matrix
element in the theory, can be written

A,=2%B;, i=K,L,M,N,..., (2.148)

where A9 is the transition rate from the usual theory and
B; is the exchange-correction factor introduced by Bah-
call to take account of the exchange and overlap contri-
bution. "

For allowed transitions, the L/K capture ratio can
then be written

X :<Lh> °By, [1 +<ﬂ>°3ﬂ
A g/ By A,/ By,

For unique forbidden transitions, the L/K ratio becomes

ég=<§_a>° Bz, [1+<Z‘i’4>°£’:&
e \Ag/as By x.,) Bz,

3(ad -1)(2a0 - 1) g3, BLS]
+ =3 (2.150)
(quRO)z ELFIBL1
where
)\i>0 8345 (
Zi) = 2.151)
<7“j éﬂf’
<§ﬂ>o =g_2LA<2%_1>M, (2.152)
Xelas 8% \d%

The ¢’s are neutrino energies and the g’s, charge den-
sities at the nuclear surface.

In Egs. (2.149) and (2.150), the difference in binding
energy among the L subshells has been neglected.

A similar expression applies for M/L capture ratios

AM=<M>°_BM1 r1+<7‘_Mz_>°__BMz _<ﬁ>°__BL2]. (2.153)
Ap \Ag,/ Br, M/ Bu, \rp,/ B,

Most theoretical and experimental work has been done
on K, L, and M capture for allowed transitions. Little
research has been performed on N capture. We proceed
to review various theoretical calculations dealing with
the overlap and exchange corrections.

a. Bahcall’s approach

In order to overcome the difficulty of calculating and
summing an infinite number of separate contributions
from the final atomic states. Bahcall (1962a, 1963a,b,
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1965a) used the following approximations: (1) The inner-
most electrons are almost inert. (2) The outer-electron
states (outside the 3s shell) form a practically complete
set. (3) The energy available for a given nuclear transi-
tion is nearly independent of the particular states occu-
pied by the outer electrons in the final atom.

Bahcall separated the atomic state vectors into two in-

dependent parts
|atomic> = |inner) X louter> . (2.154)

He then invoked closure to perform the sum over the in-
finite number of final atomic states, obtaining

Ai=2B;, (2.155)
where 19 is the usual electron-capture rate, and we have

i

;(0)
The capture amplitudes are
F(3s”) = (18" | 1s)(2s" | 28),,(0) — (15 | 3s)(2s” | 28), (0)
— (25" |3s)(Ls’ [15)h,4(0) 3 (2.157)
F(2s") = (1s” | 1s)(3s" | 3s)th,,(0) — (1’ | 25)(3s” | 3s)¥h, (0)
— (35" |2s)(Ls’ | 1s)h,o(0) 3 (2.158)
F(1s”) = (25" | 25)(3s" | 35, (0) — (25" | 1s) (35’ | 3s)1h,(0)
— (35’ |1s)(2s’ | 2s)1,4(0) . (2.159)

2

B,= ) (2.156)

i

The primed orbitals pertain to the daughter atom. The
L,-to-K and M, -to-L, capture ratios can be written

i=<h>°3h_ - (&)"XLL/K (2.160)
7\K 7\K BK >‘K
and
A
Rary _(Ra)0 Buy (R, *xHy/ 1y (2.161)
A A B ’
Ly Ly L L
where the exchange correction factors are
By, _|£(25)9,4(0) |2 ;
xbi/k T o 1s 2.162
By f(ls’)zl)zs(o) ’ ¢ )
e 2D | 1380240 | (2.163)

By, 17(28)95,(0) |

To compare these calculated capture ratios with mea-
surements, correction must be made for capture from
Dy1/» States. )

To calculate the atomic matrix elements (ns’ |ns),
Bahcall used nonrelativistic Hartree-Fock ground-state
wavefunctions for parent and daughter atoms (Watson,
1960; Watson and Freeman, 1961b).

The following comments can be made on Bahcall’s
theory:

(1) The assumption that the neutrino energy is indepen-
dent of final states of the atom, and the use of the clo-
sure approximation without correction for occupied
states, tend to lead toward underestimation of the over-
lap correction.

(2) The overlap correction is small for K and L, cap-
ture, but is much larger for M, capture. Therefore,
Bahcall’s approach will overestimate the M,-to-L, cap-
ture ratio correction factor X1/ L1,
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(3) Multiple exchange processes and the exchange be-
tween inner and outer electrons are neglected.

(4) The effect of the inner-shell vacancy in the daughter
atom is neglected.

b. Vatai’s ansatz

Vatai (1968b, 1970a, 1973b) calculated the capture
transition to the most prominent state |A) of the final
atom. In state IA), except for the captured electron, all
the other electrons retain their quantum numbers. Vatai
obtained the exchange and overlap correction coefficients
as

B,= zp];io) ’ (2.164)
and _
Fr=(0)( 25" [25)(2p" | 2p)(3s" | 3s)- -
— 1,(0)(2s’ |1s)(2p’ | 2p)(3s” | 3s)+ *
— 0, (0)(3s” | Ls)(2s" | 2s)(2p” | 2p)- *
—_, (2.165)

Similar expressions for f, and f,, are obtained by ex-
change of 1s with 2s and 1s with 3s, respectively, in
the f, expression. If overlap corrections for p and d
electrons are neglected, one obtains the same f; expres-
sions as those of Bahcall [Egs. (2.157) to (2.159)].

In Vatai’s calculation, the effect of the inner hole in
the daughter atom on the exchange integral is estimated
by perturbation theory.

Vatai used the analytic Hartree—-Fock wavefunctions
of Watson and Freeman (1961b) for the initial state and
as unperturbed wavefunctions for the final-state calcu-
lation. He estimated the overlap correction for the in-
ner p and d electrons including the multiplicity by cal-
culating the overlap integral with the wavefunctions of
Watson and Freeman for both parent and daughter atoms.
The overlap integrals of outer electrons are set equal
to 1 in Vatai’s calculation. _

With regard to Vatai’s approach, we note the follow-
ing points:

(1) Some contrlbutlons due to processes involving
shakeup or shakeoff are neglected.

(2) The use of perturbation theory to calculate the ex-
change integrals introduces a discrepancy of 10-40% in
the value of these integrals compared with Froese’s HF
calculations (Faessler et al., 1970).

(3) The overlap corrections are only rough estimates.

(4) vatai, like Bahcall, neglects multiple exchange
processes.

c. Faessler’s calculation

Faessler et al.(1970) recalculated the Bahcall éxchange
corrections, taking into account the inner-shell vacancy
that after electron capture exists in the daughter atom.
Faessler et al. used the Herman—-Skillman (1963) Har-
tree—Fock-Slater and Froese—Fischer (1965, 1969)
Hartree—Fock programs to calculate hole—state wave-
functions and exchange and overlap integrals. Although
some of the exchange integrals calculated with the two
programs differ by as much as 50%, the exchange cor-
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rection factors agree to within 3%. This indicates that
the exchange correction, being a ratio, is insensitive
to the model wavefunctions, due to cancellation of er-
rors. Faessler et al. concluded that the influence of
rearrangement effects on the L/K and M/L capture ra-
tios is far too small to account for the discrepancy be-
tween theory and experiment, although it does affect the
theoretical capture ratios in the right direction. '

d. Relativistic calculations

Suslov (1970a) followed Bahcall’s approach and used
relativistic Hartree—-Fock-Slater wavefunctions to cal-
culate the exchange and overlap corrections for 14< Z
< 98. The wavefunctions were obtained by numerical in-
tegration of Dirac’s equation, using a nonrelativistic po-
tential (Herman and Skillman, 1963) for 14 < Z <73, and
an analogous relativistic potential (Liberman e¢ al.,
1965) for Z=T4. Finite nuclear size was included
through the uniformly-charged-sphere model. For 15

< Z <37, the new relativistic values of By, B, , By,
XL/E, and XM/Li gre quite close to Bahcall s (1963a b)
results; the differences do not exceed 5%. -For Z = 38,
the exchange correction decreases as Z increases, and
for large Z it is nearly constant. The relativistic ex-
change-corrected capture ratios do not narrow the gap
between theory and experiment.

Martin and Blichert-Toft (1970) performed another
relativistic calculation of electron-capture ratios for
6 < Z < 98 using the same approach as Vatai’s. The re-
quired wavefunctions and electron radial densities were
calculated with a relativistic Hartree—Slater program
with finite nuclear size. The K and L, electron radial
density at the nuclear surface, calculated by Martin and
Blichert-Toft (1970), agrees with other calculations
(Zyryanova and Suslov, 1968; Behrens and Jinecke,
1969; Winter, 1968; Suslov, 1970a) within 1%, and the
exchange-overlap corrections to the capture ratios agree
very well with the present results based on Vatai’s ap-
proach.

4. Evaluation of atomic matrix elements

Atomic matrix elements (ms’ [ns) are required not only
for the calculation of exchange and overlap corrections,
but also for determining autoionization rates in g-decay
and electron-capture transitions, and for shakeup cal-
The degree of orthogonality of the
wavefunctions is the important point in the evaluation of
the overlap integrals (ms’ |ns). Overlap integrals that
involve ground-state wavefunctions from parent to daugh-
ter atoms are not very sensitive to the choice of the
atomic potential, because the inner shells are closed
shells. Overlap integrals calculated with the analytic
Hartree—Fock wavefunctions of Watson and Freeman,
with Herman-Skillman Hartree—Fock—Slater wave-
functions, or with Froese—Fischer Hartree—Fock wave-
functions, all agree to better than 5% (Faessler et al.,
1970). However, for calculations of inner-shell vacancy
states (e.g., 1s and 2s hole states), the atomic model is
important, as the hole—state wavefunctions are sensitive
to the potential. In the Herman and Skillman (1963) code,
single electronic configurations having open shells are
treated on the same basis as configurations having only
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closed shells. Consequently the wavefunction of an elec-
tron in an open shell is not necessarily orthogonal to a
single-electron wavefunction that describes an electron
of the same symmetry species and in the same config-
uration, but from a closed shell. For example, the 1s
electron wavefunction for an atom with a K vacancy may
not be orthogonal to the 2s wavefunction of the atom, if
it has a full L, subshell. The overlap integrals between
open-shell and closed-shell single-electron wavefunc-
tions, involving the ground state of the parent atom and
a deep hole state of the daughter, can therefore contain
a sizable error if it is computed with Herman—Skillman
wavefunctions (Faessler et al., 1970).

In Froese-Fischer’s (1965, 1969) and Bagus’ (1964,
1965) approaches, the orthogonality between self-con-
sistent field orbital wavefunctions with the same sym-
metry is taken into account by introducing off-diagonal
Lagrangian multipliers into the Hartree—Fock equations.
For closed shells, a unitary transformation can be found
between the occupied orbitals, such that the Lagrangian
multipliers are in diagonal form. The additional re-
quirement that the off-diagonal Lagrangian multipliers
be zero serves as a unique definition of the self-con-
sistent field orbitals. For open-shell systems, it is not
possible to reduce the Lagrangian multipliers that couple
open and closed shells of the same symmetry to zero
(Roothaan, 1960; Roothaan and Bagus; 1963).

The Ne-like and Ar-like ns hole states have been cal-

culated by Bagus (1964, 1965). The off-diagonal Lagran-

gian multipliers between open and closed shells 6, .-
are large for 1s hole states and become smaller for 3s
hole states. The effect of including the off-diagonal La-
grangian multipliers for Ar-like ions is that the 1s or-
bitals of the 1s-hole states have a node; an extended tail

appears in the 1s wavefunctions (Bagus, 1964). For
large 7, P,/(7) becomes
P (r) = —-e—zﬁ'iiPZS(r) —EZ—S-ﬁpss(v). (2.166)

1s 1s

The features introduced by the off-diagonal Lagrangian
multipliers in the Froese-Fischer Hartree—Fock hole—
state wavefunctions explain the differences between over-
lap integrals obtained by using Herman-Skillman and
Froese-Fischer wavefunctions in the work of Faessler
et al. (1970).

To resolve the discrepancy between the overlap ma-
trix elements (n’l|nl> of Faessler et al. and of Vatai,
we have recalculated these matrix elements for Ar K,

L, and M capture with Bagus’ accurate analytic Hartree—
Fock Ar ground-state and Cl™ ns hole-state wavefunc-
tions (Bagus, 1964). Our results from Bagus’ wavefunc-
tions agree with the overlap matrix elements calculated
by Faessler et al. (1970) with the Hartree—Fock program
of Froese-Fischer to better than 1%.

5. Comparison among theoretical exchange corrections to
capture ratios

In Sec. II.LE.4, we have described evidence that the
Hartree—Fock program of Froese-Fischer is best suited
for the evaluation of the exchange and overlap integrals.
We have therefore recalculated the exchange correction
factors using the Froese-Fischer program (Froese—
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Fischer, 1972a). Two sets of values were computed,
one based on Bahcall’s approach, the other following
Vatai’s ansaiz that includes the overlap correction for
both inner and outer electrons (Table XI). In both sets
of values, the effect of the hole in the daughter atom has
been included. Corrections to capture ratios computed
previously according to Bahcall’s approach (Faessler

et al., 1970; Suslov, 1970a; Bahcall, 1963a, b, 1965a)
agree well (within 5%) with our recalculated “Bahcall”
corrections (Table XII). The exchange correction fac-
tors XZ1/ ¥ gnd x"1/ L1 of Martin and Blichert-Toft (1970)
coincide with our present calculations based on Vatai’s
approach. In Figs. 2 and 3, the exchange correction
factors X%1/¥ and x¥1/ L1 are shown, as recalculated by
us with the Froese—Fischer (1972a) code. For compari-
son, the results from the two relativistic calculations
(Suslov, 1970a; Martin and Blichert-Toft, 1970) are al-
so included. In general, the results from Vatai’s ap-
proach are smaller than those following Bahcall’s theo-

ry.
6. Correlation effects in electron-capture ratios

All theoretical work reviewed in Sec. ILE.3 contains
the independent-particle approximation. Effects due to
electron correlations are neglected.

Goverse and Blok (1974c) have observed that the ex-
perimental L/K capture ratios seem to oscillate about
the theoretical curve, and suggested that correlation ef-
fects between the orbital electrons might cause this dis-
crepancy. This assertion remains to be proven.

7. Conclusion

The exchange and overlap correction factors are not
very sensitive to the choice of the atomic potential, due
to compensation between the electron density at the
nucleus and the atomic matrix element (zs ]ms’). The
importance of including an appropriate inner-shell hole
in the daughter atom after electron capture, stressed by
Vatai (1968b, 1970a), is not borne out by the work of
Faessler et al. (1970) nor by our present calculations, if
Bahcall’s approach is followed. On the other hand, the
presence of the inner hole has a significant effect on
these correction factors if they are calculated with Va-
tai’s formulae.

The effect of exchange on electron-capture ratios has
been treated in a similar way in the two existing theo-
ries, those of Bahcall (1963a, b, 1965a) and Vatai
(1970), while the overlap corrections are treated dif-
ferently. In Bahcall’s approach, the closure relation
is invoked to perform the sum over the infinite number
of final atomic states; this leads to an overestimate of
the contribution due te processes that involve shakeup
or shakeoff. On the other hand, contributions involving
shakeup or shakeoff are simply neglected in Vatai’s ap-
proach. Because the overlap corrections are important
for low-Z elements, the difference in exchange and over-
lap correction factors between Bahcall’s and Vatai’s ap-
proaches shows up clearly in light atoms.

Our recalculated correction factors permit a direct
comparison of results based on Bahcall’s and Vatai’s
approaches. Vatai’s formulation causes an underestima-
tion of L/K capture ratios at low Z, but leads to M/L
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TABLE XI. Exchange and overlap correction factors B; for i-electron capture and X /3 for i/, '§ capture ratios, recalculated with
the Hartree—Fock code of Froese—Fischer. Columns labeled ‘“V”’ are computed according to the approach of Vatai; columns
labeled “B” are calculated with Bahcall’s formulas., In both approaches, the effect of the hole in the daughter atom has been in-
cluded. Asterisks indicate elements for which the calculations were performed ab iritio; the remaining factors were determined
by a 4-point Lagrangian interpolation procedure. (M. H. Chen, private communication).

B(K) B(L1) B(M1) B(N1) X(L1/K) X(M1/L1) X(N1/M1)

z v B v B v B A B v B v B v B
4*  0.816  0.900 . 2.222  3.045 2.723  3.383

5  0.866 0.924 1.875 2.432 2.164  2.633

6 0.903  0.941 1.636  2.009 1.811  2.134

7T 0.928 0.954 1.482 1.738 1.597  1.822

8  0.944 0.962 1.391 1.580 1.474  1.642

9  0.953 0967 1.341 1.496 1.408  1.547

10%  0.957  0.970  1.309  1.449 1.368  1.494

11 0.959 0.971  1.272  1.399 1.327  1.441

12%  0.961  0.972  1.209  1.309  1.651  2.134 1.258  1.347  1.366  1.630

13 0.964 0.973  1.185 1.272  1.541  1.960 1.230.  1.307  1.300  1.541

14 0.966 0.974 1.167 1.242 1.463  1.829 1.208  1.275 1.255 1.473

15%  0.968 0975 1.152 1.219  1.411  1.733 1190  1.250 1.225 1.422

16 0.970 0.976  1.140  1.200 1.375  1.661 1176  1.230  1.206  1.383

17 0.972  0.977 1.130 1.185 1.348  1.603 1.163  1.213  1.193  1.353

18*  0.973 0.978  1.121  1.171  1.322  1.549 1152 1.197 1179  1.323

19 0.974 0.979 1.111  1.157 1.288  1.489 1.140  1.182  1.160  1.287

20%  0.975  0.980  1.099  1.141 1.239 1.414 1.593 2.130 1.127 1.164 1127 1.239 1.286  1.506
21 0.976 0.981 1.090 1.133  1.235  1.390 1.117  1.155  1.133  1.227

22 0.977  0.981  1.084 1.125 1.230 1.369 1.109  1.147 1135  1.217

23  0.978  0.982  1.079 1.119 1.226 1.350 1,339 1.800 1.103 1.140 1.135 1.206 1.093  1.333
24 0979 0.983 1.076 1.113 1.220 1.333 1,329 1.748 1.099 1.133 1.134 1197 1.090 1.312
25 0.979 0.983  1.074 1.108 1.214 1.317 1.318 1,700 1.096 1,127 1.131 1.189 1.086 1.291
26*  0.980 0.984 1.072 1.103 1.208 1.303 1,308 1.658 1.094 1.121  1.127 1181 1.083  1.272
27 0.981 0.985 1.071  1.098 1.202 1.290 1.297 1.621 1.092 1116 1.123 1.175 1.079  1.256
28 0.981 0.985  1.069 1.094 1.197 1.279 1.287 1.588  1.090 1.110 1.119 1.169 1.076 1,242
29 0.982 0.986 1.067 1.090 1191 1.268 1.276 1.561 1.087 1105 1.116 1.164 1.071  1.231
30*  0.983 0.986 1.064 1.085 1,186 1.258 1.265 1.538  1.082 1.100 1115 1.159 1.067  1.223
31 0.984 0.987 1.063 1.083 1174 1.243 1,258 1.519 1.080 1.098 1.105 1.147 1.071 1,222
32*  0.985 0.987 1.061 1,081 1.164 1.230 1.252 1.499 1.077 1,095 1,097 1,138 1.076  1.219
33 0.986 0.987 1.059 1.078 1.155 1.219 1.247 1.479 1075 1.092 1.091 1.130 1.079  1.213
34 0.986 0.988  1.057 1.075 1.147 1.209 1.242 1.459 1,072 1.089 1.085 1.124 1.083  1.207
35 0.986 0.988 1.055 1.072 1,140 1.200 1.238 1.439 1,070 1.085 1.081 1.119 1.086 1.199
36*  0.986  0.988  1.053 1.069 1134 1192 1.234 1.420 1.068 1.082 1.077 1.115 1.088 1.191
37  0.986 0.988  1.051 1.066 1.128 1.185 1.230 1.402 1.066 1.079 1.074 1.111 1.090 1.184
38 0.986  0.988  1.049 1.064 1.123 1.177 1.226 1.386 1,063 1.076 1.071 1.107 1.092 1,177
39 0.986 0.989  1.047 1.061 1.117 1.170 1.221 1371 1.061 1.074 1.067 1.102 1.093 1,172
40%  0.987 0.989 1.045 1.060 1.112 1162 1.216 1.359 1.059 1.072 1,064 1.096 1.094 1,170
41 0.987 0.989  1.043 1.058 1,108 1.157 1.211 1.347 1.057 1.069 1,062 1.093 1.093  1.164
42 0.988 0.989 1.042 1,056 1,105 1,152 1.206 1.335 1.055 1.067 1,060 1.091 1.091  1.159
43 0.988 0.990 1.041 1,054 1.102 1,147 1.201 1,324 1.054 1.065 1.058 1.088 1.090  1.154
44*  0.988  0.990 1.040 1.053 1,099 1.143 1.196 1.314 1.053 1.064 1.057 1.085 1,088  1.150
45 0.988 0.990 1.039  1.0562 1.097 1.139 1.191 1,304 1.052 1.062 1.055 1.083 1.086 1.145
46 0.988 0.991 1.038 1.050 1.094 1135 1.187 1.295 1.051 1.060 1.054 1.081  1.085  1.141
47 0.989 0.991 1,038 1.049 1.092 1.132 1182 1.287 1.050 1.059 1,052 1.078  1.083  1.137
48*  0.989  0.991 1,037 1.048 1.090 1.128 1178 1.279 1.049 1.058 1.051 1.076 1.081  1.134
49 0.989 0.991 1.036 1.047 1.088 1,125 1.174 1.271 1.047 1,056 1.050 1.074 1,079  1.130
50  0.990  0.991  1.035 1.045 1.086 1.121 1.169 1.264 1.046 1.055 1.049 1.073  1.077  1.127

51%* 0.990 0.991 1.034 1.044 1.083 1.118
52 0.990 0.991 1.033 1.042 1.080 1.115
53 0.990 0.991 1.031 1.041 1.077 1.111
54%* 0.990 0.991 1.030 1.039 1.074 1.107

165 1.257 1.044 1.053 1.047 1.071 1.076 1.124
161 1.250 1.043 1.052 1.046 1.069 1.074 1.122
156 1.244 1.042 1.050 1.044 1.067 1.073 1.119
151 1.237 1.040 1.048 1.043 1.065 1.072 1.117

[y
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TABLE XIIA. Comparison of published exchange and overlap corrections By, B, By, and By for selected values of Z.
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Exchange and overlap corrections B

Recalculated in this work as

Bahcall Vatai Martin and Blichert-Toft Suslov described in Sec. II.E after:
z Elements (1963) (1970) (1970) (1970) Bahcall 2 Vatai
4 Be 0.900 0.816
5 B 0.924 0.866
6 C 0.938 0.941 0.903
7 N 0.948 0.954 0.928
8 (o] 0.958 0.962 0.944 .
9 F 0.964 0.967 0.953
10 Ne 0.969 0.970 0.957
11 Na 0.973 0.971 0.959
12 Mg 0.974 0.972 0.961
13 Al 0.987 0.975 0.973 0.964
14 Si 0.924 0.988 0.976 0.9231 0.974 0.966
15 P 0.939 0.988 0.977 0.9391 0.975 0.968
16 S 0.947 0.988 0.978 0.9479 0.976 0.970
17 Cl 0.954 0.988 0.979 0.9542 0.977 0.972
18 Ar 0.959 0.988 0.980 0.9589 0.978 0.973
19 K 0.963 0.988 0.981 0.9600 0.979 0.974
20 Ca 0.966 0.989 0.982 0.9650 0.980 0.975
25 Mn 0.976 0.990 0.985 0.9731 0.983 0.979
30 Zn 0.981 0.991 0.987 0.9794 0.986 0.983 .
35 Br 0.983 0.992 0.989 0.9822 0.988 0.986
40 Zr 0.990 0.9844 0.989 0.987
50 Sn 0.991 0.9878 0.991 0.990
60 Nd 0.992 0.9888
70 Yb 0.992 0.9896
80 Hg 0.992 0.9898
90 Th 0.992 0.9899

Exchange and overlap corrections

1
Recalculated in this work as

By

Bz,z,BL3

Bahcall Vatai Martin and Blichert-Toft Suslov described in Sec. II.E after: Martin and Blichert—Toft

Z  Elements (1963) (1970) (1970) (1970) Bahcall ? Vatai (1970)

4 Be 3.045 2.222

5 B 2.432 1.875

6 C 2.009 1.636

7 N 1.475 1.738 1.482

8 (o] 1.405 1.580 1.391

9 F 1.360 1.496 1.341
10 Ne 1.309 1.449 1.309
11 Na 1.283 1.399 1.272
12 Mg 1.248 1.309 1.209
13 Al 1.250 1.212 1.272 1.185
14 Si 1.199 1.229 1.186 1.205 1.242 1.167 0.921
15 P 1.193 1.211 1.169 1.189 1.219 1.152 0.929
16 S 1.181 1.196 1.154 1.179 1.200 1.140 0.935
17 Cl 1.172 1.183 1.143 1.168 1.185 1.130 0.940
18 Ar 1.162 1.170 1.132 1.159 1.171 1.121 0.944
19 K 1.153 1.158 1.120 1.150 1.157 1.111 0.946
20 Ca 1.145 1.149 1.113 1.140 1.141 1.099 0.948
25 Mn 1.112 1.116 1.085 1.108 1.108 1.074 0.958
30 Zn 1.090 1.095 1.070 1.090 1.085 1.067 0.967
35 Br 1.075 1.077 1.060 1.075 1.072 1.055 0.971
40 Zr 1.050 1.064 1.060 1.045 0.974
50 Sn 1.037 1.050 1.045 1.035 0.978
60 Nd 1.029 1.040 0.980
70 Yb 1.025 1.035 0.981
80 Hg 1.022 1.031 0.982
20 Th 1.021 1.028 0.982
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TABLE XIIA. (Continued)

Exchange and overlap corrections B, By
Recalculated in this work as Recalculated in this work as
Bahcall Vatai Martin and Blichert-Toft Suslov described in Sec. IL.E after: Vatai described in Sec. II.E after:

Z Elements (1963) (1970) (1970) 1970) Bahcall 2 Vatai (1970) Bahcall 2 Vatai

4 Be

5 B

6 C

7 N

8 o

9 F
10 Ne
11 Na
12 Mg 2.134 1.651
13 Al 1.432 1.628 1.960 1.541
14 Si 1.804 1.408 1.510 1.769 1.829 1.463
15 P 1.711  1.385 1.434 1.686 1.733 1.411
16 S 1.639 1.369 1.388 1.621 1.661 1.375
17 Cl 1.579 1.346 1.358 1.567 1.603 1.348
18 Ar 1.530 1.327 1.328 1.522 1.549 1.322
19 K 1.489 1.315 1.285 1.486 1.489 1.288
20 Ca 1.454 1.299 1.255 1.453 1.414 1.239 2.139 1.593
25 Mn 1.335 1.241 1.226 1.339 1.317 1.214 1.283 1.700 1.318
30 Zn 1.266  1.202 1.190 1.273 1.258 1.186 1.236 1.538 1.265
35 Br 1.222 1.170 1.150 1.200 1.140 1.215 1.459 1.238
40 Zr 1.121 . 1.162 1.112 1.359 1.216
50 Sn 1.093 1.121 1.086 1.264 1.169
60 Nd 1.070
70 Yb 1.062
80 Hg 1.056
90 Th 1.051

2 Including the effect of the ns hole in the daughter atom.

TABLE XIIB. Comparison of exchange and overlap corrections for L/K, M/L, and N/M ratios.

Exchange and overlap corrections X%/¥
Recalculated in this work as
Bahcall Vatai Martin and Blichert-Toft Suslov Faessler ef al. TFaessler et al. described in Sec. II.E after:

Z Elements (1963) (1970) (1970) (1970) (1970) (1970) 2 Bahcall 2 Vatai
4 Be 3.504 . 2.947 3.383 2.723
5 B 2.633 2.164
6 o] 2.134 1.811
7 N 1.556 1.822 1.597
8 o 1.467 ‘ 1.642 1.474
9 F 1.411 1.547 1.408

10 Ne 1.351 1.494 - 1.368

11 Na 1.319 1.441 1.327

12 Mg 1.281 1.347 1.258

13 Al 1.266 1.243 1.307 1.230

14 si 1.298  1.244 1.215 1.293 1.275 1.208

15 P 1.271  1.226 1.197 1.266 1.250 1.190

16 S 1.248  1.210 1.180 1.243 1.230 1.176

17 cl 1.228  1.197 1.168 1.224 1.213 1.163

18 Ar 1.212 1.184 1.155 1.208 1.207 1.195 1.197 1.152

19 K 1.197 1.171 1.142 1.194 1.182 1.140

20 Ca 1.184  1.162 1.133 1.181 1.164 1.127

25 Mn 1.139  1.127 1.102 1.139 1.135 1.127 1.127 1.096

30 Zn 1.112  1.104 1.084 1.113 1.110 1.103 1.100 1.082

35 Br 1.093  1.085° 1.072 1.094 1.085 1.070

40 zZr 1.061 1.081 1.072 1.059

50 Sn 1.046 1.063 1.055 1.046

60 Nd 1.037 1.052

70 Yb ' 1.033 1.046

80 Hg ‘ 1.030 1.042

90 Th 1.029 1.038
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TABLE XIIB. (Continued)
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Exchange and overlap corrections X H/L

Recalculated in this work as

Bahcall Vatai Martin and Blichert—Toft Suslov Faessler ef al. TFaessler ef al. described in Sec. II.E after:

Z Elements (1963) (1970) (1970) (1970) (1970) 1970) 2 Bahcall 2 Vatai
10 Ne

11 Na

12 Mg 1.630 1.366
13 Al 1.584 1.146 1.343 1.541 1.300
14 Si 1.505 1.146 1.273 1.482 1.473 1.255
"15 P 1.433 1.144 1.227 1.419 1.422 1.225
16 S 1.387 1.140 1.203 1.375 1.383 1.206
17 Cl 1.347 1.138 1.188 1.341 1.353 1.193
18 Ar 1.316 1.134 1.173 1.314 1.311 1.289 1.323 1.179
19 K 1.291 1.137 1.147 1.292 1.287 1.160
20 Ca 1.270 1.123 1.128 1.275 1.239 1.127
25 Mn 1.201 1.112 1.130 1.209 1.190 1.178 1.189 1.131
30 Zn 1.161 1.098 1.112 1.168 1.153 1.147 1.159 1.115
35 Br 1.137 1.086 1.085 1.143 1.119 1.081
40 Zr 1.068 1.126 1.094 1.061
50 Sn 1.054 1.101 1.073 1.049
60 Nd 1.040 1.086

70 Yb 1.036 1.076

80 Hg 1.033 1.070

90 Th 1.029 1.066 -

Exchange and overlap corrections X¥/#

Recalculated in this work as

Vatai described in Sec. II.E after:

z Elements (1970) Bahcall @ Vatai
18 Ar

19 K

20 Ca 1.506 1.286
25 Mn 1.034 1.291 1.086
30 Zn 1.028 1.223 1.067
35 Br 1.038 1.199 1.086
40 Zr 1.170 1.094
50 Sn 1.127 1.077
60 Nd

70 Yb

‘80 Hg

90 Th

2 Including the effect of the ns hole in the daughter atom.

capture ratios in fair agreement with experiment. On
the other hand, Bahcall’s approach yields better agree-
ment to L/K ratios with experiment, but overestimates
the M/L capture ratios.

To solve this problem, a new calculation is needed
in which overlap corrections are treated more carefully.
Electron correlation must be included, at least by means
of configuration interactions. More accurate experimen-
tal capture ratios in the low-Z region are needed to pro-
vide a better test of theory.

. EXPERIMENTAL METHODS AND RESULTS

The experimental determination of nuclear electron-
capture ratios from various atomic shells and of K-cap-
ture to positron-emission (K/B*) ratios has been the sub-
ject of considerable effort because of the importance of
these quantities in various contexts. Aspects of orbital
electron capture have been reviewed by Robinson and
Fink (1955, 1960), Bouchez and Depommier (1960, 1965),
Depommier (1968), Fink (1965, 1966, 1968, 1969),

Rev. Mod. Phys., Vol. 49, No. 1, January 1977

Berényi (1963a, 1965a, 1968a), Genz (1971b, 1973a), and
Fitzpatrick (1973). In recent years, several new mea-
surements of L/K, M/L, and K/B* ratios have been per-
formed and much effort has been devoted to reducing
experimental uncertainties, so that comparisons can be
made with different theoretical calculations of atomic
wavefunctions and of electron exchange and imperfect
atomic wavefunction overlap effects.

In this section we classify the methods employed to
determine capture ratios and compare their potential
reliability. From the vast body of experimental data
reported in the literature, we select a limited list of
capture and K/B* ratios that can be considered highly
reliable and use these values for comparison with theo-
ry.

Relative transition probabilities are commonly used
in experimental work; these are related as follows to
the transition probabilities per unit time as defined in
Eqgs. (2.27), (2.28), and (2.43):

(3.1)
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X Lthy T T T T T
14 N

—— Bahcall

-=-Vatai
@®Martin and BlichertJoft
ASuslov

recalculated

1.0 ! ! L L 1

FIG. 2. L1/K exchange and overlab correction factors. The
solid and broken curves ‘were recalculated dccording to the ap-
proaches of Bahcall (1963a b; 1965a) and Vatai (1968,1970),
réspectively, with wavefunctions from the Hartree—Fock pro-
gram of Froese—Fischer (1972a). Results of the relativistic
calculation of Suslov (1970a), . following Bahcall’s theory, are
indicated by trlangles and those of the calculation of Martin
and Blichert-Toft (1970), based on the same approach as Va-
tai’s, are indicated by solid dots.

where

Pyo+Pge+ Pp=1, (3.2)
and

N S . (3.9
where

PK+PL+PM+“'=i; (3.4)

Corresponding relations :hold for capture from subshells.

The probability of orbital electron capture from the K
shell or from any of the L or M subsheélls depends upon
the nature and energy of the transition. The capture
process cannot be dete(t:t’ed‘directly because of the ex-
tremely low interaction probability of the emitted neu-
trino. The capture rate can therefore only be deter-
mined from the intensity of subsequently emitted radia-
tion, such as x rays or Auger electrons given off during

X ML, T T T T T

—— Bahcall

" 1l -
T _Vatai recalculated

®Martin and Blichert-Toft
ASuslov

FIG. 8. M;/L, exchange and overlap correction factors.

See
caption of Fig. 2 for details. :
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reorganization of the electronic cloud after capture and

v rays or conversion electrons from the daughter nu-
cleus. In principle, the recoil of the final nucleus can
also be measured, but the recoil kinetic energy is always
very small. The largest recoil (57 eV) occurs in the
transition "Be -~ "Li.

Methods for measuring capture probabilities vary ac-
cording to the decay scheme of the radionuclide; the en-
ergy and relative intensity of the emitted radiation,
available detectors, and requirements for necessary
corrections. The methods can be classified according
to the information they provide.

One group of methods yields ratios of capture prob-
abilities from different shells,

(3.5)

From these ratios, a consistent set of capture probabili-
ties can be deduced with the aid of Eq. (3.4):

{1+_ 1 <1+PM)]}“’

P, =PP,/P,),
P,=P,(P,/P;).

(3.8)

Equations (3.6) can also be used with reliable theoretical
capture ratios.

Some methods pertain to situations in which the L and
M x-ray or Auger-electron peaks cannot be resolved.
Such methods lead to the determination of a capture ra-
tio P, /PK, from which the relative K-capture prob-
ability can be obtained directly

Pru, 1

P T

(3.7

In several other methods, Pyw, is determined, where
wy is the K-shell fluorescence yield. With the appro-
priate value for w, (Bambynek et al., 1972), the rela-
tive K-capture probability can be calculated. :

If the transition energy exceeds twice the electron
rest energy (2mc?), then positron emission is possible
as an alternative nuclear decay process. In such cases,
it is of interest to measure ratios of K-capture to posi-
tron-emission probability or of the total electron-cap-
ture to positron-emission rate,

Py _ Mk

Py _ Prc _2e
P Age’

Pge  Xgu

(3.8)

Table XIII contains a compilation of methods reported
in the literature; these are discussed in Secs. IIL.A,
II.B, and IILD. The usual corrections for background,
dead time, detector efficiency, etc., are taken for
granted.

A. Determination of capture ratios

Capture ratios have been determined both with external
and internal sources. In general, it is difficult to mea-
sure capture ratios with external sources, because large
corrections are required for source self-absorption, air
scattering, window absorption, and fluorescence yields.
During the last few years, capture ratios have there-
fore more frequently been measured by internal-source
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TABLE XIII. Methods that have been used for the determination of electron-capture probabilities.
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Estimated accuracy

No. Method Source Detectors 2 Measured Deduced of the method (%)
1 Spectroscopy of K, L, and M events Internal mw I/ I, I,/ I, P;/Pg 1
without x-ray escape Gaseous Nal(T1) Ipey/ Iyy P, /Py,
2 Spectroscopy of K and L events with Internal pc I/ I, P /Py 5
complete K x-ray escape Gaseous
3 Spectroscopy of K, L, and M events Internal pc I/ I P, /Py 1
Gaseous 1,/1; P,/P,
4 Cloud chamber technique Internal cc I/ I P,/Py 20
Gaseous
5 Spectroscopy of K, L, and M events Internal NaI(TD I/ I P./Py 1
Solid CsI(T1) I,/1I, P,/P;
' CsI(Na)
Ge(Li)
Cs,PLCN)H,0 Iy /Ijmy
6 Spectroscopy of K and L x-rays External pc I y/ Iy Py /P 10
: Solid Nal(T1) I eyl Igx-y
7 Measurement of (K x-ray)—(L x-ray) External pc Tpxe1%s PL/Pg 8
coincidences Solid NaI(T1) Ip v, Ixx
8 Spectroscopy of K x rays and vy rays External pc,Nal(Tl) Iex/ I, Py 8
Solid Ge(Li)
9 Spectroscopy of K x-rays or K Auger External sd Iy /Ly Py wy 15
electrons and K conversion electrons Solid NalI(T1) Ips/ Ly Py
10 Determination of X x~ray emission rate External pc Iy, I Py i 1
and disintegration rate Solid Nal(T1) )
11 Measurement of K x-ray)—(y-ray) External pc,NaI(T1) I,(,{_),/I7
coincidences Solid Ge(Li) Py 5
Si(Li) Igx=y1-yo/ Iyt-ys
12 Measurement of (K x-ray)—(y-ray) *External NaI(T1) Iyx-y1/ 1y Pyy/Pyy 5
coincidences at different levels Solid Ge(Li)
: Si(Li) Inx—yo/ Iy
13 Measurement of (K-event)—(y-ray) coincidences External pc,NaI(T1)
' Solid CsI(TD) Iyoy/ 1y Py 3
14 Measurement of (K x-ray)—(y-ray) sum External NaI(Tl) Ixxw/ 1, Py 8
coincidences Solid CsI(T1)
Ge(Li) Igxsyraye/ Tyt ey
15 Measurement of (K x-ray)—(y-ray) and External NaI(T1) Ix—y/1y
(K x-ray)—(K x-ray) or (K x-ray)—(K conversion Solid Si(Li) Tpexmpex / Ix
electron) coincidences sd Iyxex/ Lok Py 3
16 Measurement of (K x-ray)—(K conversion External NalI(T1) Ipymer/ Lg Py 3
electron) and (X x-ray)—(L conversion electron) Solid sd Ipxeor/ L1 :
coincidences o
17 Measurement of (K Auger electron)— (& External sd,sl Lipor/ L
conversion electron) and (X Auger electron)— Solid Igp-or/ Lz Py 3
(L conversion electron) coincidences :
18 Measurement of (K x-ray)—(K conversion External pc,sc Liyeor/ Ly Py wy 5
electron) coincidences ' : Solid NalI(Tl) ’
Ge(Li) Tgx-ox/ Ixx Py 7
L Ixx
19 Measurement of (K x-ray)—(y-ray)—(K or L External NalI(Tl) Igx—y-c L/ Iyoe, Py wy 5
conversion glectron) coincidences Solid Ge(Li)
) sd IKX-)'-eK/Iy-eK Py
20 Spectroscopy of K events and positrons Internal pc I /Ig+ Py/Pg+ 6
(no K x-ray escape) Gaseous )
21 Spectroscopy of K events and positrons Internal apc I /Ig+ Py/Pg+ 3
(no K x-ray escape) Gaseous
22 Spectroscopy of K events and positrons Internal NaI(T1) Iy /1g+ Py/Pg+ 2
Solid
23 Spectroscopy of K Auger electrons and positrons External gm, pc Iy /Ig+ Py/Pg+ 9
Solid
24 Spectroscopy of K x rays and positrons External Nal(T1), Si(Li), Igxx/Ig+ Py/Pg+ 1
Solid pc
25 Spectroscopy of K x rays and B* External Nal(T1), Si(Li), Zyx/I Py/Pg+ 1.5
annihilation photons Solid pc,Ge(Li)
26 Spectroscopy of nuclear and g* External NaI(T1),Ge(Li) I1,/Iy, Pyc/Pg+ 3
annihilation photons Solid
27 Measurement of (positron)—(y ray) External pe,pl I,Igy Pyo/Pg+ 2.5
coincidences Solid Nal(Tl), Ge(Li)
Rev. Mod. Phys., Vol. 49, No. 1, January 1977
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TABLE XIII. (Continued)
Estimated accuracy
No. Method Source Detectors 2 Measured Deduced of the method (%)
28 Measurement of (positron)—(y ray) N and External pc,Nai(Tl) Ig+, 1y, Iy, P../Pg+ 0.3
(positron)—(y ray) S coincidences Solid Ig-ynsIg-ys
29 Measurement of (y ray)—(511 keV 7y)— External NaI(T1), Ge(Li) Iy, Iyiple Py/Pg+ 2
(511 keV %) triple coincidences Solid
30 Measurement of (y ray)—(511 keV) g* External Nal(Tl), Ge(Li) I, Iy-g, Py/Pg+ 3
annihilation photon coincidences Solid
31 Miscellaneous - - - - -

2 The following abbreviations are used: apc, anticoincidence proportional counter; cc, cloud chamber; gm, Geiger—Miuller
counter; pc, proportional counter; pl, plastic scintillator; mw, multi-wire proportional counter; sc, semiconductor; sd, double-

focussing spectrometer; se, lens spectrometer.

techniques in which these difficulties are avoided, pro-
vided the radioactive atoms can be dispersed throughout
the sensitive volume of the counter. Internal-source
methods fall into two major classes: at low atomic num-
bers, gaseous compounds are mixed with the counting -
gas of a proportional counter, while at high Z crystal
scintillators are preferred that have the radioactive
atoms built into the lattice, thus minimizing distortions
due to escape of x rays from the sensitive counter vol-
ume.

1. Spectrometry with internal gas sources

A radioactive gas or the vapor of a radioactive metal-
organic compound is added to the counting gas of a pro-
portional counter. The prompt cascade of x rays and
Auger electrons, which follows the capture event, is
integrated by the detector to produce a single K peak at
the K-electron binding energy of the daughter atom.
Similarly, L,M,... peaks are produced by events from
higher shells. It is usually assumed that all L and M
X rays and Auger electrons are completely absorbed in-
side the counter. However, as Vatai (1968d, 1970b)
has pointed out, the escape of L x rays is not always
negligible a priori, and becomes especially important
if the L x-ray energy lies just below the K-shell binding
energy of the counter gas. The L peak contains a con-
tribution from K-capture events which arises from K
X rays that escape from the sensitive volume of the
counter.

Typical K, L, and M peaks from an internal Ge
source are shown in Fig. 4. From the measured inten-
sities I,I,,I, of these peaks, the ratio of capture prob-
abilities can be deduced:

P, I
I;L— =I—L [1 - wilkyPry+ kg Prp)] = wgkoPrg (3.9)
¥k Lk
P, I, P, ] P
MM 1K -=K .
B, I, [ + P, WrProkq P, WxP kg
Py
"PLalea 1+_P——wKPKc¢km . (3.10)
L

Here, wy and w, are the K- and L-shell fluorescence
yields of the daughter atom, and %, kg, and l, the
fractions of Ka, Kp’, and La x rays in the K and L
series. The K and L x-ray escape probabilities from
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the detector sensitive volume are denoted by P, P, and

P, -

There are two limiting cases. - The first of these is
Method 1 of Table XIII, in which escape of x rays from
the counter volume is avoided. Then Eqgs. (3.9) and

(3.10) have the simple form
Py _Ip,

Py

Iz’

Pu_lu
Py I

(3.11)

Absence of x-ray eséape can be realized approximately
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FIG. 4. Typical K, L, and M spectra from the decay of " Ge
measured with a multiwire counter system. In the M spectrum,
background and degradation tails were subtracted and a Poisson
distribution fitted to the data (after Genz, 1971a).
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when the counter is operated at high pressure. Gas fill-

ings of argon-propane and argon-methane mixtures at
up to 22 atm have been used. Since the development of
the wall-less multiwire proportional counter (Drever

et al., 1957a, 1957b), this type of detector has been em-

ployed successfully by various groups. The principal

advantage of such a multiwire counter is that escape can
be made very small. A central counter is surrounded by
a ring of additional counters (Fig. 5). An inner circle of
wires serves as the cathode for the central counter. Al-

ternate wires in an outer circle serve as anodes and
cathodes of a set of ring counters.

of the detector is then separated into two parts. The

The sensitive volume

main central counter and the ring counters are operated

in anticoincidence.
A block diagram of electronics for the operation of a

multiwire proportional counter is shown in Fig. 6. Nega-
tive high voltage is often applied to the outer case of the
counter and to the field tubes. This approach is superior

to grounding the cathode and using positive high voltage
on the center wire, with a large potential difference

across the coupling capacitor between center wire and -
the first preamplifier stage, leading to problems of leak-

age and spurious discharge.

technique are related to the electronic system (Dougan
et al., 1962; Renier et al., 1968; Genz et al., 1971a).
Proportional-counter spectrometry of radiation below
~500 eV is affected by certain problems that are less
important or negligible at higher energies:

(1) Afterpulses from primary ionizing events can oc-
cur (Dougan et al., 1962a; Renier et al., 1968; Genz et
al., 1971la; Campion, 1968, 1973), :

(2) degradation tails from peaks of higher energy can
appear (Renier et al., 1968, Genz et al., 1971a; Heuer,
1966; Vaninbroukx and Spernol, 1965; Spernol, 1967);

(3) small pulses can be mutually induced between ring
and center counters in multiwire detectors (Genz et al.,
1971a; Drever et al., 1957);

(4) the anticoincidence gate may cause front- and back-
edge clipping of large pulses, producing smaller pulses
(Dougan et al., 1962a; Renier ef al., 1968; Genz et al.,
1971a);

(5) large dead time may arise when radiation of higher
energy is present in high intensity (Dougan et al., 1962a;
Renier et al., 1968; Genz ef al., 1971a). The electronic
system shown in Fig. 6 is designed to overcome these
problems, except for long dead time and degradation

“tails.

For the determination of L/K ratios at Z<20 and M/L
ratios at Z <40 it is necessary to detect Auger electrons

and soft x rays below 500 eV, down to a few eV. Most
recent advances in low-energy proportional-counter

The shape of the spectrum produced by events between
a few and 500 eV depends on the initial number of ion
pairs. The energy required to produce an ion pair in an
argon-propane mixture is ~27 eV. Peaks produced by
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several ion pairs can be satisfactorily fitted with a Pois-
son distribution (Campbell and Ledingham, 1966), while
the spectrum due to single-electron events cannot be
represented accurately by an exponential or quasi-ex-
ponential function, as it varies with gas multiplication
(Gold and Bennet, 1966; Genz, 1968, 1973b).

Corrections for several effects must be applied:

(1) Escape probabilities P, and P, of Ko and KB x
rays from the sensitive volume of the counter must be
accounted for. These escape probabilities can be sep-
arated into the additive probabilities P,, that a K x ray
escapes from the central counter through the ends, P,,
that a K x ray escapes from the central counter and hits
a cathode wire, and P,, that an X ray escapes from the
central counter and passes through a ring counter with-
out being detected. All these corrections can be kept
below 1%. - A careful study of the escape probability in
multiwire counters has been made by Vatai (1970b).

(2) An important correction must be made for degraded
L and K events in the energy region below the peaks. The
total contribution from such events can be determined by
extrapolation parallel to the energy axis to low energy,
as has been demonstrated down to 80 eV (Genz et al.,
1971a). The degradation correction can amount to sev-
eral percent but has not been taken into account in many
investigations. This leads to appreciable differences
in results (Heuer, 1966; Totzek and Hoffmann, 1967,
Genz et al., 1971a; Pengra et al., 1972).

(3) Condensation of radioactive metal-organic vapor on
the counter wall can lead to an increase in background.

(4) Values of the fluorescence yield w, and of the
Ka/Kp’ x-ray intensity ratios can usually be taken from
literature. The largest source of error in this method
arises from the uncertainty in the I,/I, or I,/I, intensi-
ty ratio. In the determination of M/L capture ratios, er-
rors in P;/P, largely cancel [see Eq. (3.10)]. Uncer-
tainties in %, and %, have been greatly reduced since the
new calculations of Scofield (1974) became available,
which agree very well with experiment (Scofield, 1975).

If transitions take place to several levels in the daugh-
ter nucleus, then only mean capture ratios are mea-
sured. Several of the most reliable mean ratios have
been measured by internal gas-source spectrometry. In
the use of nuclides that decay by electron capture to a
level that is de-excited by a y transition, coincidences
can be measured between K and L events detected in a
multiwire counter and v rays detected with Nal(Tl) scin-
tillators surrounding the proportional counter. The cap-
ture ratio for transitions to the excited state can be de-
duced from the measured intensitiesI;_, andI,_, of L
and K events gated by the v rays. Equation (3.9) applies,
with I, and I, replaced by I, , andI,.. An analogous
procedure can be employed in M/L-ratio measurements.
In addition to the corrections already mentioned, acci-
dental and sum coincidences must be taken into account.

In the second limiting case of internal gas spectrom-
etry (Method 2 of Table XIII), all K x rays are allowed
to escape from the sensitive volume of the counter.

Then we have P, =1 and P,,=1, Eq. (3.9) yields
Py I,

—"“=_(1 - wK) - kaa >

o (3.12)

and Eq. (3.10) becomes
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Py_Iy

P (3.13)

[1 +£—;‘w,(ka] —-Ilz—fkaB,, _
Here, L x-ray escape is considered negligible. Experi-
mentally, total K x-ray escape has been approximated
with single-wire proportional counters filled with a
low-Z gas at low pressure (Pontecorvo ef al., 1949,
Langevin, 1954b, 1955, 1956; Langevin and Radvanyi,
1954a, 1955; Radvanyi, 1955a; Scobie, 1957a; Kiser
and Johnston, 1959). Corrections are needed to account
for: (1) nonescape of K x rays, (2) escape of L x rays,
(3) wall and end effects, (4) the fluorescence yield wy,
and (5) the fraction %, of Ko x rays in the total x-ray
group. Additional uncertainties may arise from separa-
tion of the K and L peaks and from their degradation
tails.

With single-wire proportional counters containing a
gaseous radioactive source mixed with the counter gas,
reliable measurements are no longer limited to events
with energies above ~200 eV. Recent advances in sin-
gle-wire proportional-counter techniques (No. 3 in
Table XIII) have extended the sensitivity of precision
measurements to make possible the detection of single-
and few-electron events down to essentially zero energy,
even in the presence of intense more energetic radiation
(Fink, 1968; Genz, 1968, 1973a). These improvements
were attained with more sophisticated low-noise elec-
tronics and through an understanding of the degradation
spectrum (Genz et al., 1971a) and of after-pulses (Genz
et al., 1968). Single- and few-electron peaks have been
resolved on the basis of their spectral shape (Renier et
al., 1968) or by fitting a Poisson distribution (Genz et
al., 1971a, 1972; Pengra et al., 1972). The techniques
of single-electron spectrometry have been applied by
Renier et al. (1968) in a precision measurement of the
M/L capture ratio of ¥Ar. In this case, the peak due to
capture of L-shell electrons has a mean energy of 280
eV, and the M spectrum is a single-electron peak be-
cause the energy released in a capture event (~5 eV) is
lower than that required to produce an ion pair (~26.5 eV
in argon-—propane). The spectrum due to single electrons
was determined experimentally by introducing ultravio-
let photons into the counter to produce photoelectrons of
only a few eV. This experimentally determined single-
electron spectrum was fitted in the M region (Fig. 7) of
the composite M and L spectrum (Fig. 8) and extrapo-
lated to zero energy. The small afterpulses which may
follow a primary event in the counter gas were kept from
entering the analyzer by introducing an electronic paral-
ysis time of up to 3.8 msec following each primary pulse.
A block diagram of the electronic circuit is shown in Fig.
9.

The principal errors in this method arise from fitting
the single-electron spectrum to the M-peak shape and
from establishing the zero-energy calibration of the
analyzer. The spectrum must be corrected for back-
ground and degradation tails. The ratio PM/ P, is a very
sensitive function of %,, but it is rather insensitive to
wg [Eq. (3.13)].

Internal gas spectrometry for the precision determina-
tion of electron-capture ratios is limited to sources with
atomic numbers below ~50, because with heavier atoms
too many x rays escape from the sensitive counter vol-
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FIG. 7. The M region of the 3'Ar spectrum, with the single-
electron spectrum produced by introducing ultraviolet photons
from an external source, normalized to the M spectrum (after
Renier et al., 1968).
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ume, even at high counting-gas pressures. Although
this escape probability can be calculated in principle,
the accuracy of the measurements is severely affected.

In earlier days, some L/K capture ratios were de-
termined by measuring trajectories produced in a cloud
chamber by K and L events from a radioactive gas
(Radvanyi, 1952a, 1955a). This approach is included in
Table XIII for historical reasons as Method 4.

2. Spectrometry with internal solid sources

The internal gas spectrometry technique fails at high
Z because too many K x rays escape. To circumvent the
problem, the proportional counter can be replaced by
scintillation crystals if the radioactive atoms can be
built into the crystal lattice (der Mateosian, 1953).

From the measured intensities of K, L, and M events

Total Counts per Equivalent Channel

COMPOSITE |
M AND L SPECTRUM
37ar
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Energy (eV)

P S L
100 200

FIG. 8. The normalized M and L spectra from 37Ar decay,
corrected for dead time and background (after Renier et al.,
1968).

the capture ratios can then be deduced. The advantage
of the method (No. 5 in Table XIII) is that self-absorp-
tion of the emitted radiation can be neglected. It is re-
quired, however, that the scintillation behavior not be
disturbed by addition of the source material. Clustering
must be avoided.

The source crystal can be placed directly on the photo-
cathode of the multiplier tube. Groups at Heidelberg have
used NaI(T1) and CsI(Na) crystals doped with appropriate
isotopes for the determination of electron-capture ratios
by the internal-source technique. Leutz et al. (1966)
grew NalI(T1) crystals containing 2°2T1 and ?°**T1 as a con-
stituent of the crystal lattice, and Schulz (1967a) doped
the scintillator with ®*Rb and '**Os. Furthermore, **'Cs
has been built into the lattice of CsI(Na) scintillation
crystals. To use doped crystals for spectrometry it is
necessary that the radioactive nuclei be uniformly dis-
tributed in the scintillator. To avoid absorption effects
caused by possible surface concentration and precipita-
tion of activity at grain boundaries, Ravn and Bggeholt
(1971) used Cs,Pt(CN), * H,0O doped with '**Pt for the de-
termination of the M/L capture ratio in the decay of
19pt, This scintillator material has several advantages.
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FIG. 9. Block diagram of sin-
gle-wire proportional-counter
electronic system (after Genz
et al., 1972).
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Platinum being one of the main constituents of the crys-
tal, '*Pt is for chemical reasons ensured a completely
uniform distribution. The crystal exhibits light yields
and relaxation times comparable to those of NaI(Tl).

Two principal sources of error must be overcome in
this method. The radioactive source must form a true
solution; if the radioactivity lodges nonuniformly at dis-
locations or grain boundaries, absorption effects occur.
Schultz (1967b) has investigated the problem and has
developed a chemical and a physical criterion to decide
which radioactive isotopes form true mixed crystals with
NaI(T1l). She finds that Rb, Cs, Ba, Os, Tl, and Pb do
form such mixed crystals, whereas P, Ca, Mn, Zn, As,
Y, Sn, Ce, and Bi do not. Joshi et al. (1963) have stud-
ied the effects of nonuniformity of mixing and the phe-
nomena of overactivation and poisoning. The second
main source of error arises from K x-ray escape from
regions near the surface, which results in the recording
of K-capture events as L- or M-capture events.

To correct for x-ray escape, basically two methods
have been used. A well-type NaI(T1) hollow crystal can
be employed to surround the NaI(Tl) crystal that con-
tains the internal radioactive source (Fig. 10). Es-
caping K x rays from electron capture and iodine K x
rays associated with the detection process are absorbed
in the outer crystal and are recorded as simultaneous
events,. so that no x-ray escape corrections are re-
quired. The method has been used by Joshi and Lewis
(1960), Joshi (1961), Smith and Lewis (1966), Goedbloed

W. Bambynek et al.: Orbital electron capture

(1970a), and by Goedbloed et al. (1968, 1970b) who have
discussed it in detail.

An alternative approach to correct for x-ray escape
involves measurement of the ratios of the areas A, B,
and C of the K, L, and M peaks for several source crys-
tals of different sizes (Figs. 11 and 12). Leutz ef al.
(1966) have shown that correction for escape can be
most accurately performed by plotting the ratios
A/(A +B) and C/B against the surface-to-volume ratio
of the doped crystal and extrapolating linearly to a sur-
face-to-volume ratio of zero. Thus, values of
P./(Py+P;) and P,/P, are found that correspond to a
measurement with an infinitely large crystal.

Corrections must be applied for (1) sum effects, (2)
‘self-absorption, if clustering occurs, (3) possible in-
fluence of internal conversion or 8~ background (as in
the case of **T1). K x-ray escape is accounted for if one
of the above-described techniques is used. The method
of internal solid source spectrometry can be made very
accurate.

A reduction in the noise level was attained by Ravn and
Bdgeholt (1971) by means of a coincidence system in
which two low-noise photomultiplier tubes were coupled
to a '*Pt-doped crystal. Crystal and photomultiplier
assembly were cooled to —-35°C to reduce dark current
(Fig. 13).

In the case of nuclides that undergo electron capture
to an excited state, internal solid-source spectrometry
with coincident ¥ rays is possible. The intensities of L
and K events are measured in the source crystal in coin-
cidence with ensuing v rays (Fig. 14). Accidental coin-
cidences must be taken into account. In favorable cases
this method can be made quite accurate.

3. Spectrometry of K and L x rays with external sources

This method (No. 6 in Table XIII) is based on the de-
termination of the intensities I, of L x rays and I, of
K x rays from singles spectra as measured with propor-
tional counters or NaI(Tl) detectors. The sources,
placed outside the sensitive volume of the detector, are
usually prepared by drop deposition, but metal grains
(Johns et al., 1957), sources prepared by painting
(Fujiwara et al., 1964), and vacuum-evaporated sources
(Venugopala Rao and Crasemann, 1965) have been used.
The L/K ratio is deduced from the relation

T T T T ¥ T T T
ak Kbind=34.6 keV i P 1(PgePL)
. £ 5l Lbind = 5.4keV ]
FIG. 11. Spectrum of !3iCs s — ~ 085
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effects by extrapolating to a b} 2r f» 21%o 1 «
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Pp_Ipx We _ Wik, (3.14) two large quantities, and the partial L-shell fluorescence
Py Igywg, wgp *%7 : yield greatly affects the result.

where w, is the K-shell fluorescence yield, w,, is the

partial L-shell fluorescence yield following L capture,

wy g is the partial L fluorescence yield following Ka x-

ray emission, and n,, is the number of L-shell vacan-

cies produced on the average when a K-shell vacancy is
filled.

Corrections must be made to account for (1) self-
absorption, (2) absorption between source and detector,
(3) solid angle, if different detectors are used for the
measurement of L and K x rays, (4) efficiency of the de-
tectors, (5) interfering effects due to y rays and inter-
nal-conversion electrons. There is some uncertainty in
ny, and in the fluorescence yields wy, wyyx, and wy,,
which can usually be found in the literature (Bambynek
et al., 1972). An additional uncertainty can arise from
degraded L x rays at the low-energy side of the L peak.

Capture ratios can be determined by this method in
the case of nuclides that decay from ground state to
ground state or to an excited metastable state. For nu-
clei that decay by a prominent transition, among others,
to the ground state of the daughter, mean L/K ratios can
be obtained. Though often used, the method is not very
accurate, because P,/P, is a small difference between

Venugopala Rao and Crasemann (1965), and Venugopala
Rao et al. (1966a) have measured the L and K x-ray in-
tensities relative to the K x-ray intensity of a °°Cd ref-
erence source and thus deduced P;/P, of ***W and °*TL.
Kramer et gl. (1956) have determined P,/P, of 22Tl by
comparing the intensity ratioI,,/I .y with that of a 2°°Hg
reference source. In addition to the need for corrections
indicated earlier, the quantities n,;, w,;;, w,, and the
internal conversion coefficients o, and o, of the refer-
ence source must be known. With an appropriately cho-
sen reference nuclide these corrections can partly

" cancel.

For nuclides decaying to an excited state that is fol-
lowed by y-ray emission, coincidences can be deter-
mined between K x rays and y rays and between L x rays
and y rays. From the measured coincidence counting
rates I yy., and Iy, and from the singles rateI,, the
L/K-capture ratio can be found:

P, (ILX..,/I,> Wy wKL>
—L- -n . 3.15
Py IKX-'/; I,/ wp KL <wLL ( )

The L x rays have usually been measured with propor-
tional counters, and the K x rays and y rays, with
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FIG. 13. Block diagram of
coincidence apparatus to mea-
P sure 93Pt M- and L-capture
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Nal(T1l) detectors. This method is an extension of that
based on Eq. (3.14). It requires the same principal cor-
rections and suffers from the same uncertainties; acci-
dental and sum coincidences must also be taken into ac-
count.

A special technique was employed by McCann and Smith
(1968) in their work on '*3Ba. These authors used a
Nal(T1) detector to measure the L and K x-ray spectra
gated by the sum coincidence peak of the 356-keV and
81-keV y rays, which were absorbed in another NaI(Tl)
detector.

Measurement of (L-event)-(K-x-vay) Coincidences.
This method (No. 7 in Table XIII) has been employed by
Christmas (1964) to determine the L/K-capture ratio of
204m]. Coincidences between L x rays and K x rays were
measured by means of two NaI(T1) detectors, and P,/P,
was deduced. In a similar approach, Konstantinov and
Perepelkin (1961) used a 47 proportional counter filled
with a Xe~CH, mixture. Coincidences between L events
(L x rays and L Auger electrons) in the top part and K
X rays in the bottom part of the counter were detected.
A sufficiently thick backing material permitted only K x
rays to penetrate to the bottom counter.

The method requires corrections for (1) self-absorp-
tion of L x rays and Auger electrons, (2) absorption of
'K x rays in the backing foil, (3) escape of K x rays from
the detectors, (4) detector efficiencies, including solid
angle, (5) accidental and sum coincidences, and (6) in-
fluence of possible y rays. Values of n,, and K-shell
and L-shell fluorescence yields can usually be found in
the literature (Bambynek et al., 1972); they contribute
to the overall uncertainty. The method yields mean
P,/P values if the nuclide decays by more than one
electron-capture branch.

B. Determination of the relative K-capture probability P,

In addition to the determination of capture ratios,
there are various other methods from which the relative
capture probability P, can be deduced. Some of these
constitute a direct measurement of P,. In various others
the product Pyw, is determined. All measurements
described in this section employ external sources,
placed outside the sensitive volume of the detector.
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1. Measurement of K x rays or Auger electrons and v rays
or conversion electrons

a. Spectrometry of K x rays and ~ rays

The principle of this method (No. 8 in Table XIII ) is to
measure the intensities I ., of the emitted K x rays
and], of the y rays and hence to deduce the K-capture
probability

I/l =awy[l+Pl+a)/a]. (3.16)

Here, w, is the K-shell fluorescence yield, while o, and
a are the K-shell and total conversion coefficients.
Sources have been prepared by simple drop deposition.
Proportional counters as well as Nal(T1) and Ge(Li) de-
tectors have been used.

Principal corrections are required for (1) self-ab-
sorption of the K x rays, (2) absorption between source
and sensitive volume of the detectors, (3) efficiencies
of the detectors for K x rays and y rays, and (4) solid
angles. Values for the fluorescence yield w, and the
conversion coefficients are required. If internal conver-
sion can be neglected, Eq. (3.16) becomes simply
Ipy/1,=Ppwy.

Bayer et al. (1972) used this method to measure the K
x-ray intensities in the #°Nd - *°Pr — *°Ce decay chain
and to deduce P, of *°Nd. Wapstra et al. (1954, 1957)
and Friedlander and Orr (1951b) employed two nuclides
that decay to the same excited level in the daughter nu-
cleus, one by electron capture and the other by 8~ emis-
sion. The intensity ratio of the K x rays and y rays from
the two nuclides was determined and hence the K-cap-
ture probability

(I gx/I) g gx/1)5 =1+ Pp(l+ @)/ a .

Corrections are required mainly for (1) sum effects,
and (2) contributions of radiation from higher levels.
K-shell and total conversion coefficients are usually
taken from the literature.

(3.17)

b. Spectrometry of K x rays or Auger electrons and K
conversion electrons

The principle of this method (No. 9) is to measure the
intensity I,y of K x rays and I, of K conversion elec-
trons (Avignon et al., 1955). The K-capture probability
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is found from the equation
Ipx/Tog=we[l+P(lea)/ ag].

Moussa and Juillard (1956) have measured the inten-
sities I, of K Auger electrons and I, of K conversion
electrons and used a relation similar to Eq. (3.18) with
Igx and w, replaced by I, and (1 - wy), respectively.
Magnetic B~ spectrometers were used to detect the elec-
trons and a Nal(Tl) scintillation counter for the x rays.

Corrections must be made for (1) self-absorption of
the K x rays or Auger electrons, (2) absorption between
source and detector; (3) efficiencies of the detectors in-
cluding solid angles; and (4) radiation from higher lev-
els, if present. Fluorescence yields and internal con-

(3.18)

version coefficients are usually taken from the literature.

c. Determination of K x-ray emission rate and
disintegration rate . -

This method (No. 10) requires determination of the K
x-ray emission rate I ,,, preferably with a large propor-
tional counter filled to a sufficient pressure to absorb
all K x rays. In addition, the disintegration rate I o must
be determined, preferably by means of a coincidence
technique as used in absolute standardization of radio-
active sources. The value P w, is found from the rela-
tionship

Prwe=Iyy/Io, (3.19)

where wj, is the K-shell fluorescence yield.

The method is described in detail by Taylor and Mer-
ritt (1965). To check the K x-ray emission rate, a sec-
ond fairly independent approach can be used (Bambynek,
1967a) utilizing a medium-solid-angle arrangement with
a proportional counter or a thin NaI(Tl) crystal as detec-
tor (Bambynek et al., 1966; Bambynek, 1967b). The de-
tection system for determining the disintegration rate
has been described by Campion (1959). It consists of a
47 flow-type pillbox proportional counter placed between
two NaI(T1) detectors. A calibrated y spectrometer
(Vaninbroukx and Grosse, 1966) has also been used to
determine the disintegration rate. )

Radioactive sources have been prepared for experi-
ments of this type by drop deposition, electrodeposition,
and evaporation in vacuum. Sources have been mounted
on thin metallized plastic foils for the determination of
the disintegration rates, then they were sandwiched be-
tween absorber foils to stop all Auger electrons, so that
K x-ray emission rates could be measured in a high-
pressure proportional counter.

The principal corrections that must be applied in the
K x-ray measurements are for (1) self-absorption,

(2) foil absorption, (3) x-ray counter efficiency (normal-
ly near unity), and (4) the effect of ¥ rays and B* parti-
cles, if present. The corrections in the determination
of the disintegration rate by the coincidence method are
small and well-understood, and involve only parameters
that can be determined experimentally as an integral
part of the measurement. The fluorescence yield w,

is usually taken from the literature (Bambynek et al.,
1972). ‘

This method has been applied in laboratories special-
izing in the standardization of radionuclides, and has
yielded several of the most reliable Pyw, values.
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2. Coincidence measurements

With nuclides that decay by electron capture to an
excited level in the daughter nucleus, coincidences can
be measured between x rays or Auger electrons (from
the capture process) and v rays or conversion electrons
(from the deexcitation of the daughter state). Such mea-
surements can serve to determine capture probabilities
or their ratios.

a. Measurement of K x-ray and vy-ray coincidences

In this method (No. 11), coincidences are measured
between K x rays in one detector and y rays in another
detector. One finds

PK""K=IKX-y/Iy’ (3.20)
where Iy, is the (K x-ray)-(y-ray) coincidence counting
rate, I, is the singles y rate, and w, is the K-shell fluo-
rescence yield of the daughter atom. Sources for such
experiments have mostly been prepared by drop evapora-
tion; however, plated (Grotheer et al., 1969), electro-
plated (Thomas ef al., 1963), gaseous external sources
(Bresesti et al., 1964; Winter et al., 1965b), and metal
‘powders (Perrin, 1960; Millar et al., 1959) have also
been used.

Different combinations of detectors have been em-
ployed; in most cases proportional counters served for
the K x rays and NaI(T1) detectors for the y rays or for
both radiations. Solid state detectors have also been
used recently: Nal(Tl)-Ge(Li) (Raeside ef al., 1969;
Myslek et al., 1971); Ge(Li)-Ge(Li) (Schmidt-Ott and
Fink, 1972), and Si(Li)-Ge(Li) (Genz et al., 1973c).

Corrections must be applied principally for the follow-
ing effects: (1) self-absorption and absorption of K x
rays between source and sensitive volume of the detec-
tor, (2) efficiency of the K x-ray detector, including
solid angle, (3) detection of ¥ rays or conversion elec-
trons in the x-ray detector, (4) contributions from posi-
trons, if present, and (5) sum and accidental coinci-
dences. Values of the fluorescence yield w, can usually
be taken from the literature. In order to avoid uncer-
tainties due to the insufficiently known fluorescence
yields, De Wit and Wapstra (1965) in their measure-
ments on ***Au and *"Hg compared the intensity ratios
Igy.,/I, With that of a 2°Hg reference source. With an
appropriately chosen reference nuclide, the fluorescence
yields practically cancel. On the other hand, knowledge
of P, of the reference nuclide is required.

With nuclides decaying to an excited level that is fol-
lowed by a y-y cascade to the ground state, triple coin-
cidences have been measured. The K-capture probability
can then be found from the relation

(3.21)

Prwg= IKx-n-rz/In-yz ’

where Iy, .,, is the rate of the (K x-ray)-(y,)—(v,)
triple coincidences, and I,,.,, is the (v,)—(y,) coinci-
dence rate. In addition to the corrections mentioned
previously, directional correlations must be taken into
account.

The coincidence method permits determination of the
K-capture probability for transitions to an excited level
in the daughter nucleus. By appropriate choice of y-ray
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window settings one can select a particular electron-
capture transition among several in the same decay.
This technique (No. 12) has been employed to determine
the ratio of K-capture probabilities to different levels
(denoted here by 1 and 2)

- <IKX-71>/<IKX-72> .
I, I,

The result does not depend upon the fluorescence yield
and the efficiency of the K x-ray detector. In most cas-
es, NaI(Tl) detectors have been used for the K x rays
and y rays (Lewin et al., 1965), but NaI(T1)-Ge(Li)
(Schmidt-Ott et al., 1968; Schmidt-Ott, 1970; Cook and
Johns, 1969; Lourens ef al., 1970) and Si(Li)-Ge(Li)
combinations (Lourens, ef al., 1970) have also been em-
ployed. The method has been used mostly to determine
the energies of electron capture transitions.

Py

(3.22)
}DKE

b. Measurement of (K x-ray and Auger-electron)-(y-ray)
coincidences

If coincidences between K x rays or Auger electrons
and y rays are measured (Method 13), the K-capture
probability P, can be directly deduced

Py=I4./1,. (3.23)

Very thin (e.g., vacuum-evaporated) sources of large
area are required to keep self-absorption down. Kramer
et al. (1962a) employed this method with a double propor-
tional counter operated at sufficiently high pressure to
detect all K x rays and Auger electrons. The source was
placed so as to attain a ~47 solid angle. Gamma rays
were detected with a NaI(T1) scintillation counter. Vatai
and Hohmuth (1968) employed a 47 CsI(Tl) detector sys-
tem to register K events and a CsI(Tl) detector for the

Y rays.

Corrections are required for (1) self-absorption of K x
rays and Auger electrons, (2) absorption of x rays and
electrons in the backing foil of the source, (3) incom-
plete realization of the 47 solid angle, (4) accidental
coincidences, (5) detection of y rays in the K-event de-
tector, and (6) influence of positrons, if present.

C. Measurement of (K x-ray)-(vy-ray) sum coincidences

In this method (No. 14), which was first used by Gupta
and Iha (1956), the pulse-height spectrum of K x rays and
v rays is measured in one single detector. The spectrum
(Fig. 15) contains a K x-ray peak, a y-ray peak, and a
sum peak arising from (K x-ray)—(y-ray) coincidences
in the detector. From the measured areas A, and A,
of these peaks, the capture probability can be deduced:

I A
=KX=y Xy 3.24
Prtx I, A, +Ax, ( )

In most cases, a Nal(Tl) detector has been employed
for measurements of this type. Das Mahapatra and Muk-
herjee (1974) used a Ge(Li) detector, and Campbell and
NecNelles (1972) employed a sandwich detector consisting
of two CsI(Tl) crystals with the source in between.
Corrections must be made for (1) self-absorption and
absorption of K X rays between source and sensitive
volume of the detector, (2) efficiency of the K x-ray
counter, including solid angle, (3) accidental coincidenc-
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FIG. 15. Comparison of experimentally determined L/K cap-"
ture ratios for allowed transitions (solid circles) and first-
forbidden nonunique transitions (open circles) with theoretical
predictions based on wavefunctions of Mann and Waber (1973)
and exchange and overlap corrections X* /K according to Bah-
call (1963,1965) (solid curve) and Vatai (1970a) and Martin and
Blichert-Toft (1970) (broken curve).

es, and (4) separation of overlapping parts of the y-ray
and sum peaks.

Gupta (1958) has used this method with triple sum
coincidences. He observed the pulse-height spectrum in
a single NaI(T1) detector and determined the areas Ay,
and A, of Kx—y,~y, and y,~y, sum coincidence peaks.
The K-capture probability is

Axip
Ap+Axe

Lpxiyiaye =

Pywy= (3.25)

r1+Y2
Instead of employing a single detector, it is possible to
measure coincidences between K x rays in one NaI(T1)
detector and sum coincidences of y, and y, in a second
Nal(T1l) detector. The K x rays are then gated by the
v,+7, sum coincidences. The ratio of the corresponding
intensities is equal to Pyw,. In a few cases, in which K
capture is forbidden due to energetics, the L -capture
fraction can be measurea directly (Wapstra ef al., 1962,
de Beer et al., 1964; Pengra, 1976).

d. Measurement of (K x-ray)-(y-ray) and (K x-ray)-
(K x-ray) or (K x-ray)-(K conversion electron)

coincidences

This method (No. 15) can be applied to nuclides that
decay to an excited level in the daughter nucleus that is
deexcited by a converted y transition. The approach was
developed by Pruett and Wilkinson (1954); it is based on
measuring coincidences between K x rays from the elec-
tron-capture process and y rays from the daughter nu-
cleus, and additionally, coincidences between K x rays
from the electron-capture process and K x rays from
internal conversion. The K-capture probability can be
deduced from the relation

201 gxa/ TN I gyarex /T x) =1+ Pp(l+ @)/ ay,

where Iy, and I 4 gy are the coincidence counting
rates, and I, and I, the corresponding singles rates.

(3.26)
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Drop-deposited sources and Nal(T1l) detectors were used
in these experiments. Results are independent of the
fluorescence yields, but the K-shell and total conver-
sion coefficients must be known. Corrections for acci-
dental and sum coincidences must be applied.

Hansen (1975) has determined P, of *°Ce by measur-
ing coincidences between K x rays and y rays and K X
rays and K conversion electrons. The photons were
measured by Si(Li) and NaI(T1) detectors, and the elec-
trons, by means of a magnetic 8 spectrometer. P, can
be deduced from the relation

1+ Py - (IKX-GK>/(IKX-V> .
PK IeK I'r
In addition to the usual corrections, sum and accidental
coincidences must be considered. Fluorescence yield
and conversion coefficients need not be known. The

method is only applicable to nuclides with a simple decay
scheme lacking a y cascade in the daughter.

(3.27)

e. Measurements of coincidences between K x rays or
Auger electrons and conversion electrons

Coincidence measurements of this type (Method 16) for
the determination of P, were first made by Brosi et al.
(1959), who observed the K x-ray spectrum gated by K-
and L-conversion electrons (Fig. 16) and determined
coincidence and singles intensities. The K-capture prob-
ability can be deduced from the relation

1+Py - (IKX-eK)/<IKX-eL>
’
Py Ik I.p

where I;y._., and I 4., are the (K x-ray)—(K-conversion
electron) and (K x-ray)—(L -conversion electron) inten-
sities, respectively, and I, and I, are the correspond-
ing singles rates. The K x rays have been measured
with NaI(T1) detectors, and the conversion electrons,
with magnetic g spectrometers. Knowledge of the K-
shell fluorescence yield and the x-ray and electron de-
tector efficiencies is not required. Cgrrections must

be made to account for (1) accidental coincidences,

(2) sum effects due to K x rays from electron capture
and internal conversion, (3) possible effects of other
converted y transitions in cascade, and (4) possible ef-
fects of electron capture to higher levels.

Instead of utilizing coincidences between x rays and
conversion electrons, it is possible to determine P,
from coincidences between K Auger electrons and K or
L conversion electrons. From the measured intensities,
P, is found

1+ Py IKA-eK (IKA-eL
P

Here, I,,..x and I, ,_,, are the coincidence rates between
K Auger electrons and K and L conversion electrons,
respectively. This method (No. 17) has been used by
Marelius et al. (1967), who employed two magnetic spec-
trometers. The necessary corrections are essentially
the same as those in Method 16.

A slight variation of this approach has been used by
Sparrman et al. (1966), who measured the K Auger-elec-
tron spectrum in coincidence with K and L conversion
electrons by means of two long-lens spectrometers. The

(3.28)

(3.29)
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FIG. 16. Comparison of experimentally determined M/L cap-
ture ratios for allowed transitions (solid circles) and first-
forbidden nonunique transitions (open circles) with theoretical
predictions based on wavefunctions of Mann and Waber and ex-
change and overlap corrections X*/Z according to Bahcall
(1963,1965) (solid curve) and Vatai (1970a), and Martin and
Blichert-Toft (1970) (broken curve).

value for P, was found from

1+ Py =(IKA-eK> oy

Py Tgper/ ax’ (3.30)
The K and L conversion coefficients must be known. In
addition to the corrections mentioned above, efficiencies
for detecting K and L conversion electrons and the ab-
sorption of these electrons between source and detector
must be taken into account.

Plch et al. (1971) measured the K x-ray spectrum in a
Ge(Li) detector gated by K conversion electrons which
were detected in a proportional counter. By this method
(No. 18), they determined P, from the ratio of the (X
x-ray)-(K-conversion electron) coincidence rate I y..x
and the K conversion-electron singles intensity I,

(1+Pplwg= IKX-eK/IeK .

Corrections are needed for (1) accidental and sum coin-
cidences, (2) self-absorption and absorption of K X rays
between source and detector, and (3) efficiency of the K
x-ray detector.

With nuclides decaying to a metastable level of the
daughter, Durosinmi-Etti et al. (1966) have measured
K x rays by means of a NaI(T1) detector in coincidence
with K conversion electrons detected with a surface
barrier detector. The K-capture probability was de-
duced from the equation

(3.31)

Py= TexIeox 1 Ok

- . 3.32
Ilgyex 1+ 1l+a (3.32)

Here, Iiy, I.x, and I, are the measured intensities of
K x rays, K conversion electrons, and y rays, respec-
tively; I x..x is the (K x-ray)-(K-conversion electron)
coincidence rate, a, is the K conversion coefficient,

and «, the total conversion coefficient. These conver-
sion coefficients must be known. Corrections are needed
for (1) X and y detector efficiencies, including solid
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angle; (2) absorption between source and detectors, and
(3) overlap of spectrum peaks.

f. Measurement of triple coincidences between K x rays,
v rays, and internal-conversion electrons

This method (No. 19) was used by Thun ef al. (1966),
who determined the triple coincidence rate I y.,..;,
measuring K x rays with a NaI(T1) crystal, y rays with
a Ge(Li) detector, and L conversion electrons with a
magnetic spectrometer; the coincidence rate I,_,; be-
tween y rays and L conversion electrons was simul-
taneously determined. Then we have
Tixoy-er |

Prwy= (3.33)

r=eL
A different approach was taken by T6rnkvist and Strém
(1968) in their measurements on **Ba decay. These
workers determined P, directly from triple coincidences
between K x rays, y rays, and K or L conversion elec-
trons detected with a lens spectrometer. The K-capture
probability was deduced from

1+ Py - (IKX-r-eK>/(IKX-1-eL) .
PK Iy-eK Ir-eL
Sources were prepared by evaporation in vacuum. Cor-
rections must account for (1) accidental and sum coin-
cidences, (2) directional correlations (which can be
minimized by proper choice of the angle between detec-

tors), and (3) escape of iodine K x rays from the NaI(T1)
detector.

(3.34)

C. Experimental capture probabilities P, P, ,and P, ;
comparison with theory

1. Experimental results

All experimentally determined, published values of
P,/Pyg, Py/Py, Pry /Py, Prwy, and Py are listed in
Table XIV. In the many cases in which authors quote
P, while they actually have measured P,w;, we list the
latter product, recalculated from the authors’ P, and
wg. In some cases, authors do not specify the value of
w, which they used; these are indicated by “+.” Some
entries in Table XIV have been revised from the original
publication. For example, the P, /P, ratio for '°°Cd
(Moler and Fink, 1965) was revised by the authors, who
communicated this to Durosinmi-Etti (1966). Vatai
(1968b, 1970b) has noted that the °°Cd P, /P, value of
Moler and Fink (1965) was not corrected for escape of
Ag L x rays. Applying a corresponding correction and
making use of newly reported values for &, and k,,
(Salem et al., 1974) and w, (Bambynek et al., 1972) and
a theoretical P,/P, ratio yields P, /P, =0.205=0.020.
Similar corrections have been made to the *sn P, /P,
ratio of Manduchi et al. (1964Db).

From among the entries in Table XIV, we have se-
lected those results that can with certainty be judged as
reliable, because they were derived from measure-
ments with pure, carefully prepared sources, all neces-

sary corrections being determined and clearly described.

(The importance of pure sources has been emphasized,
for example, by Raman et al. (1973), who suggest that
discrepancies in measured P;/P, ratios of **Sn may be
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due to variable amounts of 250d ''°Sn present in the 1154
1139n,) We have omitted results published without indi-
cation of error limits, or with errors in excess of 15%.
The information provided in most publications is un-
fortunately less than complete. It is therefore probable
that we have omitted some “good” results from the list
of selected values. The selected P,/P, measurements
are listed in Table XV, the P,/P, ratios in Table XVI,
and selected values of P, /Py, Pywy, and P, in Table
XVII. The K-shell fluorescence yields used to deduce the
capture ratios P, in Table XVII were calculated from
the equation

[wge/(1 = wp)]*/¢=A+BZ +CZ®. (3.35)

The constants A, B, C were determined by fitting this
expression to the selected “most reliable” experimental
fluorescence yields listed by Bambynek et al. (1972),
with exception of those deduced from P, w, measure-
The fluorescence yields calculated in this man-
ner are practically the same as those recommended by
Bambynek et al. (1972); slight changes in the last digit
are within the stated error limits.

We use the transition energies Q. evaluated by Wap-
stra and Gove (1971), except in cases where these were
deduced from measurements of electron capture ratios.
In those cases, we have used Q. determined from mea-
surements of internal-bremsstrahlung spectra or (p,n)
reaction thresholds. For a few transitions, no indepen-
dent @4, energies were available; these are indicated by
an asterisk in Tables XV and XVII.

2. Theoretical predictions

The last three columns of Tables XV and XVII contain
theoretical L/K and M/L ratios. These were calculated
(see Sec. II) from the relations

P,/Py [g1.\? 7z, \?

(qL];Mfiz_ 'é'ﬁ) [“(g_j) JX”K (3.36)
and

pr,/P _«g"i_21+(f2/gm)2

/42" “(g@i) [ﬂ(—ﬂm]?f’“ (3.37)

for allowed transitions, and

P, /Py (ng [ fi ) PrLegL )]
=(2=L 14+(2=2) 4 £oe08 XL/K 3.38
(qu; CIK54 g}() 8L, qLang ( )

for unique first-forbidden transitions. The electron ra-
dial wavefunction amplitudes g, 81,5 f1y98uys Ty 28 Well
as p; g, were taken from the relativistic Hartree—Fock
calculations of Mann and Waber (1973) as listed in Table
IX. The exchange and overlap correction factors X%/ ¥
=By,/By and X1/ 1= By /By, were recalculated in the
present work according to the ansatz of Bahcall (1963a,
c, 1965a) and that of Vatai (1968b, 1970a) as described
in Sec. II.LE. For Z> 32, the correction factors of Suslov
(1970) are used in continuation of the Bahcall factors,
and those of Martin and Blichert-Toft (1970) in exten-
sion of the recalculated Vatai factors. Assumptions and
approximations underlying the calculation of these cor-
rection factors are discussed in Sec. II.E. Equations
(3.36)—(3.38) contain the simplifications

(qu/qu)z=(qL3/qL1)2=(qM2/qM1)2= 1 (3.39)
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and

XEL2/ b1 xla/ L1z xMa/¥ =1 (3.40)

These approximations affect the capture ratios by less
than 0.04% for Z =20, and less than 0.3% for Z="75.

The theoretical K-capture probabilities P, listed in
the last column of Table XVII were calculated from
theoretical capture ratios P,/Py, P,/ P, P,/ P, for Z>3
and also PO/PN for Z> 67, according to Eq. (3.6). Ex-
change and overlap corrections X%/ ¥ and X*/L were ap-
plied as discussed above, using our recalculated factors
for Z < 32 and those of Suslov or Martin and Blichert-
Toft for heavier atoms. For the outer shells no exchang:
correction was made, none being available.

The theoretical capture ratios and probabilities listed
in Tables XV -XVII for first-forbidden nonunique tran-
sitions are calculated for allowed transitions. This ap-
proximation is justified because for such transitions the
ratios of capture probabilities from the ns,,, and np,,,
subshells are independent of the form-factor coefficients
(Sec. II.C.2).

3. Comparison of experimental and theoretical electron-
capture ratios

For comparison with theory, the selected experimen-
tal L/K and M/L ratios for allowed and nonunique first-
forbidden transitions (Tables XV and XVI) were divided
by the energy-dependent factors

(f!ﬂ) 2=<§_Ec_ﬁL_1_)2
9k Epe - Eyx

and

()~ (B
dr, Egc-Ep,
respectively, where the capture transition energy is

Ege=Qpc - E, (3.43)

and E,, E;, and E, are electron binding energies taken
from Bearden and Burr (1967). Inthe case of measure-
ments pertaining to transitions to several levels, we
divided the measured mean L/K capture ratios by the
factor

dr, 2_ qr, 2
<qK> Zu:av(qx)v‘

The index v labels the final-state levels; the a, are
branching ratios subject to Eav= 1. A corresponding
procedure was used for mean M/L ratios. The branch-
ing ratios were taken from the Nuclear Data Sheets
edited by the Nuclear Data Group, Oak Ridge National
Laboratory.

The reduced experimental capture ratios (P,/P,)/
(qu/qK)2 and (Py/P;)/(qy,/41,)* are compared with theo-
retical ratios (Tables XV and XVI) in Figs. 15 and 16.
For clarity, we have combined results for each atomic
number and plotted weighted mean values and their un-
certainties.

PL/_PK capture ratios. Figure 15 shows that agree-
ment between experimentally determined L/K capture
ratios and exchange-corrected theoretical predictions is
fairly good for all atomic numbers, both for allowed and

(3.41)

(3.42)

(3.44)
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for nonunique first-forbidden transitions. The difference
between theoretical ratios, due to different exchange and
overlap corrections, islargestforlightatoms (Sec. ILE).

In cases in which the electron-capture transition ener-
gy is not much larger than the K-shell binding energy,
the (¢;,/q,)? ratio is very sensitive to Q.. Errors in
Qgc can then lead to erroneous conclusions in the com-
parison with theory. Such is the case for ***Bi, and
probably also for °°Cd, **Ba, '*°Dy, '®°Au, and 2°*TL
More accurate measurements on ’Kr and *°Dy should
be performed. For '?°I a mean L/K ratio has been
measured, due to 60% nonunique and 40% unique first-
forbidden transitions. The experimental result agrees
well with predictions for either type of transition. The
few available measurements pertaining to pure unique
first-forbidden transition also agree well with theory.
Table XV includes the four measured L/K ratios for
nonunique second-forbidden transitions, but these are
not compared with theoretical ratios.

Vatai (1973a, 1974) has suggested that the ratio of non-
relativistic to relativistic nuclear matrix elements could
be estimated from L,/K ratios, and attempted to do this
by evaluating the L3/ K fraction of the measured L/K ra-
tios of *Mo (Hohmuth et al., 1964) and *"Tc (Katcoff,
1958), and the LM. .. /K ratio of '**La (Turchinetz and
Pringle, 1956). The fact that the (L, + L,)/K ratio is in-
dependent of nuclear matrix elements made the separa-
tion possible. The experimental ratios unfortunately are
not very accurate; improved measurements on these
cases and on additional second and higher forbidden non-
unique transitions would be useful. Vatai (1973a, 1974)
has further pointed out that in the presence of K capture
determinations of M/K ratios would be more useful
than of M/L ratios, because the former are more sensi-
tive to nuclear matrix elements. Chew et al. (1974a)
have followed Vatai’s suggestion and calculated the ratio
of nuclear matrix elements R=("F3,, - V3/2+4F3,)/VF3,,
in the decay of **Ni from L,/K deduced from the total
measured L/K ratio. Daniel (1968) has noticed that for
allowed transitions the reduced capture ratios (P,/P,)/
(q./qx)? are in surprisingly good agreement with the
ratios of the M1 internal conversion coefficients a;/a.

PM/PL capture vatios. From Fig. 16 it is seen that
experimental M/L capture ratios agree fairly well with
exchange-corrected theoretical calculations for all Z.
Precision measurements of additional M/L ratios of
light atoms would be most useful to test exchange and
overlap corrections.

A new more precise measurement on ®°Zn is needed.
Further experimental evidence is also required in the
medium-Z region; the M/L capture ratios in the decay
of ®'Kr, 1°°Cd and '*"Xe should be determined.

P,/P, capture ratios. The only measurement of an
N/M capture ratio performed to date is that of Pengra
(1976) on 2°Pb. With a gaseous source of 2*Pb tetra-
methyl, Pengra determined P,/P; =0.524+0.010 and
P,/P,;=0.286+0.020. Comparison with theory is im-
peded by lack of reliable information on the transition
energy. An indirect determination of the (N+.. /M
ratio of 2°2T1 has been made from measurements of
(M+N+...)/L and M/L ratios (Leutz et al., 1966), but
the accuracy of this result is insufficient for meaningful
comparison with theory.
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FIG. 17. Comparison of experimentally determined Py values
for allowed transitions (solid circles), first-forbidden non-
unique transitions (open circles), and first-forbidden unique
transitions (squares) with theoretical predictions based on wave
functions of Mann and Waber (1973) and exchange and overlap
corrections according to Bahcall (1963,1965).

Capture probability Py. Selected K-capture probabili-
ties for allowed and first-forbidden transitions are com-
pared in Table XVI with theoretical predictions for al-
lowed transitions. Two selected measurements on “°K
are compared with theoretical capture probabilities for
unique first-forbidden transitions. The K-capture prob-
ability, unlike the reduced capture ratio, depends on the
transition energy as well as on the atomic number. In
Fig. 17 we have plotted the ratio of experimental to theo-
retical P, vs Z. The recalculated exchange and overlap
corrections according to Bahcall (1963a, c, 1965a) (Sec.
II.E) were used in the theoretical calculations. For sev-
eral nuclides (e.g., '**Ba, ***Pm, '*!Gd, '°°Au), the ener-
g8y Qgc is not known with sufficient accuracy. New, more
accurate measurements for P, are desirable for some
nuclides, e.g., for ®As, "®Se, ®*Rb, *Rb, '%°Yb, and
1%Au. The spin of the 307-keV level of !**Eu is not ex-
actly known; it is quoted as (3/2)* or (7/2)*. The tran-
sition from the (7/2)" %'Gd ground state to this level can
therefore be nonunique or unique first forbidden. Com-
parison of the measured P, =0.811+0.021 with the theo-
retical P, =0.740 for a nonunique and P, =0.428 for a
unique transition supports the (7/2)* assignment.

Experimental and theoretical K-capture ratios are
seen from Fig. 17 to agree within ~5%; there is no sys-
tematic difference between allowed and first-forbidden
nonunique transitions.

4, Conclusions and recommendations

From Tables XV-XVII and from Figs. 15, 16, and 17
we find that experimental and theoretical electron-cap-
ture data agree rather well, viz., on the average to ~3%
in the case of L/K ratios, ~9% for M/L ratios, and 5%
for P, values. The experimental accuracy is insuffi-
cient to distinguish between the theoretical correction
factors for exchange and overlap effects. These effects
are expected to be largest in the decay of "Be (Odiot and
Daudel, 1956; Bahcall, 1963). Experiments to measure
the P,/ P, ratio of "Be have been unsuccessful due to ex-
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perimental limitations (Renier et al., 1968).

New, more accurate measurements of capture ratios
and P, should be performed. More accurate results for
second- and higher-order forbidden transitions would be
useful to deduce nuclear matrix elements. Furthermore,
more accurate Q. energies are very much needed.

D. Determination of K/3* and EC/3" ratios

In Secs. III.D and IIL.E we list all available experi-
mental K/p* and EC/B* ratios and describe the experi-
mental techniques involved in these measurements. We
compare experimental ratios for allowed, unique first-
forbidden and nonunique first-forbidden transitions with

~ the appropriate theoretical values.

Source preparation is an important aspect of these
measurements. Allowed p* emitters are generally short-
lived, many of them having half-lives of the order of
seconds, minutes, or hours (Fig. 18). In order to study
B* emitters with comparative ease a continuous supply of
the source is therefore often necessary. Positron emit-
ting nuclei are normally deficient in neutrons, hence one
cannot prepare them by slow-neutron bombardment of
stable isotopes in reactors. Instead, the stable isotopes
are usually converted to radioactive isotopes by such
reactions as (y,%), using machines like synchrotrons or
electron linear accelerators, or by (n,2r) reactions with
fast neutrons from such devices as Cockroft—Walton gen-
erators or high-current electrostatic accelerators. Cy-
clotron irradiation with protons, deuterons or alpha par-
ticles to produce proton-rich (neutron-deficient) nuclei
is another useful method of preparing positron emitters.

The radioactive source must be transported to the de-
tector in a time that is short compared with the half-life.
This problem has been solved, for example, by fast
pneumatic transfer systems in which solid sources can
be conveyed from the irradiation site to the detector in a
fraction of a second. Continuous gas flow systems (Fig.
19) have also been used extensively (Ledingham et al.,

50 1
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FIG. 18. Number of allowed positron emitters, as a function
of half-life.
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1965); if narrow-bore tubing is used in conjunction with
a gas pressure of several atmospheres, the radioactive
source (in gaseous form) can be conveyed to the detector
in a very short time. Where the sources cannot be ob- .
tained in suitable solid or gaseous forms, the problem
can often be solved by using liquids under pressure with
the radioactive source dissolved in the medium or in
suspension.

The main types of measurement used to determine
K/B* and EC/B* ratios are summarized in Table XIII.
These various techniques and the sources of error in-
volved in them are described in Secs. III.D.1-1I1.D.3.

1. Measurements of K/8* ratios with internal sources

a. [Internal-source proportional counter

In this method (No. 20), the radioactive source in gas-
eous form is mixed with the normal proportional-counter
gas. If the half-life of the source is sufficiently long, the
gases may be static, but for short-lived nuclei continu-
ous production of the source and gas flow through the
counter is employed. The electron-capture events are
detected as discrete peaks superimposed on the positron
continuum. A major part of the error in these measure-
ments comes from the procedure adopted in separating
the K-capture peak from the continuum.

Measurements of K/B* ratios by this technique have
generally been made under conditions where K x-ray es-
cape from the counter is very small. For high-Z nuclei,
the proportional counter must therefore be operated at
high pressure. For low-Z nuclei, counters can be op-
erated at normal pressure, but for such nuclei the K/B*
ratio is usually extremely small, whence it is often dif-
ficult to resolve the K peak from the positron spectrum.

We assume that the radioactive source can be produced
with negligible competing activities, a situation which is
usually attainable in practice. The positrons and K-
capture events are detected with practically 100% effi-
ciency. Then we have

Rev. Mod. Phys., Vol. 49, No. 1, January 1977
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!

FIG. 19. Continuous gas-flow
system used for K/3* mea-
surements with short-lived
low-Z isotopes.

BREMSSTRAHLUNG
BEAM

Pu/Pu=1y/Ig, (3.45)
where I, and I ,» are the measured intensities of the K
peak and the p* spectrum, respectively. Corrections
have to be applied to I ;. to account for the number of
positrons which, unlike the K x rays and Auger elec-
trons, may enter the sensitive volume from the ends of
the proportional counter. This correction was calcu-
lated to be 4.6% in the case of *F (Drever et al., 1956).

Solid internal sources may also be employed (e.g.,
Avignon, 1956) but corrections for the absorption of the
X rays, Auger electrons, and positrons in the source it-
self must then be taken into account.

In cases where the decay leads to an excited state of
the daughter nucleus it is sometimes possible to measure
coincidences between the spectrum in the proportional
counter and the de-excitation y ray, thus reducing the
background. This technique was applied by Kramer ef
al. (1962b) to the decay of %%Co.

b. Internal-source proportional counter with
anticoincidence

This technique (No. 21) is similar to Method 20 and is
particularly suitable for K/B* measurements on light nu-
clei where the K-capture events are generally very much
less intense than the positrons. In order to resolve weak
K-capture peaks from the positron continuum, an anti-
coincidence counter is employed. One such counter with
a plastic scintillator as anticoincidence detector is
shown in Fig. 20. Both the positron and electron-capture
events are detected in the central proportional counter;
only the positrons can reach the surrounding counter.
Thus, if signals from the central counter are taken in
anticoincidence with those from the surrounding plastic
scintillator, a well-resolved K peak is obtained. Figure
21 shows a typical K peak from *°P, measured with the
counter shown in Fig. 20.

From the total spectrum in the central counter and the
K peak in the anticoincidence spectrum, I, and Iz. are
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FIG. 20. Diagram of counter used to determine X/8" ratios of
g, 13N, 150, 1°Ne and ¥P. K-capture events and positrons
are detected in the central counter; only positrons have suffi-
cient energy to be detected in the plastic scintillator.

obtained and Eq. (3.45) applies as in Method 20.

Unless high-pressure counters are employed, this
method becomes complicated for nuclei with Z = 18 be-
cause corrections for x-ray escape must be made. The
method then becomes intrinsically less accurate, and
hence has so far been employed only in the low-Z region.

c. Internal-source scintillation counter

In this technique (Method 22), the radioactive source is
distributed in a scintillating crystal (usually Nal) by
introducing it into the melt from which the crystal is

1000}
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FIG. 21. Typical pluse-height spectrum from the central pro-
portional counter in Fig. 20, in anticoincidence with the plastic
scintillator. The counter gas, introduced in flow mode, was
90% Ar and 10% CH,. Radioactive phosphine (PH;) was intro-
duced in trace amounts (<1% of Ar/ CH,) from an irradiation
vessel to the main flow line carrying the counting mixture.
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grown. The capture and positron events are detected in
the scintillator, with the K x rays and K Auger electrons
producing a well-defined peak so that the K/B* ratio can
be determined. The interpolation of the continuum under
the peak is a major source of error. Examples of this
technique are the measurements of the K/B* ratios for
22Na with an error of 9% (McCann and Smith, 1969) and
for *®Co with an error of 2% (Joshi and Lewis, 1961). In
both of these isotopes the decay leads to an excited state
of the daughter nucleus which then de-excites by y-ray
emission. To reduce background, the positron and elec-
tron-capture events were measured in coincidence with
the de-excitation gamma rays, detected in a secon
scintillation counter. :

Corrections must be applied for the escape of posi-
trons from the source crystal before they have deposited
sufficient energy to be detected. If coincidences are tak-
en with a de-excitation gamma ray, allowance should
furthermore be made for the loss of positron counts due
to the summing of the gamma ray with a 511-keV posi-
tron-annihilation photon. A K peak from *?Na (McCann
and Smith, 1969) is shown in Fig. 22. The difficulty of
obtaining peaks at these very low energies with a scintil-
lation counter is considerable. Specially selected low-
noise photomultiplier tubes must be used in conjunction
with an electronic system that is capable of eliminating
afterpulses from long-lived phosphorescence associated
with large energy deposition by positrons in the radio-
active scintillator.

Because the positrons and the K-capture events are de-
tected with approximately 100% efficiency, Eq. (3.45)
again applies, allowing for the corrections described
above.

2. Measurements of K/8* ratios with external sources
a. Spectroscopy of positrons and K Auger electrons

In this type of measurement (No. 23), the areas under
the Auger lines and the positron spectrum are mea-
sured. Since the Auger electrons and the positrons are
oppositely charged, a magnetic spectrometer with a
Geiger, proportional, or scintillation counter is often
used to analyze the radiations. The difficulty of sub- -
tracting a B* spectrum from a K peak is thus avoided.

In order to determine a K/B* ratio from such measure-

"
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FIG. 22. The 870-eV K-capture peak of ?’Na, measured with
an internal-source scintillation counter in coincidence with
another Nal detector, closely located to register the 1.274-MeV
de-excitation y rays of 22Ne.
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ments, the value of the K-shell fluorescence yield wg
must be known. There were often fairly large errors in
the values of w, employed in the early experiments.
However, Bambynek et al. (1972) have selected reliable
measurements of w, and carried out a semiempirical fit
to these values. Thus, for many cases, uncertainty in
wg need no longer seriously limit the accuracy of this
method.

The relation

Py/Pp=Ig,/(1 —wp)lg (3.46)

applies, where I, is the total intensity of the K Auger
lines. Corrections for absorption of low-energy Auger
electrons and B* in the source are very important and
contribute significantly to the errors involved in this
technique.

b. Spectroscopy of K x rays and positrons

In this method (No. 24), a solid source is placed out-
side of semiconductor or scintillation counters. The K
X rays and positron continuum are detected either in the
same or separate counters, the Auger electrons general-
ly being absorbed before reaching the detectors. A ma-
jor uncertainty again arises from the subtracting of the
B* spectrum from the K x-ray peak. As with Method 23,
this technique requires knowledge of the fluorescence
yield. Assuming that there are no competing activities,
and correcting for absorption, the equation applicable to
this method is

Py/Pge=Iyx/ 1wy - (3.47)

Account must be taken of any differences in solid angle
for the detection of K x rays and positrons. Self-absorp-
tion of x rays in the source is an important factor in this
technique and makes the use of thin sources desirable.
Figure 23 shows how clearly the K x rays may be
separated from the continuum in the decay of ®*Mo
(Fitzpatrick ef al., 1975). This spectrum was obtained
from a 5-mg/cm? thick, activated molybdenum foil
placed 2 cm from a Si(Li) detector (area 30 mm?, thick-
ness 5 mm). The Ko and KB x rays of Nb are well re-
solved and the fluorescent K x rays of Mo caused by pos-
itron excitation of the foil can also be seen. Although the
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FIG. 23. Niobium X x rays from the decay of **Mo, measured
with a Si(Li) detector with a resolution of 185 eV at 5.9 keV.
The Nb Ka and KB peaks are well-resolved, even in the pres-
ence of a B* spectrum twenty times as intense as the K-capture
branch. The Mo K« peak is caused by 8* induced fluorescence
in the source.
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FIG. 24. Molybdenum-91 K x-ray spectrum measured with a
5.7 X 0.63 cm Nal(T1) counter of 28% resolution at 22 keV. The
fine structure evident in Fig. 23 is no longer visible.

intensity of the K-capture branch in the decay of ®*Mo is
small (~5%), the error in estimating the areas of the K
x-ray peaks can easily be kept as low as 1%. There is,
however, a difficulty in ensuring that the solid angles

for the x rays and the positrons are the same, even when
a single detector is employed. This difficulty can be re-
duced by using a detector with a large surface area. The
K x-ray spectrum of **Mo measured with a 5.1-cm

% 0.63-cm NalI(Tl) detector is shown in Fig. 24. The

fine structure in the spectrum of Fig. 23 is unfortunately
lost due to the intrinsically inferior resolution of NaI(Tl).
Corrections are required for absorption of the K x rays
and positrons and for the scattering of positrons out of
the detector before they have deposited sufficient energy
to be detected.

An interesting development of this technique is shown
in Fig. 25 (Campbell ef al., 1975). Here, the radio-
active sample is placed between two CaF,(Eu) scintil-
lators in a 47 arrangement. This arrangement over-
comes the problem caused by positrons being scattered

EMI 9757

SOURCE -

FIG. 25. Thin, self-supporting evaporated sources are placed
between two CaF,(Eu) crystals. Although CaF, has inherently
a lower light output than NaI(T1), the crystals are nonhygro-
scopic and can be used without windows between source and
crystal.
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out of the detector before depositing sufficient energy to
be detected, or being scattered into the detector from
surrounding material.

Many of the early K/8* measurements in this category
(Method 24) employed absorption techniques, typically
with a Geiger counter and different absorbers to deter-
mine the relative intensities of the K x rays and the pos-
itrons. The accuracy of these measurements is very
poor.

c. Spectroscopy of K x rays and 8* annihilation photons

This technique (No. 25) is similar to the previous
method, but instead of detecting the g* continuum, the
positrons are stopped in an absorber and the 511-keV
annihilation photons are detected. The source must be
surrounded by sufficient material to ensure that all pos-
itrons are stopped at a well-defined position, as close
to the source as possible. The K x rays and the annihi-
lation photons may be counted simultaneously, with cor-
rections applied to both intensities to allow for the
presence of the B* absorber. Alternatively, when the
half-life of the source is sufficiently long, spectra taken
with and without the absorber may be used to determine
I;,, and Iy, respectively.

The K/p* ratio is deduced from the relation

Py/Pgr=21 g3/ welg, - (3.48)

A correction must be applied to I, , for the loss of 511-
keV Y raysdue to the summing of two such ¥ rays; the
size of this correction depends on details of geometry
and the type of detector. The effect on I, of 3* annihi-
lation in flight (e.g., Kantele and Valkonen, 1973) must
also be considered, although in many cases this has
been assumed to be negligibly small.

3. Measurement of EC/B* ratios

EC/B* ratios are determined by measuring the num-
ber of positrons emitted by the parent leading to an ex-
cited state of the daughter nucleus, and the number of
Y rays or conversion electrons from that level in a given
time interval. Since the total number of ¥ rays plus con-
version electrons is equal to the total number of posi-
trons and electron-capture events—corrected with ref-
erence to the decay scheme where necessary—the ratio
EC/B* of total electron capture to 3* emission can be
determined. Errors in these measurements can be kept
very small, especially if th/e decay scheme is well-
known. For example, the EC/3" ratios for ?*Na and %8Co
have been determined to ~0.3% and ~0.7%, respectively.
Errors in the decay scheme can, however, be large,
and have led to large systematic errors in many of these
measurements.

a. Spectroscopy of « rays or conversion electrons and
B* annihilation photons

One of the simplest forms of EC/3* measurements
consists of a comparison of the relative photopeak inten-
sities of the de-excitation ¥ rays and the g8* annihilation
photons in, for example, a scintillation or semiconduc-
tor detector (Method 26). As for Method 25, the source
must be surrounded by sufficient material to annihilate
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the positrons near the source to ensure that the solid
angle is the same for both the nuclear and the annihila-
tion photons. Corrections are required for absorption
in the source and detector window, for decays to other
levels in the daughter nucleus, for summing, and for
annihilation of positrons in flight. In cases where the
energy of the de-excitation ¥ rays is high it may be
necessary to correct for a contribution to the annihila-
tion photons due to internal and external pair production
(e.g., Rupnik, 1972).

The total capture to8* emission ratio is given by

Ppe_ 2r,(1+a) -1, (3.49)
Pp Ly

where I, and I, are the photopeak areas of the de-exci-
tation ¥ ray and g* annihilation photons, respectively,
and ¢ is the internal conversion coefficient. )

A variation of this technique which has often been em-
ployed, particularly in the early measurements, is the
comparison of the photopeak areas of the 511-keV and
de-excitation ¥ rays for the source being investigated
with similar areas for a source with a known EC/3*
ratio. Thus, if the subscripts a and b refer to the
source with known and unknown EC/8* ratio, respec-
tively, we have

PEC> I )(Is > SMKPEC) ]<1+ ab>
= —S1 —=] +1 —-1. (3.50)
(PB* b I, 1,/), €ul\Pg/, 1+a,

qQ

This method is suitable when the de-excitation ¥ rays
for the two sources are of similar energy, since the ra-
tio of efficiencies e,a/s,,b is then approximately unity.
Hence the EC/B* ratio is then independent of detector
efficiency. The accuracy of this method is obviously
limited by the error in the EC/8* ratio of the standard
source. Often ?2Na was used for this comparison but
the range of reported EC/ﬁ" values for this isotope is
large (Table XVIII). Some authors did not even state
which comparison value they employed.

A less common variation of this technique consists of
measuring the intensities of the g8* annihilation photons
and thé conversion electrons, rather than the de-excita-
tion ¥ rays. This method is only feasible in special
cases where the internal conversion coefficient is high.

Several measurements have been carried out employ-
ing a similar technique in which the positron activity was
determined from the area under the 8* spectrum rather
than from the intensity of the annihilation photons. As
above, comparison with an isotope with a well-known
EC/B* ratio was often employed. The results reported
from this technique, however, have very large errors
© 20%).

b. Measurement of B*-v-ray coincidences

The principle of this method (No. 27) is to determine
the number of ¥ rays, I,, and of positron—y-ray coinci-
dences, Ig_,. Various combinations of detectors may be
employed. Typically, scintillation or semiconductor
detectors have been used for the ¥ rays while the posi-
trons were detected in proportional or scintillation
counters. A 4w proportional counter or an internal-
source scintillation counter (Leutz and Wenninger, 1967)
have also been employed to detect the positrons.
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The EC/B* ratio is given by
PEC/PB"= (Ir/IB"-y) -1.

Comparison of I, and I+, with measurements for a
source of known EC/B* ratio has often been employed.

(3.51)

c. Sum-coincidence technique

In this more sophisticated coincidence technique (No.
28), the quantities measured are the positron intensity
Ig+, the y-ray intensities I,y and I, 5, and the positron—
Y-ray coincidence intensities I,y and Ig+_, 5, where vy
refers to the normal de-excitation ¥ ray, and ¥ is the
sum of a 8* annihilation photon and ¥,. It can be shown
(Williams, 1964) that the relation

IB*IrN/IB*-'rN:Io

holds, where I, represents the total number of disinte-
grations. Furthermore, we have

(3.52)

I, /Tgn oy s=IoPygs, (3.53)
whence

P

sz = Ugsyslyn/Iarcynly s) = 1. (3.54)

In a measurement of the EC/3* ratio for 2°Na (Williams,
1964), the g* activity was determined with a 47 propor-
tional counter. For the detection of yg, two large
NalI(T1) crystals were used to obtain a high efficiency
for the summation events. For vy, one smaller NaI(T1)
crystal was used to minimize the efficiency to summa-
tion events. The simplifying assumptions involved in
Eq. (3.54) and the corrections which must be applied are
discussed in detail by Williams (1964).

d. Measurement of triple coincidences

The EC/B* ratio can be obtained by taking the y-ray
spectrum in triple coincidence with two 8* annihilation
photons (Method No. 29). The two counters for annihi-
lation photons are placed opposite each other with ana-
lyzer channels set to record the 511-keV photopeaks
only. Due to the nature of the annihilation process, the
efficiency for the detection of coincidences of two 511-
keV y rays at 180° is sufficiently increased over other
coincidences that even very weak positron emission can
be detected . A typical electronic arrangement for this
type of measurement is shown in Fig, 26. The y-ray
" singles intensity /, and the triple coincidence inten-
sity I, are measured. If similar measurements are
made for a source a whose EC/B* ratiois known, then
the unknown EC/B* ratio for source b is

(7o), (o0, [ 1 ) -
Pgi/y \c/p\, /o I\Pg+ /4 1+a,

Corrections are required for such effects as sum-
ming, g* annihilation in flight, differences in the detec-
tion of annihilation radiation for the two sources due to
possible differences in solid angle and in summing of
the ¥ rays and the annihilation radiation, and the possi-
bility of coincidences due to Compton events from high-
energy Y rays being registered in the analyzer window
of the annihilation detectors. '

(3.55)
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FIG. 26. Typical electronic arrangement for triple-coincidence
measurements.

e. Measurement of (vy-ray)-(8"-annihilation-photon)
coincidences

The various coincidence techniques are very similar
in principle and this method (No. 30) is essentially a
variation of Method 27. The quantities measured are the
number of nuclear y rays I, and the number of coinci-
dences of nuclear and g8* annihilation photons I;;,_,. The
usual corrections for absorption, summing, and 8" anni-
hilation in flight are required. The EC/B" ratio is given
by '

P
PEC = (217/1511-7) -1
B'l'

(3.56)

f. Miscellaneous

The experiments in this group (No. 31) do not fall
readily into any of the other categories. Many of the
experiments were carried out by employing various
combinations of Methods 20-30. No loss of accuracy
need be implied. This category also includes methods
which have been employed in only very few, exceptional
cases and because of their limited application do not
warrant description as a separate technique. Also in-
cluded in the miscellaneous category are a few experi-
mental results whose methods are in doubt due to in-
complete details provided in the published papers.

One different approach to EC/3* measurements is the
technique employed by Allen et al. (1955) for the deter-
mination of the EC/3* ratio for ?2Na. This involves a
comparison of the number of positrons emitted from
the source with the number of daughter atoms produced
(Alvarez, 1937). The positron activity was determined
using a 47 Geiger counter and the rate of evolution of the
daughter (Ne) was determined by gas analysis.

Another interesting technique has been applied by
Gleason (1959) to ®*Zn which decays by electron capture
and 8* emission to the ground state and by electron cap-
ture to the first excited state of ®*Cu. Using a measured
value for the efficiency of detection of the de-excitation
v ray, the total electron capture decay rate and the
electron capture branching ratio were determined from
measurements of the K x-ray counting rate, the y-ray
singles rate, and the (K-x-ray)—(y-ray) coincidence
counting rate. The assumption was made that the ratio
of K-electron capture to total electron capture was the
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same for both branches. The 8* emission rate was de-
termined by counting coincidences of annihilation pho-
tons in two detectors at 180° and thus the EC/3* ratio
for the ground state transition was found. The impor-
tant feature of this technique is that although K x rays
were used to indicate the occurrence of electron cap-
ture, the deduced value of the EC/3* ratio is indepen-
dent of the fluorescence yield.

E. Experimental results and comparison with theory for
K/B* and EC/B* ratios

1. Results

All published experimental K/3* and EC/3* ratios are
listed in Table XVIII. Table XIX contains selected ex-
perimental K/3* and EC/3* ratios for allowed transi-
tions. Only ratios for transitions to a single final state
in the daughter nucleus are included. Unfortunately,
information provided on some measurements was not
complete and these results had to be rejected. Where
the wy values were stated, results were recalculated
using the latest reliable fluorescence yields, derived
with the aid of Eq. (3.35). The remaining K/3* and EC/
B* ratios were found to lie in two distinct groups, one
with errors ranging up to 12.5% and the other, consis-
ting mainly of the earlier measurements, with consider-
ably larger errors. Since the two groups are well sepa-
rated only the results from the former are considered
further.

Tables XX and XXI contain selected results for first-
forbidden unique and first-forbidden nonunique transi-
tions. Results with errors greater than 25% or without
quoted errors were excluded.

2. Theoretical predictions
a. Allowed transitions

The theoretical K/3* ratios for allowed transitions in
Table XIX have been calculated according to the rela-
tion

Py TRE(Wo+ Wy)2By .
PB,, j Pop2(W, — W)2F(Z', W) dp

[see Egs. (2.111), (2.125), and (2.126)]. Small correc-
tions [Eq. (2.128)] were neglected. The values of 8
were taken from Mann and Waber (1973) (Sec. II.B.2)
and the intensity of the 8* spectrum was computed with
the tables of Fermi functions of Behrens and Jinecke
(1969). The energies W, were taken from the atomic
mass tables of Wapstra and Gove (1971). Errors in the
theoretical K/8* ratios in Table XIX reflect only the
uncertainty in W, obtained from Wapstra and Gove. The
value of By used in these calculations is discussed in
Sec. II1.E.3.

The theoretical EC /B* ratio for allowed transitions is

Pyc _ Py Ppc _ Py TqiZB
PB"' PB”' PK PB"‘ qKBKBK
where x stands for K, L,, L,, M,, or M,, and Px/Pg

is the theoretical K/B ratlo for an allowed transition
[Eq. (3.58)].

(3.57)

(3.58)
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b. Unique forbidden transitions

In general, the K/B* ratio for forbidden transitions is

PK TRE(Wy+ Wy)?Cy By
f”opz(W WY F(Z', W)C(W)dp ’

where C, and C(W) are shape factors and the bar rep-
resents averaging over the g* spectrum [Eq. (2.134)].
The shape factors contain matrix elements and are
functions of W and W,. For unique forbidden transitions
it is possible to separate the matrix element and the
energy dependence of Cy and C(W) to give exphc1t ex-
pressions for the ratio C,/C(W) (Sec. II.D.4).

For first-forbidden unique transitions Eq. (2.135) is
simplified to

C K (W + WK)2

where ¢ is the neutrino momentum, p is the positron
momentum, and the bar represents averaging over the
B* spectrum. The theoretical first-forbidden unique
K/B* ratios shown in Table XX have been calculated
using these expressions, with values of A, from the
tables of Behrens and Jidnecke (1969). For comparison
of theory and experiments, one can use the approxima-
tions Wy=1 and g%+, p%=3(W2 —1), whence

Cx . 2(Wp+1)

TW)  W,—1

Equation (3.61) has an accuracy of a few percent.

(3.59)

(3.60)

(3.61)

c. Nonunique forbidden transitions

For nonunique forbidden transitions, K/3* ratios
cannot, in general, be calculated explicitly (Sec. I1.D.3).
For the special case of nonunique first-forbidden tran-
sitions, however, which exhibit a 3* spectrum with an
allowed shape, the K/3* ratio is expected to be the same
as for allowed transitions. Information about the shapes
of some B spectra is given by Paul (1966) and Daniel
(1968). For many of the nonunique first-forbidden de-
cays listed in Table XXI, however, details of the spec-
trum shape are not available. Nevertheless, to provide
a general comparison, allowed theoretical K/3* and
EC/B* ratios are indicated for all cases.

3. Comparison of experiment and theory
a. Allowed transitions

Theoretical and selected experimental values for K/B*
and EC/B* ratios are listed in Table XIX. Exchange and
overlap corrections have been neglected in the theoreti-
cal EC/B* ratios; they affect the total capture probabil-
ity and B* emission rate only slightly (Bahcall, 1963a).
The EC probability for "Be, e.g., is affected by <0.1%,
and that of *’Ar, by <0.3% through exchange and overlap;
the ®*Zn g* decay rate is affected by ~0.1%, and that of
140, by <0.1%. The theoretical K/3* ratios in Table
XIX include a correction factor according to Bahcall
(Table XI); from Z > 32, the factors of Suslov (1970)
were used. At present, EC/3*-ratio measurements
(Table XIX) are not nearly accurate enough to help de-
cide between the two sets of exchange and overlap cor-
rection factors listed in Table XI.
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TABLE XIX. Allowed transitions—comparison of selected results with theory

Experimental values

Theoretical values

Qpc ? Final state
Z Elements A (keV) (keV) I —Jf Py /Py Method P References Py /Pg+
A. Results for K/B" ratios.
6 c 11 - 1982.2%1.0 0 -3 (2.30%3:1H1073 21 Campbell (1967) (2.11£0.01)1078
7 N 13 2220.5%0.9 0 3T -4  (@1.68%0.12)1073 21 Ledingham (1965) (1.800 +0.006)1073
8 o 15  2759.2+0.9 0 3 —% (1.07+0.06)1073 21 Leiper (1972) 0.911£0.002)1073
9 F 18  1655.3%0.9 0 1*—-0*  (3.00+0.18)1072 20 Drever (1956) (3.14 £0.02)1072
10 Ne 19  3238.2£0.9 0 3 -3t (9.6£0.3)107¢ 21 Leiper (1972) (9.28+0.02)1074
11 Na 22  2842.3+0.5 1274.6 3t —2* 0.105 *0.009 22 McCann (1969) 0.1023 +0.0004
15 P 30 4227.4%2.6 0 1t —0%  (1.24%0.04)107° 21 Ledingham (1971) (1.233%0.005)1073
27 Co 58  2308.0+2.5 810.5 2%t —2* 4.92 %0.09 22 Joshi (1961) 4.97 +0.11
4.83 £0.10 20 Kramer (1962b)
5.05 =0.09 Combination Bambynek (1968b) -
of 24 and 31
30 Zn 65  1350.7+1.1 0 $T—-%57 28.0 3.2 23 Perkins (1953) 30.5 0.4
25 £2 31 Gleason (1959)
27.7 +1.5 31 Hammer (1968)
31 Ga 68  2919.4%3.9 1078 1t —-2* 1.28 +0.12 31 Ramaswamy (1959b) 1.36 +0.03
42 Mo 91 4443 =+28 0 $* 8+ (5.0540.34)1072 24 Fitzpatrick (1975) (5.50 £0.22)1072
51 Sh 120 2680 =7 0 1t—o* 1.057 +0.035 24 Campbell (1975) 1.24  +0.02
57 La 134 3710 25 0 1t—o* 0.40 +0.04 25 Biryukov (1965) 0.48 +0.02
59 Pr 140 3388 *6 0 (1*)—0* 0.74 £0.03. 25 Biryukov (1962,1970) 0.85 +0.01
60 Nd 141 1805 =15 0 8+_5+ 28 1 25 Biryukov (1970) 35.3  +3.2
62 Sm 143 3479 +28 0 g+ _ g+ 0.92 +0.09 25 Biryukov (1970) 0.98 +0.05
66 Dy 155 2099 +6 227.0 E)-5" 44 £5 31 Persson (1963) 44.0 £1.5
B. Results for EC/B™ ratios.
11 Na 22  2842.3+0.5 1274.6 3t_2* 0.1041+0.0010 28 Williams (1964,1968)  0.1117+0.0004
0.1048+0.0007 27 Leutz (1967)
0.1042 £0.0010 27 Vatai (1968c)
0.1077£0.0003 27 MacMahon (1970)
23 v 48  4015.4+2.8 2295 4+ 4t 0.77 +0.04 29 Biryukov (1966) 0.78 £0.01
0.83 £0.06 29 Konijn (1967b)
0.76 +0.035 27 Konijn (1967b)
25 Mn 52  4709.8%3.5 3112 6T —6* 1.86 +0.17 31 Good (1946) 2.09 +0.06
2.01 +0.24 27 Sehr (1954)
1.84 +0.20 30 Wilson (1962)
2.04 £0.24 126 Freedman (1966)
1.80 #0.13 27 Konijn (1967b)
2.12  +0.17 29 Konijn (1967b)
27 Co 58  2308.0+2.5 810.5 2%t 2t 5.67 +0.14 27 Konijn (1958a) 5.62 *0.12
5.49 +£0.18 30 Ramaswamy (1961)
5.48 +0.09 29 Biryukov (1966)
5.76 £0.13 28 Williams (1970) and
. Goodier (1971)
28 Ni 57 3243 %7 1490 8= _ 3 1.438 £0.059 27 Konijn (1958b) 148 +0.07
1.5  +0.08 27 Bakhru (1967)
1370 g5 0.805 +0.040 27 Konijn (1958b) 0.888 +0.032
1.0 £0.1 27 Bakhru (1967)
30 Zn 65 1350.7%1.1 0 $7 -5 24.9 %1.5 27 Sehr (1954) 34.5 +0.4
40 Zr 89  2834.1%3.0 910 27.8% 348 =%0.15 e Monaro (1961) 3.40 *0.05
revised by
van Patter (1964)
3.43 £0.10 26 van Patter (1964)
3.47 +0.21 26 Hinrichsen (1968)
40 Zr 89m 3422.1=3.0 1510 3-8 3.76  +0.19 31 van Patter (1964) 3.55 +0.06
50 Sn 111 2508 =26 0 -;L+-§+ 2.20 +0.15 31 Rivier (1971) 1.87 +0.16
51 Sb 116m 5000 40 2900 87)—7" 4.22 £0.20 29 Bolotin (1964) 5.9 *1.1
51 Sb 118m 3885 +6 2572 @87)—7" 620 %40 29 Bolotin (1961) 830 =80

2 Qgc values are taken from Wapstra and Gove (1971).
b Methods are identified by numbers explained in Table XIII.
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TABLE XX. First-forbidden unique transitions.
Experimental values Theoretical

Qpc * Final state 1st unique forbidden values
Z Elements A keV) keV) I —Jf Py /Pg+ Method ° References Py /Pg+
37 Rb 84 2679.8+2.9 0 27—-0" 1.12%0.25 31 Konijn (1958/59) 0.94+0.01
51 Sb 122 1610.1+3.3 0 27 —-0% 300 =50 31 Perlman (1958) and 254 =11

. Glaubman (1955)

53 I 126 2151 =5 0 27 -0% 20.2%2.0 31 Koerts (1955) 21.1+0.7

2 Q¢ values are taken from Wapstra and Gove (1971).
b Methods are identified by numbers explained in Table XIII.

Figure 27 shows the ratio of experimental to theoreti-
cal values for all the results in Table XIX. The inter-
esting and very accurate point for ?*Na is plotted in the
inset. For most of the decays, the experiment/theory
ratio is less than unity; exceptions are 'C, !°0, °Ne,
87y, 8mzr, and ''Sn. The disagreement between ex-
periment and theory apparently increases with Z.

In the theory of allowed transitions, only s-wave lep-
tons are considered and the EC/3* and K/3* ratios are
independent of nuclear matrix elements. In the general
case, leptons do not leave the nucleus only radially, and
small contributions from p and d waves must be con-
sidered. This gives rise to higher-order matrix ele-
ments that donot cancel in the ratios (Sec. II.D.2). A
correction factor has been determined [Eq. (2.128)] that
slightly reduces the theoretical ratios, by as much as
3% at Z = 80.

The possible existence of second-class currents does
not significantly affect electron-capture to positron-
emission ratios (Behrens and Biihring, 1974).

b. First-forbidden unique transitions

For these transitions the experimental K/3* ratios are
compared in Table XX with first-forbidden unique theo-

retical ratios. There is agreement within the errors be-
tween experiment and theory, but the experimental ac-
curacy is fairly poor.

c. First-forbidden nonunique transitions

The experimental K/8* and EC/3* ratios for these
transitions are compared in Table XXI with the cor-
responding theoretical ratios for allowed transitions.
The comparison is made for interest only; a complete
theoretical treatment requires knowledge of the nuclear
matrix elements which for these transitions do not can-
cel.

4. Conclusions and recommendations

It can be seen from Fig. 27 that theoretical allowed
K/B+ and EC/B* ratios are systematically larger than
experimental ratios; the discrepancy apparently in-
creases with Z. Higher-order effects, such as second-
class currents, corrections of the type described by
Eq. (2.128), and radiative corrections are insufficient
to resolve the difficulty. The question of radiative cor-
rections is still unsettled; it has been shown (Sec.

I1.D.2) that these corrections partially cancel out. There

TABLE XXI. First-forbidden nonunique transitions.
Experimental values Theoretical (allowed)
Qpc ? Final state
Z  Elements A keV) keV) Il —df Py /Pg+ Method ° References Py/Pg+
A. K/B* Ratios
37 Rb 84 2679.8+2.9 880 27 —2% 5.15 +0.38 31 Welker (1955) 3.51+0.06
3.96 +0.16 22 Goedbloed (1970c) ‘
53 I 126 2151 +5 667 27 — 2: 95 +10 31 Koerts (1955) 138 =7
63 Eu 145 2720 =15 0 g*_17 3.0 =05 31 Muziol’ (1966) 3.39£0.14
894 St~ £ 100 =20 31 Avotina (1965a) 43.9+4.2
70 +9 31 Muziol’ (1966)
63 Eu 147 1762 9 198.1 st—g” 160 =+30 31 Avotina (1966) 197 *16
121.8 5*—%" 170 =30 31 Avotina (1966)
165 *35 31 Muziol’ (1966) 119 +8
55 Cs 132 2099 =23 667.8 27 2% 53.5 *£8.9 22 Goverse (1974) 264 =71
81 Tl 200 2454 *5 367.97 27 —2% 110 =*=10 31 Konijn (1960) 65.7+1.4
102 %9 27 van Nooijen (1962)
B. EC/B* Ratios
33 As 74 2563.7+2.9 596 27 —-2% 1.32 £0.14 31 Grigor’ev (1958a) 1.24+0.01
1.288+0.018 27 Vatai (1968c)
37 Rb 84 2679.8+2.9 880 27 2% 5.72 £0.12 27 Konijn (1958a) 3.97+0.07
53 I 126 2151 5 667 27 2% 165 =*5 29 Harmer (1959) 159 +8

2 @gpc values are taken from Wapstra and Gove (1971).

b Methods are identified by numbers explained in Table XIII.
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FIG. 27. Ratio of experimental to theoretical allowed K/B* and
EC/B* ratios.

remains a model-independent part of the radiative cor-
rections, however, which differs in the case of electron
capture from that in positron emission. This model-
independent correction includes the well-known emis-
sion of real photons (internal bremsstrahlung). Cal-
culations for g* emission have been carried out to order
a, e.g., by Wilkinson and Macefield (1970); an increase
in the probability of 8* emission is found which thus
reduces the theoretical capture-to-positron ratios. The
correction factor increases as W, decreases and as Z
increases and amounts to 1.5% for °®Co (Williams, 1970)
if it is assumed that the correction is multiplicative

and not additive. Radiative corrections for electron
capture have not yet been calculated.

It would be of interest to establish with greater accu-
racy the Z dependence of the trend shown in Fig. 27, if
indeed such a simple functional dependence on Z exists.
Remeasurements, preferably using different techniques,
for any of the decays in Table XIX would be useful. The
decays of ®*Zn, '''Sn, and any high-Z isotope are pos-
sibly the most interesting for study. The question of
whether there is real agreement between theory and
experiment in the case of first-forbidden unique transi-
tions is still open; measurements on *Rb, !22Sb, and
126] should be repeated with greater accuracy.

The theory of atomic exchange and imperfect wave-
function overlap effects needs to be refined and calcula-
tions must be extended to low Z. Critical experiments
on capture/8* ratios which would differentiate between
theoretical approaches have yet to be carried out. The
problem of establishing the overlap and exchange cor-
rection for the K shell cannot be resolved by measuring
K/B+ ratios alone. The most sensitive isotope for study
is "Be, which decays solely by electron capture; a mea-
surement of P, for this isotope is very desirable (Sec.
II1.C.4).

Some new and interesting EC/3* ratios have recently’
been reported by Firestone et al. (1974, 1975a). Anoma-
lously high ratios are found for hindered allowed tran-
sitions in '**Gd and **Sm; these are attributed to the
interference of higher-order nuclear matrix elements.
It would be of great value to verify this experimental
finding.

Theoretical K/3* ratios for allowed transitions are
plotted in Figs. 28 and 29 as functions of Z and of the
B* end-point kinetic energy. These ratios were calcu-
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lated according to Eq. (3.58) with B,=1; the graphs may
be used where an accuracy of ~10% is sufficient.

IV. RADIATIVE ELECTRON CAPTURE
A. Theory

Radiative electron capture consists of processes which
lead to the production of a continuous spectrum of elec-
tromagnetic radiation during electron-capture decays.
Such processes involve the emission of one or more
photons during a single electron-capture event. The
energy released in the decay is shared statistically
among these photons and the neutrino, thus accounting
for the continuous nature of the resulting spectra. The
most probable radiative electron-capture events are
those in which a single photon accompanies the neutrino.
The radiation emitted even in this mode is quite weak,
the total probability for the emission of a single photon
being of the order of 10™* per electron-capture event.
Radiative electron-capture processes in which more
than one photon is emitted occur with far smaller prob-
abilities.'® Their contributions to the radiation spectra
are completely insignificant and will not be considered
further.

From the point of view of perturbation theory, radia-
tive electron capture is a second-order process invol-
ving both beta and electromagnetic radiative transitions.
The two transitions-connect the initial and final states
of the system through a set of virtual intermediate
states. In general, there are two fundamentally different
types of intermediate states through which the process
can proceed. They are represented pictorially by the
Feynman diagrams shown in Fig. 30. The first type
[Fig. 30(a)] involves only excited electron states, and the
radiation is produced by the sudden acceleration of
charge and magnetic moment associated with the orbital
electron’s capture. This radiation is commonly referred
to-as internal bremsstrahlung (IB). The second type
[Figs. 30(b) and (c)] involves excited nuclear states and
the radiation arises from a nuclear transition which may
either precede or follow the virtual electron-capture de-
cay. These two decay modes are variously denoted as
electronic beta-gamma and nuclear beta-gamma transi-
tions or, more simply, direct and detour transitions.

In allowed decays, detour transitions are expected to
occur at a ~10° times smaller rate than direct transi-
tions. In forbidden decays, this difference can be less
pronounced (Longmire, 1949; Horowitz, 1952).

Extensive calculations on detour transitions were
carried out by Rose et al. (1962) and Lassila (1963) for
the especially interesting situation in which the initial
and intermediate nuclear states, connected by a virtual
electron-capture transition, are almost degenerate. It
was shown that the spectrum of the radiation arising
from detour transitions is sharply peaked near the end
point under these circumstances, in contrast to the usual
IB spectrum. It was hoped that this deviation of the pho-
ton spectrum from its IB form might be observable,

15The total integrated intensity of a two-photon spectrum, for
example, is expected to be no greater than ~10™ times that of
the corresponding one-photon spectrum. Two-photon IB and
the directional correlation between the photons have been
studied by Menhardt (1957).
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FIG. 30. Feynman diagrams for electronic and nuclear mode
contributions to radiative electron capture.

revealing the presence of detour transitions, even though
their contribution was still expected to be quite small.
An experiment designed to test these ideas was reported
shortly thereafter by Schmorak (1963), who studied °°Ni,
a nucleus possessing a decay scheme with the required
characteristics, and found that the observed spectrum
did indeed show a very small distortion from the pre-
dicted IB form near the end point. Attributing this dis-
tortion to the presence of detour transitions, Schmorak
(1963) concluded that such transitions account for no
more than ~0.6% of the total radiative K-capture transi-
tion rate.

While the contribution of detour transitions is of great
interest for the study of nuclear structure, such transi-
tions usually do not significantly affect the shape or in-
tensity of radiative electron-capture spectra.'® For this
reason, and because available theoretical results on
detour transitions are very limited, such transitions
will be disregarded here and all calculations will be
confined to the determination of the direct-transition
amplitude shown diagrammatically in Fig. 30(a). Clear-
ly, 'a highly accurate theory of the direct-transition
process will be necessary to permit the identification of
any detour-transition contributions in observed spectra.

1. Matrix elements and transition rates

Radiative electron capture is expected to occur with .
significant probability only for the innermost electrons
of the atom. Since the available energy is usually
greater than the K-shell binding energy, the K elec-
trons, which spend the most time in the neighborhood
of the nucleus, are expected to provide the dominant
contribution to the IB spectra (except at very low pho-
ton energies where 2p-state capture provides the domi-
nant contribution). In all but the very lightest atoms,
the potential in which the innermost electrons move is
primarily the Coulomb potential of the nucleus. For
this reason, all electron—electron interactions and the
screening and correlation effects for which they are
responsible are neglected in current theories, and it is
assumed that each orbital electron is initially moving
under the influence of only the nuclear Coulomb field.

16The adequacy of this procedure has been questioned by
Koonin and Persson (1972), but it underlies all theoretical
work reported so far.
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Accordingly, the unperturbed electron-field operator
¥,(x) is chosen to satisfy a Dirac equation containing the
nuclear Coulomb field

(Yudy +1+v,Za/r)¥ (x)=0. (4.1)

In this representation, the interaction Hamiltonian den-
sity is

H(X) = Hy(%) + Hye(%) (4.2)

where H, represents the interaction of the electron field
with the Maxwell field, and Hgc represents the electron-
capture interaction, assumed to be of the standard V

— AA form. The matrix element associated with diagram
(a) of Fig. 30 is derivable by standard quantum-field
theoretic methods. As Glauber and Martin (1956) have
shown, it can be written

27 \172 .
Ma=z'ec,,(7> fdrN ¥ (E)® (ry) T, fdr Ggl(ry, )

Xy-e*e K Tg (1), (4.3)

with the matrix element of the nuclear electron-capture
current density defined by

Ju(ey) = Ny B (ry, 0)A Ey(ry, 0) [N . (4.4)

Inthese equations, C,isthe weak-interactionvector cou-
pling constant, and we have A =|C, /Cyl, A, =%,(1+)y;), and T,
=%(1+%). The ¥, and ¥, are the nucleon field operators,

and ®” and &, are the Dirac spinor wavefunctions for a
neutrino of momentum P, and an initial electron in state
a, respectively. The one-photon state, characterized
by momentum k and polarization e, has been normalized
to a unit volume. The intermediate-state sum which
appears in Eq. (4.3) has been identified as the eigenfunc-
tion expansion for the Dirac—Coulomb Green’s function,

Gulry, )= ZB: %l , (4.5)

with E=E -k, where E, is the relativistic energy of the
orbital electron undergoing capture.

Two comments on the structure of the matrix element
are in order. First, it should be noted that the role
played by positrons in the radiative capture process is
included implicitly in the structure of M,. One type of
path through which the radiative capture process can
proceed is the emission of a virtual positron by the nu-
cleus followed by its single-quantum annihilation with an
orbital electron. Such paths are accounted for by the
presence of the various negative-energy eigenstates in
the expansion of the Green’s function. Thus the structure
of the Green’s function is such that complete account is
taken of the role of positrons in the radiative capture
process.

Since the theory developed so far assumes the pres-
ence of any number of orbital electrons moving indepen-
dently in the Coulomb field of the nucleus, the Pauli ex-
clusion principle forbids virtual radiative transitions to
intermediate states which are already occupied. Pre-
sumably such occupied intermediate states should then
be excluded from the eigenfunction expansion. However,
as was first pointed out quite generally by Feynman
(1949) and emphasized by Glauber and Martin (1956)
in reference to radiative electron capture, the presence
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of an obstructing electron makes another path possible
for the radiative capture process, which is not other-
wise available. This path consists of virtual electron
capture of the obstructing electron followed by a radia-
tive transition. Feynman has shown that, for a nonin-
teracting system, the total amplitude for such a new
path exactly compensates for that of the forbidden inter-
mediate states; thus one may perform the calculation as
if all the other states were unoccupied.

Feynman’s result is easily generalized to include the
presence of a static external field, such as the field of
the nucleus, and consequently it has been assumed valid
in all theoretical studies on radiative electron capture.
However, as pointed out by Persson and Koonin (1972),
radiation before capture takes place in the Coulomb
field of element Z, while radiation following capture
takes place in the field of element Z — 1. Consequently,
those terms in the eigenfunction expansion for the
Green’s function which correspond to occupied atomic
states should really be represented by Coulomb eigen-
functions for element Z — 1 rather than element Z. Un-
doubtedly, for Z>>1, the corrections resulting from
such a modification of the eigenfunction expansion are
entirely negligible. However, for very low-Z elements,
especially at the lower photon energies (kS Za) where
the poles corresponding to the bound states contribute
strongly to the transition amplitude; such a modification
of the Green’s function may prove to be of importance.

The Green’s function introduced in Eq. (4.3) and de-
fined by the eigenfunction expansion [Eq. (4.5)] is seen

to satisfy the inhomogeneous differential equation
Gg(ry, r)y,[ H(r) — E|=0(xy ~T), (4.6)

where H, is the Dirac—Coulomb Hamiltonian. As Glauber
and Martin (1956) have shown, the evaluation of M is
facilitated by the introduction of the second-order Dirac—
Coulomb Green’s function gz(ry, r), defined by

(4.7)

and satisfying the inhomogeneous second-order equation

Gp(ry, r)=gplry, )y V+y(E+Za/r) +1]

gu(ty, ) VP +(E+Za/r) -1 ~iZaa (V1/r)]==b(ry-r).

(4.8)

With the introduction of Eq. (4.7), the matrix element of
Eq. (4.3) lends itself to considerable simplification and
can be written

) 27\ ~ _ .
Ma:zec,,<~—£—> fdrN ]ﬁ'(rN)CI)"(rN)I‘” fdrgE(rN, rjeikr

X[—2e* - V+efZ,sks|PT). 4.9)
In the Secs. IV.A.2-IV.A.4, the evaluation of M, and
related quantities is described and final results are pre-
sented for allowed and first-forbidden transitions. We
note that the differential transition rate is determined
by the usual formula of time-dependent perturbation
theory (Fermi’s “Golden Rule No. 2”) and is given by

aw o =(2m)~° [Mo|*0(E, +k ~q,) dP, dk, (4.10)

where ¢4, =@ — B, has been introduced to represent the
total available energy, shared between the photon and
the neutrino.
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2. IB spectra from allowed transitions

For allowed transitions, the lepton functions of r, are
usually replaced by their values at ry, =0. However, one
must exercise some caution in doing this since the Cou-
lomb Green’s function gz(ry, r) is known to be weakly
singular at ry=0. To get around this difficulty it is
necessary to take account of the fact that the electron-
capture interaction actually takes place over a finite
nuclear volume, by averaging the Green’s function over
this volume.'” This averaged Green’s function will be
denoted by {gx(ry,r))o. Thus for allowed transitions
the matrix element of Eq. (4.9) is simplified to

_ 2m\1/2 NFV —iker
My=ieC,( ) " THEY )L, [ dr (galry, 1)) 0e

X[—2e* + V+eiZ \sks|Pu(r), (4.11)

where the nuclear electron-capture transition current
has been introduced, defined by Jj = fdrN j¥(ry). A non-
relativistic approximation for the nuclear motion leads
to Jy =(ix{0), (1)), where (1) and (o) are the familiar
matrix elements associated with Fermi and Gamow—
Teller transitions.

a. Coulomb-free theory

The earliest theory of IB spectra in allowed transitions
was developed independently by Mgller (1937a) and by
Morrison and Schiff (1940).'® This theory is presently
of interest because of its simplicity and because it
yields IB spectra that are accurate at high photon ener-
gies. The more sophisticated theory developed later by
Glauber and Martin (1956) may be viewed as providing
correction factors for the basic results.

Morrison and Schiff (1940) simplified the problem by
neglecting the momentum (and binding energy) of the
initial electron and by neglecting the influence of the
Coulomb field on the intermediate electron states. The
first of these assumptions is only valid when the recoil
momentum of the electron after photoh emission greatly
exceeds its initial momentum (of average value Za).
The second approximation consists of assuming a Born-
approximation treatment of the intermediate states. For
its validity, this approximation requires that Za/v<1,
where v is the velocity of the electron after photon emis-
sion. It is evident that both approximations restrict the
results to photons in the high-energy region where % is
much larger than Za.

Ignoring the Coulomb field in the intermediate states
amounts to using the free-particle relativistic Green’s
function found by solving Eq. (4.8) with Z=0. The ini-
tial momentum of the electron is neglected by approxi-
mating its wavefunction by a constant, equal to the value
of the wavefunction at the origin. Under these approxi-
mations, the calculation of the matrix element of Eq.

"For a possible exception to this statement, see Smirnov
and Batkin (1974).

18ynfortunately, Mgller’s work is much less well-known than
that of Morrison and Schiff. Thus the theory has come to be
known by the names of the latter authors. Yet it was Mdller
who first envisaged IB as arising from the emission of a vir-
tual positron, followed by its single-quantum annihilation with
one of the K electrons.
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(4.11) is greatly simplified and leads to the result
M, =ieC,(m/2k%) 2INE" (0) I} 12 y sk 5B,4(0) . (4.12)

It is important to note that as a consequence of ne-
glecting the momentum of the initial electron, radiative
electron capture from an initial electron state of non-
vanishing angular momentum is forbidden. Both the
electric and magnetic contributions to the IB radiation
vanish under these circumstances; this is immediately
evident from the structure of the matrix element of Eq.
(4.12).

When Eq. (4.12) is substituted into Eq. (4.10) and the
appropriate momentum and spin summations are com-
pleted, the IB spectra associated with #s-state capture
are found to be

duw,, = 2 c2 v < JV*| @, (0)|2(q,, — k)2 dk
ns n2 v ns qns ) .
The ratio of the radiative capture rate to that for ordi-
nary K capture is

(4.13)

duy, o [B,0(0)]2 K(dpe— )
ns - — dk . 4.14
we 1 [2,00F % (4.14)

Hence the total radiative capture rate per K-capture
event is
s =_1_f Ays g @ i |25 (O (40
wy  wg Jy dk T 12 [®,(0)]2 \q,,/ "
(4.15)
More generally, if only photons with 2 =&, are detected,

the integrated radiative capture rate per K-capture event
is given by

Uhs(Ry) | 1 fﬂv_ dk
Wy Wg Jp, dk

w’ﬂ
=w—; [4(1_ko/qns)3—3(1_ko/qns)4.l' (4-16)
For radiative K capture in particular, these formulas
are simplified. The IB spectrum then is

dw
e =2 g2 e(1- e,

o (4.17)

where we have €=k/q,,. The total radiative K-capture
rate is

Wy _ @ s
Wy 7 12 ° (4.18)

Equations (4.17) and (4.18) were first derived by Mdller
(1937a) and by Morrison and Schiff (1940).'°* The more
general results for arbitrary s-state capture [Egs.
(4.14) and (4.15)] were first reported by Glauber and
Martin (1956).

b. Theory of Glauber and Martin

The results of the Coulomb-free theory of Mgller
(1937a) and Morrison and Schiff (1940) are expected to

Bwinter (1957) has shown how to construct a simple classi-
cal model for radiative K capture which correctly predicts the
low-energy portion of the IB spectrum [Eq. (4.17)] and, to
within a factor of In2, the total radiative capture rate [Eq.
(4.18)]. Neither the high-energy portion of the IB spectrum,
however, nor the IB angular distribution are correctly given
by the model.
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hold only for large 2 and small Z; otherwise it is essen-
tial to include Coulomb effects in the evaluation of the
matrix element M,. Such calculations, in which account
is taken of both relativistic and Coulomb effects, have
been reported by Glauber and Martin in two well-known
papers.

In their first paper on the subject, Glauber and Martin
(1956) developed the general formalism for allowed tran-
sitions (Sec. IV.A.1) and evaluated M, to a relative ac-
curacy of order Za for both s- and p-state capture.
Certain relativistic corrections that are important for
s -state capture at low energies were also calculated.

In their second paper, Martin and Glauber (1958) de-
veloped more elaborate methods which make detailed
calculations possible in which relativistic and Coulomb
effects are included to all orders in Za. These results
lead to certain integrals which cannot be evaluated ex-
actly in closed form or tabulated easily. To obtain nu-
merical results, Martin and Glauber developed Za ex-
pansions for these integrals and carried out their evalu-
ation to a relative accuracy of order (Z«a)?. This limita-
tion on their otherwise exact results for radiative K
capture has been removed recently, however, by Inte-
mann (1971), who has shown how to evaluate the inte-
grals exactly using partly numerical methods. We
briefly outline this theory and summarize its final re-
sults.

Nonvelativistic calculations. For moderately light
nuclei it is expected that the initial electronic states
can be described adequately by nonrelativistic Coulomb
wave functions, especially for capture from the higher
shells. In view of the greater complexity attendant to
the use of Dirac—Coulomb wavefunctions, it is natural
that nonrelativistic calculations be considered first. In
general, these are expected to yield results with a rela-
tive accuracy of order Za. In order to preserve this
level of accuracy at all photon energies, however, it is
necessary to employ somewhat more accurate wavefunc-
tions, correcting for certain relativistic effects which
have a pronounced influence on the low-energy portions
of the s-state spectra (Glauber and Martin, 1956).

A particular advantage of introducing the second-order
Green’s function is that, consistent with the use of non-
relativistic wavefunctions, an approximate Green’s
function g4(ry, r) can be employed,?® which has a par-
ticularly simple structure. This Green’s function, ob-
tained by neglecting the (Za/7)? and Zaa - (V1/7) terms
in Eq. (4.8) and solving the resulting equation, has been
studied in considerable detail by Glauber and Martin
(1956). In particular, g4(0,7) has been shown to possess
the integral representation®

gE’(O,7f)=(;L/27T,)e"”’f dss~"(1+s)"e"2H7S (4.19)
0

NBecause g#(ry,r) is well behaved as ry— 0, it is unneces-
sary to average it over the nuclear volume.

210f greatest interest are those electron-capture transitions
for which competing positron emission is energetically impos-
sible. Then we have k< 2~ B, and | E| <1. In this case, the
Green’s function cannot represent a freely propagating wave.
Rather, it decreases rapidly with distance from the nucleus
and has a range which depends on %.
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where w=(1-E?)!/2 and n=ZaE/ .

(i) s-state vadiative capture. For radiative capture
from an s state, the contribution to M, from the e*-V
term vanishes from symmetry considerations; when
terms of order Z o are neglected, the remaining contribu-
tion canbe evaluated using only very generalproperties of
the Green’s function.?? Final results for the transition
rates are identical with those of the Coulomb-free theo-
ry [Eq. (4.14) et seq.]. The calculations of Glauber and
Martin (1956) reveal, however, that the range of validi-
ty of the Coulomb-free theory is much greater than
could have been anticipated on the basis of the calcula-
tions of Mgller (1937a) or Morrison and Schiff (1940).
Indeed, it was established by Glauber and Martin (1956)
that the Coulomb-free theory yields results for the IB
spectra associated with s-state capture which are for-
mally correct to order Za for all photon energies. It is
also true, however, that for the low-energy portion of
s-state spectra, the factor of Za is partially compensa-
ted by an increased probability of radiation. Conse-
quently, in order to obtain results for which the actual
error is not greater than order Za, it is necessary to
carry the calculations to the next order in Z« and omit
only those terms which are actually of order Za or less.
Glauber and Martin (1956) accomplished this by means
of a Foldy—Wouthysen transformation applied to the
Dirac—-Coulomb wavefunctions and Green’s function.
The result, valid for n<2 and k <Zq, is

M, =1eC ,(1/2k%) 2T ¥ &7 (0)

XT,[Z-e*xk+ika-e*B,]2,(0). (4.20)
The function B, (k) is defined by
— 2 (1) d
B, =1eggrs [ drel0,rr Zan (), (42D

where g{’(0,7) is the p-wave contribution to the partial-

wave expansion of the approximate Green’s function
glE(rN, I‘), g%(rlv’ r) = gg(oy 7’) +g,§1)(0, V)rN *r+ -+ -. The
transition rate is calculated as before, with the result

dwn5=<dw,,s> R
Wy Wy Jor

@ 19, (0)12 k(g,y — B

T TR, O g, Rasdk

ns *

(4.22)

The correction factor R, (k), which describes the modi-
fication of the Coulomb-free result brought about by in-
clusion of the most important relativistic and Coulomb
effects, is defined by

R, (R) =3(1+B2).
The evaluation of the functions B, (k) has been de-
scribed in great detail by Glauber and Martin (1956).
Here we quote only the final results,

UM {

-1 4 , m
B(k)=1-5 T }‘1 A m)[z K(,) - 1]}, (4.24)

(4.23)

with X, =(1-n,)/(1+n,), and

22In this approximation, Glauber and Martin neglect the re-
tardation factor e®®°* for photon energies < Za. This approx-
imation is discussed further and a calculation of the 1s-state
capture spectrum of 3’Ar in which this approximation is not
made is given by Paquette (1962).
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with x,=(2 -1,)/(2+7,). The function K(A) is

Laxx=m

K()\)=K A m. (4.26)

For the purpose of evaluation, K(\) can be represented
conveniently by the rapidly converging series expansion

Z (=)

KQX)=1In(1 +2) - HerE

(4.27)
In arriving at these final results, advantage has been
taken of the fact that E may be set equal to one in the
correction term, so that n=Za/u. Consequently the
two parameters Z and &, upon which the functions B,
depend, enter only in the single combination n# which, in
the present approximation, is given by n,=(1+k/B,;)"/?
for 1s-state capture and by n,= (3 +k/B )"/ for 2s-
state capture. Here, B, is the ls-state binding energy.
This simplification greatly facilitates tabulation of final
results.

With the aid of Eq. (4.27), we have evaluated Eq.
(4.24) and Eq. (4.25) numerically (Tables XXII and

_ XXIII). Although for energies not greatly exceeding the
binding energy, B, (k) increases quite rapidly from its
value of zero at =0, the function approaches its as-
ymptotic value of unity quite slowly. The correction
factor R, (k) therefore remains substantially less than
unity, even at energies very much larger than the bind-
ing energy. Like R, (k), R, (k) also slowly approaches
unity for large 2. Unlike B, (k), however, B, (k) does
not go to zero as k approaches zero; rather, as may be
shown analytically, B, (0) =-%.

The functions B, (k) for n=3 can be evaluated simi-
larly. However, the contributions to radiative electron
capture from ns states with =3 can usually be neglec-
ted entirely, compared with contributions from 1s and
2s states. For example, according to the above results
the 3s-state intensity is only ~4% of the 1s-state in-
tensity; when screening effects are taken into account,
its contribution is reduced even more.

(ii) p-state radiative capture. From the calculations
of Morrison and Schiff (1940) it can be concluded that
the p-state capture contribution to the IB spectrum is °
negligibly small for 2> Za. As the calculations of
Glauber and Martin (1956) bear out, however, the p-
state intensity becomes quite appreciable for 2 <Za and
indeed exceeds the s-state spectrum over a large part
of this range. Discussion of p-state radiative capture
can therefore be restricted to photon energies k<Za.
In this energy region, the transition matrix element can
be reduced to

2

M,,=—2ieC <k

) Jﬂ’@"’(O)Fufdrgg(O,'r)e*-V@m,(r)
(4.28)

when terms of order Za are neglected. It is clear that
the IB radiation associated with p-state capture is dis-
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tributed isotropically.

Since the three np-state wavefunctions transform like
the components of a vector under rotations, one of them
can conveniently be chosen to be the component in the
direction of e. The remaining two component states
then do not contribute to the matrix element, and a sin-
gle calculation takes into account the contributions from
all three magnetic substates. On this basis, the matrix

element can be written
M,,=~2ieC (Za/k) 2T N &7 (0)T, X,yQ@np»s

where X, is the spin part of the np-state wavefunction,
and the integral @,,(k) is

(4.29)

Q,,(k) = < > f drg(0,7)e* - V&, (r). (4.30)

The transition rate is calculated as before, with the re-
sult

War - QL g, (4.31)

Evaluation of the integrals Q,,,,(k) is similar to that of
B, (k) and has also been described in detail by Glauber
and Martin (1956). The final results are
(4.32)

sz(k) W[l*‘i’»nz 12772 3772K(7\2)]

and

Q;(R) = ﬁ Az 2/9)3 {1 =ny/3)[1 +n; - 2(n,/3)* — 8(n,/3)° ]

+En2(1 - n2/3)K (N, (4.33)

where 1,=(1/9 +k/B )"}/, all other quantities having
been defined previously. Evaluation of Egs. (4.32) and
(4.33) yields the results shown in Table XXIV.

(iii) Resulis. To illustrate the results of the theory of
Glauber and Martin (1956), the predicted spectra as-
sociated with 1s-, 2s-, 2p-, and 3p-state radiative capture
in ®*Fe have been plotted in Fig. 31. As stated, terms
of order Za were neglected, introducing an error of
~20% for 5°Fe. It is evident from Fig. 31 that the s-
state spectra do not differ greatly in form from the sim-
ple (g, — %)? shape predicted by the Coulomb-free theo-
ry. Figure 31 also shows the existence of very intense
p-state spectra at low photon energies. Indeed, p-state
contributions to the IB spectrum become more dominant
with increasing charge and decreasing available ener-
gy.

For states of still higher orbital angular momentum,
the radiative capture probability is expected to be much
smaller than for capture from s or p states, because
the probability of finding the electron in the neighbor-
hood of the nucleus is smaller and the radiation is of a
higher multipole order than the predominantly M1 and
E1 radiation associated with s- and p-state radiative
capture, respectively. Indeed, within the framework
defined by the approximations used in treating p-state
capture, the transition amplitude for radiative capture
from a state of orbital angular momentum >1 vanishes.

Relativistic calculations. The preceding calculations
were intended to provide results with a relative accura-
cy of order Za. To achieve even this level of accuracy
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TABLE XXII. The function By, (k) given by Eq. 4.24), and the associated relativistic correction factor Ry  (¢), for various values
of the photon energy k£, measured in units of the K -shell binding energy By = (Za)¥/2.

k B (k) R (k) k B (k) R5(k)
1.0 0.2745 0.5377 9.5 0.6466 0.7090
1.1 0.2898 0.5420 10.0 0.6537 0.7137
1.2 0.3042 0.5463 11.0 0.6668 0.7223
1.3 0.3175 0.5504 12.0 0.6784 0.7301
1.4 0.3300 0.5545 13.0 0.6888 0.7372
1.5 0.3418 0.5584 14.0 0.6982 0.7438
1.6 0.3529 0.5623 16.0 0.7146 0.7554
1.7 0.3634 0.5660 18.0 0.7285 0.7654
1.8 0.3733 0.5697 20.0 0.7405 0.7742
1.9 0.3828 0.5733 22.0 0.7510 0.7820
2.0 0.3917 0.5767 24.0 0.7602 0.7890
2.1 0.4003 0.5801 26.0 0.7685 0.7953
2.2 0.4084 0.5834 28.0 0.7759 0.8010
2.3 0.4162 0.5866 30.0 0.7826 0.8063
2.4 0.4237 0.5897 35.0 0.7970 0.8176
2.5 0.4308 0.5928 40.0 0.8089 0.8271
2.6 0.4377 0.5958 45.0 0.8188 0.8352
2.7 0.4443 0.5987 50.0 0.8272 0.8422
2.8 0.4506 0.6015 60.0 0.8411 0.8537
2.9 0.4567 0.6043 70.0 0.8520 0.8629
3.0 0.4626 0.6070 80.0 0.8609 0.8706
3.2 0.4738 0.6122 90.0 0.8683 0.8770
3.4 0.4842 0.6172 100.0 0.8747 0.8825
3.6 0.4940 0.6220 120.0 0.8850 0.8916
3.8 0.5032 0.6266 140.0 0.8930 0.8988
4.0 0.5118 0.6310 160.0 0.8996 0.9046
4.2 0.5200 0.6352 180.0 0.9051 0.9096
4.4 0.5278 0.6393 200.0 0.9097 0.9138
4.6 0.5351 0.6432 220.0 0.9138 0.6175
4.8 0.5421 0.64170 240.0 0.9173 0.9207
5.0 0.5488 0.6506 260.0 0.9204 0.9236
5.5 0.5642 0.6592 280.0 0.9232 0.9261
6.0 0.5780 0.6670 300.0 0.9257 0.9285
6.5 0.5905 0.6743 350.0 0.9310 0.9334
7.0 0.6018 0.6811 400.0 0.9354 0.9374
7.5 0.6122 0.6874 450.0 0.9389 0.9408
8.0 0.6218 0.6933 500.0 0.9420 0.9437
8.5 0.6307 0.6989 700.0 0.9508 0.9520
9.0 0.6389 0.7041 1000.0 0.9586 0.9595

requires that some consideration be given to relativis-
tic effects when treating radiative capture from s states.
The importance of relativistic effects in s-state cap-
ture, even for moderately light nuclei, is primarily due
to the fact that such transitions involve a spin flip, a
process which results in large photon energies, and
hence in a relativistic recoil by the electron. Further-
more, a nonrelativistic calculation does not take ac-
count of paths that involve virtual positron emission
and neglects electron capture through intermediate p
states, a path made possible by spin-orbit coupling.
The results described above are usually adequate to
determine the IB spectra of moderately light nuclei for
photon energies that are small compared with the elec-
tron rest energy. For heavy nuclei or large photon en-
ergies, these results are wholly inadequate. Martin
and Glauber (1958) therefore developed a more general
theory, taking full account of relativistic and Coulomb
effects. The nonrelativistic results indicate that rela-
tivistic and Coulomb effects to all orders in Za are
most important in radiative capture from 1s states,
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hence Martin and Glauber (1958) applied their full theo-
ry to this specific calculation.

It should be noted that Yukawa (1956) has also at-
tempted a fully relativistic calculation of the K-capture
IB spectrum. Yukawa found it necessary, however, to
introduce an approximation in constructing a usable
form for the relativistic Coulomb Green’s function; it
is not entirely clear how reliable this approximation is.
The results of Yukawa (1956) are at least as complica-
ted as those of Martin and Glauber (1958) and have the
serious drawback of being inapplicable to heavy nuclei.
For these reasons, we do not discuss Yukawa’s calcula-
tions further.

(i) 1s-state vadiative captuve. The starting point for
the fully relativistic calculations of Martin and Glauber
(1958) is the general expression (4.11) for the allowed-
transition matrix element. To evaluate this matrix ele-
ment exactly within the one-electron Coulomb approxi-
mation, appropriate forms for &, and g(ry, r) must
first be introduced. For &, ., the usual ground-state
solution of the Dirac equation for an electron moving in
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TABLE XXIII. The functions B, (k) given by Eq. (4.25), and the associated relativistic correction factor R, (k), for various values

of the photon energy%, measured in units of the K -shell binding energy By = Za)¥/2.

k Bas (k) RyslR) k Bos(®) Rys (k)
1.0 —.0439 0.5010 9.5 0.6000 0.6800
1.1 —.0069 0.5000 10.0 0.6093 0.6856
1.2 0.0262 0.5003 11.0 0.6262 0.6960
1.3 0.0561 0.5016 12.0 0.6410 0.7054
14 0.0832 0.5035 13.0 0.6541 0.7139
1.5 0.1080 0.5058 14.0 0.6659 0.7217
1.6 0.1308 0.5085 16.0 0.6861 0.7354
1.7 0.1518 0.5115 18.0 0.7031 0.7471
1.8 0.1713 0.5147 20.0 0.7175 0.7574
1.9 0.189%4 0.5179 22.0 0.7299 0.7664
2.0 0.2063 0.5213 ° 24.0 0.7409 0.7744
2.1 0.2222 0.5247 26.0 0.7505 0.7817
2.2 0.2371 0.5281 28.0 0.7592 0.7882
2.3 0.2511 0.5315 30.0 0.7670 0.7942
2.4 0.2644 0.5349 35.0 0.7836 0.8070
2.5 0.2769 0.5383 40.0 0.7970 0.8176
2.6 0.2888 0.5417 45.0 0.8082 0.8266
2.7 0.3001 0.5450 50.0 0.8177 0.8343
2.8 0.3109 0.5483 60.0 0.8331 0.8470
2.9 0.3211 0.5516 70.0 0.8451 0.8571
3.0 0.3309 0.5547 80.0 0.8549 0.8654
3.2 0.3492 0.5610 90.0 0.8630 0.8723
3.4 0.3661 0.5670 100.0 0.8698 0.8783
3.6 0.3816 0.5728 120.0 0.8809 0.8880
3.8 0.3960 0.5784 140.0 0.8896 0.8957
4.0 0.4094 0.5838 160.0 0.8966 0.9019
4.2 0.4220 0.5890 180.0 0.9024 0.9071
4.4 0.4337 0.5940 200.0 0.9073 0.9116
4.6 0.4447 0.5989 220.0 0.9115 0.9155
4.8 0.4551 0.6036 240.0 0.9153 0.9188
5.0 0.4649 0.6081 260.0 0.9185 0.9218
5.5 0.4872 0.6187 280.0 0.9214 0.9245
6.0 0.5068 0.6284 300.0 0.9241 0.9270
6.5 0.5243 0.6375 350.0 0.9296 0.9321
7.0 0.5400 0.6458 400.0 0.9341 0.9363
7.5 0.5542 0.6536 450.0 0.9379 0.9398
8.0 0.5672 0.6608 500.0 0.9410 0.9427
8.5 0.5790 0.6676 700.0 0.9501 0.9513
9.0 0.5899 0.6740 1000.0 0.9582 0.9590

the Coulomb field of a nuclear charge Ze is chosen.
For the exact second-order Green’s function g,(ry, r),

Martin and Glauber (1958) constructed an eigenfunction tions
expansion from the solutions of Eq. (4.8). The small-

ness of the nuclear radius (2u7, <107%) allows some Mls=z—e—%<%>

simplification. The region occupied by the nucleus may

be safely neglected in integrating over r, and those

functions in the Green’s-function expansion which de-

pend on ry can be replaced by the first term in their
power-series expansion. The errors associated with
the use of this simplified form of the exact Green’s func-

tion are expected to be no greater than ~1073,
Using the above representations, Martin and Glauber by

J @008 (0)

xT,[A,Z - e*xXk +ikB, a-

(1958) calculated the transition matrix element for al-
lowed radiative K capture without further approxima-

(4.34)

The particular angular-momentum substate of the initial
K electron is represented through the spin function x*
=(%"), where x* are the usual two-component Pauli

spinors, and the integrals A, (k) and B (k) are defined

S = . a? §,(Br)2a®  j,(k¥)2a®
Ass(R) = _—‘__'f d"fo dslj"(klr)[1+3(>\1+1)2J_k7(7x1+1)z 30+ 1)

e+

Bls(k)"rg;:)f;uf de ds{ °(k7)[ -

30, +1)<27‘%> Eﬁz‘ﬁf]

. 4a
”2(’”’)[ 30y, + 1) (E* 2%
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a (3- 27\1)> 2a?
T3(h,+1)2

-nn -1 N+Ay =1 2Ay o= (251 7 ,=ar
"1 4+ 8)" ML (2 ur) e e" ",

(4.35a)

]}S"’”‘L'l(l +S)"+7‘1'1(2 [J.’i’)mle' (2s+1)u Temar,

(4.35b)
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TABLE XXIV. The functions @y,(k), given by Eq. (4.32), and Q3,(k), given by Eq. (4.33), for various values of the photon energy
k , measured in units of the K -shell binding energy BK=(Za)2/2.

k Qyp(R) Q@3p (%) k Qyp(R) Q3p(R)
1.0 1.5215 1.7104 6.4 0.0548 0.0326
1.1 1.0737 ) 0.9070 6.6 0.0528 0.0314
1.2 0.8259 0.6183 6.8 0.0510 0.0303
1.3 0.6690 0.4691 7.0 0.0492 0.0292
1.4 0.5608 0.3778 7.2 0.0476 0.0283
1.5 0.4819 0.3161 7.4 0.0460 0.0273
1.6 0.4219 0.2715 7.6 0.0446 0.0265
1.7 0.3747 0.2379 7.8 0.0432 0.0257
1.8 0.3367 0.2115 8.0 0.0419 0.0249
1.9 0.3055 0.1903 8.2 0.0407 0.0242
2.0 0.2793 0.1729 8.4 0.0396 0.0235
2.1 0.2572 0.1584 8.6 0.0385 0.0229
2.2 0.2382 0.1460 8.8 0.0375 0.0223
2.3 0.2217 0.1354 9.0 0.0365 0.0217
2.4 0.2072 0.1262 9.5 0.0343 0.0204
2.5 0.1945 0.1181 10.0 0.0323 0.0192
2.6 0.1832 0.1110 10.5 0.0305 0.0181
2.7 0.1731 0.1047 11.0 0.0289 0.0172
2.8 0.1640 0.0990 11.5 0.0275 0.0163
2.9 0.1557 0.0939 12.0 0.0262 0.0155
3.0 0.1483 0.0893 ) 12.5 0.0250 0.0148
3.2 0.1352 0.0813 13.0 0.0239 0.0142
3.4 0.1242 0.0745 13.5 0.0229 0.0136
3.6 0.1148 0.0688 14.0 0.0220 0.0131
3.8 0.1067 0.0639 14.5 0.0212 0.0126
4.0 0.0996 0.0596 15.0 0.0204 0.0121
4.2 0.0934 0.0558 15.5 0.0196 0.0117
4.4 0.0879 0.0525 16.0 0.0190 0.0112
4.6 0.0830 0.0495 16.5 0.0183 0.0109
4.8 0.0785 0.0468 17.0 0.0177 0.0105
5.0 0.0746 0.0444 17.5 0.0172 0.0102
5.2 0.0709 0.0423 18.0 0.0166 0.0099
5.4 0.0677 0.0403 18.5 0.0161 0.0096
5.6 0.0647 0.0385 19.0 0.0157 0.0093
5.8 0.0619 0.0368 19.5 0.0152 0.0090
6.0 0.0594 0.0353 ’ 20.0 0.0148 0.0088
6.2 0.0570 0.0339
1.6 T T T T T T T T
. 1.4 - 1
N‘)
£
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In Egs. (4.35), the previous definitions of u and 1 have
been retained, and we have a=Za and A, =(1 —a?)'/?
=E,,.
The energy spectrum of the IB, calculated as before,
is
dwls =g k(qls - k)z
wK m qis

This expression is the same as Eq. (4.22) for 1s cap-
ture, except that R, (k) is defined by

R, (k) =3(A% +B2), (4.37)

with A (k) and B, (k) given by Egs. (4.35). Unfortunate-
ly, the integrals appearing in Eqs. (4.35) cannot be
evaluated exactly analytically in closed form and depend
separately on Z and &, rather than on the single com-
bined parameter 2/(Za)? as do the integrals B,; and Q,,
discussed earlier.

A number of limited and, in most cases, approximate
analytic results for A, and B, are reported by Martin
and Glauber (1958). For example, Eqgs. (4.35) can be
simplified, transformed, and expanded if one neglects
terms of order (Za)? or smaller and the remaining con-
tribution to B, (k) from the j,(k7) term. The results are

R, dk. (4.36)

A (R)=Im[2/(p+a-ik)+(Mu/R)(\, +ia)C], (4.38a)
B (k)= A (k)(1+5a%/k) - %(a/k) Im ¥, (4.38D)
where
_ L+a+ik < 1 a+ik - p\”
£=2 [1n<——2u >+n;n(n—n) <a+ik+“> } ,‘(4'39)

Because of the underlying approximations, these ex-
pressions are expected to hold well only at low photon
energies and for elements which are not too heavy.

For k=1, it is feasible to expand the Green’s function
and the initial-state wavefunction in powers of Z .
Carried to first order in Za, such expansions yield

A (B)=1- Za{kﬁ';z (1 —%) tan“(%)} ,

Bls(k)=1—Za{£— <1+%>+2< _%)tan'l(%)}.\ (4.40b)

For three particular photon energies, more accurate
results can easily be obtained because of special cir-
cumstances which simplify the calculation in each case.
In the neighborhood of =0, A, and B, are given, exact
to all orders in Za, by

(4.40a)

Als(k) = [(2)‘1 + 1)/3](1 - k)’
B, () =0+ 0(/Za).

(4.41a)
(4.41b)

The integrals can be evaluated conveniently to second
order in Za for k=X, (n=0),

A R)=1-Za+m(Za)?*/4, (4.42a)

B, (r)=1-2Za+(4—1/2)(Za)?, (4.42D)
and for =1+x, (u=0),

AR =1-1Za/2+2(Za)?, (4.43a)

B, (k)=1-31Za/4+9(Za)?/2. (4.43b)

Rev. Mod. Phys., Vol. 49, No. 1, January 1977

These approximate results are expected to be fairly
reliable for the lighter elements. In general, however,
it is necessary to resort to numerical procedures. The
above results are still of interest, though, since they
provide a valuable check on the accuracy of numerical
computations.

A relatively simple procedure for obtaining exact nu-
merical results for A, and B, for arbitrary 2 and Z
has been reported by Intemann (1971). The integration
over 7 in Eqgs. (4.35) is performed first, then the change
of variable x =s/(1 +s) is made in the remaining in-
tegrals. After algebraic reduction, one finds

A, (R)=C f et £, (4.44a)

B (k) =_2k(——lc-—TJj; dxx""“"l"fﬂ(x), (4.44Db)

where C = - (2)*171/[x,(2x, — 1)k?]. To define f, and fj,

it is convenient to introduce the definitions
Z=k%+(n+a)?,
€=2(p2-a*-k?%, o=a+p(l+x)/(1-x),
d=k%4+(u-a)?, O=tan™'(k/0),

s=2 +ex + 0x2,

whence f, and f; can be written

Falx) =[2kx,0 cos(21,0) — 02 sin(2X,0)]/s™, (4.45a)

fpx) =2kx0[a0 = 2a®+ (1 = \))k] cos(2r,0)
+{r2@x, = D[, = 1) - 2a% +ac]
+02[2a% = k(1 = 2,) —ao]}sin(2x,0)/s*1. (4.45b)

Now f, and fj are very slowly varying functions of x
over the entire range of integration, for all physical
values of £ and Z of interest. After an integration by
parts to remove the weak singularity in each of the in-
tegrands at x =0, the remaining integrals which appear
in A ; and B, thus can easily be evaluated numerically.
The correction factors R, (k), evaluated exactly in this
manner for several nuclides of interest, are displayed
in Fig. 32.

It is considerably easier to evaluate A, and B, by
means of the low-% approximation [Egs. (4.38) and
(4.39)] or the high-% approximation [Eqs. (4.40)], than
to employ the exact results [Eqs. (4.44)]. Therefore it
is of interest to compare the functions R, (%) obtained
in these three ways, in order to assess the circum-
stances under which either of the approximate results
can be employed without significant error. We have
evaluated R, (k) exactly and in the high- and low-% ap-
proximations for three very different values of Z. The
results, shown in Fig. 33, are indistinguishable for
very small Z over almost the entire energy range. For
intermediate Z, the low-k approximation fits the exact
curve quite well, even in the high-energy region where
it does better than the high-k approximation. For large
Z, neither approximation fits the exact result very well,
and both approximations are totally wrong in their de-
scription of the low-energy behavior of R, (k).

To compare the various calculations and indicate the
importance of relativistic and Coulomb effects, we have
plotted in Fig. 34 the 1s-state radiative capture spectra
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0.8

FIG. 32. Relativistic correc-
tion factor R, (R), according to
the exact results of Martin and
Glauber (1958) and Intemann
(1971).
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predicted for the moderately light nucleus %°Fe. It is
evident from Fig. 34 that the shape of the 1s spectrum
is not substantially altered by the inclusion of relativi-
stic and Coulomb effects, but that the overall intensity
experiences a very significant reduction. As is to be
expected for a moderately light nucleus, the results of
the exact calculation (MG) and that in which terms of
order Za are neglected (GM) agree fairly well. There
will be no such agreement for heavy nuclei or for pho-
ton energies k= 1.

(ii) L- and M-shell vadiative capture. Although Mar-
tin and Glauber (1958) limited their fully relativistic
calculations to ls-state capture, their relativistic theo-
ry provides an equally valid basis for describing radia-
tive capture from an arbitrary atomic shell. The gen-
eral results of such a calculation are given by Zon
(1971). The complexity of the expressions has pre-
cluded the derivation of analytical results; not even ap-
proximate results have been derived in which only
terms through first order in Za are retained. Zon
(1971) does, however, report the construction of a com-
puter program which permits numerical evaluation of
the amplitude for radiative capture from the L and M

1
0.6 0.8 1.0 1.2 1.4 1.6 1.8
k (UNITS OF mc/h)

shells, although few details are given and the only spec-
tra reported in Zon’s paper are those for °Er (Fig.
35).

Two general features of the *Er spectra are worth
noting since they undoubtedly will be exhibited by the
radiative capture spectra of other nuclei as well. A
resonance in the 2s-state capture spectrum appears
which is associated with a forbidden 2s-1s atomic
transition. This resonance is quite sharp and therefore
modifies the result of Glauber and Martin (1956) only
in the binding-energy region. Elsewhere, the results
of Zon (1971) and of Glauber and Martin (1956) are in-
distinguishable. Also to be noted are the modifications
of the p-state spectra brought about by the inclusion of
all relativistic and Coulomb effects. While these modi-
fications appear to be only slight for capture from 3p
states, they are quite important for the 2p-state spec-
trum (at least for heavy nuclei). In the case of *°Er,
they cause a reduction by a factor of ~2 in the overall
intensity of the 2p-state spectrum. There is, however,
no appreciable change in the form of the p-state capture
energy distributions.

Some years ago it was suggested by Koh ef al. (1962),

FIG. 33. Comparison of sev-
eral theoretical results for the
relativistic correction factor
R (k). The exact result is de-
duced from Egs. (4.44) and
(4.45), the low-k expansion,
from Eqs. 4.38) and 4.39),
and the high-%Z approximation,
from Eq. 4.40).

EXACT RESULT
—=====~LOW k EXPANSION

—-=——-=—HIGH k APPROXIMATION
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FIG. 34. K-capture IB spec-
trum for 5°Fe according to the
theories of Morrison and Schiff
(1940) (MS) [Eq. (¢.14)], Glau-
ber and Martin (1956) (GM)
[Eq. (4.22)], and Martin and

B Glauber (1958) (MG) [Eq.
(4.36)] . GM includes relati-
vistic effects to lowest order

. in Z«, while MG is fully rela-
tivistic.
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and again by Koh (1965), that the IB spectrum posses-
ses a cusp-shaped irregularity in the neighborhood of
the positron threshold. To confirm this idea, Zon and
Rapoport (1968) carried out extensive calculations.
Their results, accurate to order (Za)?, show that the
form factor for radiative K capture varies continuously
in this region, and thus, there is no such anomaly in
the predicted spectrum at this level of accuracy.
Influence of uncaptured atomic electvons. In all of
the foregoing calculations, only the electron which un-
dergoes radiative capture is considered, and the pres-
ence of all other atomic electrons has been ignored.
We now consider how, and to what extent, the one-elec-

3-10% we
T 1 T T T T
\
08 \
’ \
2p
\ \
0.6~ 3P\ \
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0.4 \ \ \
B F \ \
1S \ N
N
o2}
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\ ~_
T T ==
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FIG. 35. IB spectra for radiative capture from various atomic
shells of ‘®Er. The solid curves represent the fully relativis-
tic results of Zon (1971), while the dashed curves are deduced
from the results of Glauber and Martin (1956). [After Zon
@1971)].

Rev. Mod. Phys., Vol. 49, No. 1, January 1977

tron results are modified when the presence of the re-
maining atomic electrons is taken into account.

Screening covvections. Screening by the remaining
electrons affects the amplitude for radiative capture
both by altering the initial configuration of the electron
to be captured and by altering the probability amplitude
for an electron to reach the nucleus after the virtual
emission of a photon. To analyze these effects most
simply, Martin and Glauber (1958) employed an inde-
pendent-particle model in which the stationary states of
the individual electrons are determined as the self-con-
sistent-field solutions for the full many-body atomic
Hamiltonian. In this approximation, no further account
of the remaining electrons needs to be taken when the
radiative transition probability for a single electron is
calculated.

By far the more important effect of screening is the
modification of the wavefunction that describes the ini-
tial electronic state. This modification is quite similar
to that which occurs in ordinary electron capture, ex-
cept that the effective size of the region from which
c‘apture can occur is somewhat larger. In ordinary
electron capture, this region is determined by the nu-
clear radius, while in radiative electron capture it is
determined by the range of the Green’s function. For
photon energies of greatest practical interest, above
the binding energy of the initial electron and below the
threshold for positron production, the range of the
Green’s function is of the order of the electron’s Comp-
ton wavelength. While it is much larger than the nu-
clear radius, this range is still very small on an atomic
scale. Thus it is argued by Martin and Glauber (1958)
that a simple and seemingly reasonable procedure for
taking into account screening effects on the initial state
of an electron undergoing radiative capture is to multi-
ply the unscreened results for the radiative capture
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probability amplitude by the ratio of the screened to un-
screened initial-state wavefunctions, evaluated in the
neighborhood of the origin.

The second effect of screening, the alteration in the
structure of the Green’s function, is expected to be
quite small; this can be understood qualitatively from
the following considerations (Martin and Glauber, 1958).
Over the relatively small region defined by the range of
the Green’s function, the electron field is well approxi-
mated by the nuclear Coulomb field. Indeed, if the
electronic charge cloud associated with the remaining
atomic electrons did not penetrate this region at all,
its external presence would simply result in a shift in
the zero of energy and thus produce no physical effects.
For all but the lowest-energy photons, the range of the
Green’s function is so small that penetration of the
electronic charge cloud into the region defined by this
range is not expected to be appreciable, and therefore
no significant modification in the Green’s function is
expected. It should be emphasized, however, that this
reasoning is not valid for photon energies near the
binding energy, where the range of the Green’s function
becomes quite large and a more elaborate treatment of

. screening is required.

To establish in quantitative terms the accuracy of the
simple approximation scheme of Martin and Glauber
(1958), these authors carried out more extensive cal-
culations in which the screened Coulomb potential was
approximated by a Hulthen potential. The results of
these calculations indicate that the above conclusions
are quite well-founded. In particular, Martin and Glau-
ber (1958) calculated the screening corrections for the
2p state of Fe to lowest order in the Hulthen parameter.
The results were compared with unscreened results
multiplied by the ratio of the screened to unscreened
probability densities at the origin. At a photon energy
equal to the K-shell binding energy in Fe, the difference
between these two results was found to be ~20% (i.e., of
order Za), while at a photon energy three times as
large the difference is only ~2%. Thus it appears that,
except at very low photon energies (in the immediate
neighborhood of the K-shell binding energy), screening
effects can be taken into account satisfactorily by sim-
ply multiplying the unscreened rate for radiative cap-
ture. from the state a by the screening factor

Se=|®3(Ry) 2/ |® (R |3, (4.46)
where R is the nuclear radius.

From results of Brysk and Rose (1958) and available
Hartree calculations, Martin and Glauber (1958) have
constructed a graph of S, vs Z for initial states of in-
terest (see Fig. 36). It appears that the intensities of
the IB spectra for radiative capture from the L shell
are considerably reduced by screening effects and those
for radiative capture from higher shells become insig-
nificant.

If the intensities of the various IB spectra are nor-
malized to a single K-capture event, or to a single
electron-capture event, then only the ratios S,/S,, ap-
pear in the final formulae. To evaluate these ratios for
the most important case, the L shell, results of
Sec. II.B.2 can be used when a high degree of accuracy is
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FIG. 36.
(1958).

desired.?®* The ratios are

S _ |Gk g1 |? (4.472)

sls GL]_ 8k '
and

%P_: _GLE_Z_ z (4.47b)

Sis | Fr, 8k

Here, G, Gi,, and Fz, are the large components of the
unscreened Dirac wavefunction for the 1s, 2s, and 2p
states, respectively, evaluated at the nuclear radius of
a hydrogenic atom. The large components are denoted
by gx, &z,, and fi,, respectively, when the effects of
screening are included.

Plots of G4, Gz,, and Fi, for a point niucleus and cor-
rections for finite nuclear size are given by Brysk and
Rose (1958) (finite-nuclear-size corrections to the L -
shell screening ratios are always <1%).?* As discussed
in Sec. II.B.2 the ratios (gz,/g4)? and ( f1,/g1,)? have been
calculated by several authors; the most reliable results
being those displayed in Table IX. These ratios were
computed with a relativistic Hartree—Fock self-consis-
tent potential with allowance for finite nuclear size.

The procedure described above is but one possible way
in which screening effects can be treated. Alternatively,
Zon (1971) has included screening effects by employing
relativistic initial-state Coulomb wavefunctions with ef-
fective charges. These effective charges, as suggested
by work on internal conversion, were taken to be Z
=Z -0, with 0,=0.3, 0,=3.5, and 0,,=5. Zon (1971) has

A5 pointed out in Sec. II.B.2, the (gz,/gy)? ratios given in
Brysk and Rose (1958) deviate systematically from all other
reported calculations on screened electron wavefunctions.
However, these deviations, and the resulting uncertainties in
Fig. 36, appear to be never greater than about 5-6%. The
errors, of order Za, associated with the results of Glauber
and Martin (1956) for the 2s,2p,3p spectra are always much
larger (except for the special case of Be). Thus the results
displayed in Fig. 36 are more than adequate for present pur-
poses and, as a convenience, will be used to determine all
screening corrections in Sec. IV.B unless otherwise noted.

24An excellent summary of these results is given by Schopper
(1966).
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carried out several numerical calculations but does not
compare his results with those obtained by the simpler
procedure of Martin and Glauber (1958).

Exchange and ovevlap corvrections. All results de-
scribed so far, including screening corrections, are
based on independent-particle approximations and take
no account of exchange and overlap effects which result
from the many-particle nature of the atom (see also Sec.
II.E). Corrections for such effects have been applied to
the Martin-Glauber theory by Persson and Koonin (1972),
using a procedure analogous to that applied by Bahcall
(1962) to L/K electron-capture ratios. The calculations
of Persson and Koonin (1972) deal specifically with the
electron-capturing nucleus "Be, but are easily general-
ized.

It is found that, for electron-capture decays of "Be to
the 477-keV state of "Li, the predominant effect of ex-
change and overlap corrections is to increase the ratio
of 2s-state radiative capture to 1s-state radiative cap-
ture w,,/w, by a factor of 2.9. The ratio of the 1s-state
radiative capture rate to the total (K + L) nonradiative
capture rate w, ,/(w,+w;) is decreased by 7%. However,
the net effect on the ratio (w,,+w,,)/(wy+w;) is found to
be negligibly small (<1%). Changes in the shape of the
IB spectrum at energies above 50 keV are found to be
negligible.

Calculations of overlap and exchange effects in radia-
tive electron capture of 5'Cr and **Mn are reported by
Koonin and Persson (1972), who find that w,, /wls is in-
creased by 15% over the Martin—-Glauber predictions.
This increase is canceled, however, by a similar in-
crease in the corresponding ratio for nonradiative cap-
ture, so that the correction to the ratio (w,,+w,,)/
(wyg+w,) is again found to be insignificant (<0.5%).

3. IB correlation effects in allowed transitions ‘

- With the discovery of parity nonconservation in weak
interactions, interest in radiative electron capture
shifted to studies of those correlation effects whose exis-
tence requires a parity-violating interaction. Calcula-
tions on such phenomena were reported by Cutkosky
(1957), Koh et al. (1957, 1962), Berestetskii (1958),
Martin and Glauber (1958), Gandel’man (1959), Bloom
and Uretsky (1960), and Timashev and Kaminskii (1960).

Cutkosky (1957) first showed that a two-component
neutrino theory predicts that IB radiation will be cir-
cularly polarized. Terms of order Za were neglected
in Cutkosky’s calculations, but a determination of the
polarization of the IB associated with K capture, valid
to all orders in Za, was reported shortly thereafter by
Martin and Glauber (1958). Only the polarization of the
1ls-state contribution to the IB spectrum is considered
in these papers, yet it is evident from the results of Sec.
IV.A.2 that at low photon energies the contributions from
L- and M-shell radiative capture must also be taken in-
to account. For allowed transitions, this is easily ac-

complished using the theory of Glauber and Martin (1958).

More elaborate calculations, based on a generalization
of the Martin—Glauber theory, are reported by Zon
(1971), who lists numerical results for 3Ar.

The parity-nonconserving character of the weak inter-
action is also responsible for the existence of an aniso-
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tropy in the angular distribution of the IB radiation
emitted from oriented nuclei, as may be inferred from
the work of Cutkosky (1957). This makes IB angular-
distribution studies of interest as a potential source of
information on nuclear spin changes and the relative
magnitudes of the electron-capture nuclear matrix ele-
ments. The angular distribution of the IB emitted from
oriented nuclei during K capture was first calculated by
Timashev and Kaminskii (1960) and by Koh et al. (1962),
assuming a nonrelativistic description of the electronic
motion and neglecting all Coulomb effects of the inter-
mediate states of the electron. The results of these cal-
culations are quite simple, but they have proved inade-
quate to explain the experimental data at low photon en-
ergies, where both intermediate-state Coulomb effects
and the contributions from L- and M -shell radiative cap-
ture become important. More exact and extensive cal-
culations, based on the work of Glauber and Martin, have
been reported by Intemann (1971) and by Zon (1971).
While the existence of the IB correlation effects de-
scribed above depends on the parity-nonconserving prop-
erty of the weak interaction, a variety of other correla-
tion phenomena exist which could arise even if parity
were conserved. (From the point of view of testing weak-
interaction theory, these phenomena are of little inter-
est, but they can provide information on nuclear struc-
ture.) In particular, Koh et al. (1957, 1962) have stu-
died the correlations between the direction of nuclear
spin, the momentum of the IB photon, and the momen-
tum of a subsequent nuclear y ray, and have reported
detailed results on the correlation between the directions
of the IB photon and the nuclear y ray. These calcula-
tions were, however, carried out for allowed and first-
forbidden transitions and neglect Coulomb effects on the
intermediate electron states; thus they are limited to
high photon energies. More extensive calculations of
this correlation function, based on a generalization of
the work of Martin and Glauber (1958), have been re-
ported by Zon (1971). This latter work includes a de-
termination of the correlation between the directions of
the IB photon and a subsequently emitted atomic x ray.

a. IB circular polarization

The polarization P (k) of the internal bremsstrahlung
accompanying electron capture from the state a is de-
fined as the difference in the intensities of the right-
and left-circularly polarized radiation, divided by their
sum:

+1 -1
dw? —dwy

Polk) = gor s dwt -

(4.48)
For ls-state radiative capture, the required expressions
for the intensity of the polarized radiation are obtained
from Eq. (4.34) by squaring and summing over all final
states of the unobserved neutrino and over the spin states
of the initial electron. The result for randomly oriented
nuclei is

dws (k) = [A, (k) + sB, (k)]?, (s=+1).

The polarization of the IB accompanying ls-state capture
is found to be
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(Als + Bls)2 _ (A.ls - Bls)2
= 4.49
(A1, +B)? +(A), - B,)? ( )

Pls(k) :AlsBls/Rls .

At low photon energies, the ls-state radiation is almost
completely unpolarized since B, (k) —~0 as 2—0. At high
energies, we have A, =B, =1, neglecting terms of order
Za, and due to cancellation, P, (k)=+1 neglecting terms
of order (Za)?. More precisely, the high-energy form
of P, (%) is

P (k)=1- (Zoz)z{% ‘2 <1 _%> tan™ ( 5) }Z/Zkz , (4.50)

which follows from Eq. (4.40).

The polarization of the 2s-state radiation can be ana-
lyzed similarly, starting with Eq. (4.20). The final re-
sult has the same structure as Eq. (4.49) except that, in
the approximation which underlies Eq. (4.20), A, (k) =1.
Thus we have

P, (k) =B,,/R,. (4.51)

While it is expected in the high-energy limit that P, (%)
=1-0(Za)?, the results which follow from Eq. (4.20) are
not sufficiently accurate to allow the determination of
the coefficient of the (Za)? term. The low-energy limit
of P, (%) is easily obtained, however, by using the fact
that B,(0)= —3. From this result it follows that P, (0)

12

Tézillustrate the above results, the functions A, B,,,
B, and the resulting polarization functions have been
evaluated for two nuclei of interest, viz. 3’Ar and ''°Sb
(Figs. 37 and 38).

It is evident from Eqs. (4.29) and (4.30) that, when
terms of order Za are neglected, p-state radiation
should be completely unpolarized. At low photon ener-
gies, where the p-state spectra dominate, one there-
fore expects an even greater reduction of the IB polari-
zation than predicted by the function P, (k). The over-
all polarization of the total IB radiation accompanying
electron capture is

2

SCEDIES SOLTAYS SRR

n=1

(4.52)
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where the sum on o extends over 1s, 2s, 2p, and 3p
states. )

b. Angular distribution of 1B from oriented nuclei

When the initial nuclei are aligned, it is convenient to
represent each by its polarization vector P,
=(J,M|J|J,M)/J,, where J is the angular-momentum
operator, and J;,M are the angular-momentum eigen-
values which label the initial nuclear state. In this case,
squaring Eq. (4.34) and summing over all final states of
the neutrino, the spin states of the initial electron, and
the final magnetic substates of the nucleus leads to the

following result for ls-state radiative capture:
dwi (k) < (A s+ 8B )%l +sa,P, cosf]. (4.53)

Here, 6 is the angle between the vectors P, and k. The
factor g, vanishes for a pure Fermi transition, while for
a pure Gamow-Teller transition we have

~I/(J;+1) if J=d,+1
1/(J;+1) if J;=d;
1 ifJ=d;-1,

a,=
(4.54)

where J; is the angular-momentum quantum number of
the final nuclear state. For transitions in which both
allowed electron-capture matrix elements are operative,
a, is given by

[v |R|2  AJ(R+R¥
a,=

T+ 1) [T+ D] (4.55)

](1+x2|R|2)'1
with
R={fllalle)/{FlLllE).

If the circular polarization s of the IB is measured,
then the angular-distribution function has the simple

form
W,{6,s)=1+sa,P,cosb, (4.56)

whence the shape of the angular distribution is seen to
be independent of the energy of the IB photon.

FIG. 37. Polarization and

asymmetry functions, P, (k)

=@, s(k) and Py, (k) = ays(k), and

related functions for Z =18. o
The 1s-state curves are de-

duced from the exact results of

Martin and Glauber (1958) and

Intemann (1971), the 2s-state

curves, from the results of

Glauber and Martin (1956).
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If the photon polarization is not measured, Eq. (4.53)
must be summed over s=x1. This leads to an angular-
distribution function of the form

W,(0)=1+0a,(k)a,P,cosb. (4.57)
The function a, (k) is defined by
a,(k)=A,B, /R, (4.58)

and is seen to be identical with the polarization function
P, (k) discussed earlier. Indeed, this one function is
sufficient to account for the IB energy dependence of all
1s-state capture correlations considered here.

The angular distribution of the IB radiation accompany-
ing 2s-state capture can be determined in a similar man-
ner, starting with Eq. (4.20). It is found that the distri-
bution function W,(9, s) is identical with W,(0,s). The
function W, (6) has the same general form as that for 1s-
state capture, viz.,

W,{0)=1+a,(k)a,P,cosb, (4.59)
but a,(%) is defined as
a,,(k)=B,,/R,, (4.60)

describing the dependence of the angular-distribution
function on the energy of the IB photon. Again we have
a,(k) =P, (k).

With regard to p-state radiation, it has already been
noted that the structure of Eq. (4.29) implies an isotropic
distribution, i.e., a,,(k)=0. This result is expected to
be valid only to a relative accuracy of order Za. In-
deed, Zon (1971) reports that exact computer calcula-
tions for a,, show a,, and a,, to be small negative quan-
tities.

The over-all angular-distribution function is given by

w(o)= 3" sadwaWa(G)/Z S.dw,,

=1+A(k)a,P,cosb, (4.61)

with the over-all asymmetry function A(%) defined by

A(k) = Z sadwﬂaﬂ/z Sgdwg .
B )

(4.62)
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In view of the equality of the asymmetry function and the
polarization function for both s and p states, it follows
that the over-all asymmetry function A(%) is identical
with the over-all polarization function P(2) [Eq. (4.52)].

c. Correlation of IB and subsequent nuclear vy rays

The simplest type of decay scheme for which the di-
rectional correlation between an IB photon and a subse-
quent nuclear y ray can be studied is one in which the
radiative capture transition leads to an excited nuclear
state IN}“) from which there is a single y-ray mode for
deexcitation, leading to the final nuclear state IN f). To
determine the correlation between the directions of
emission of the IB and y-ray photons, a knowledge of
the radiative capture matrix element must be combined
with results from the theory of nuclear angular correla-
tions (Frauenfelder and Steffen, 1966). The required cal-
culation is straightforward but employs much mathemat-
ical machinery from the theory of angular momentum
(Edmonds, 1960) and will not be described here. Such
calculations were first reported by Gandel’man (1959)
for allowed transitions, and by Koh et al. (1962) for al-
lowed and first-forbidden transitions. Although Coulomb
effects on the intermediate electron states are neglected
in these calculations, Zon (1971) has reported results of
much more extensive calculations based on a generaliza-
tion of the Martin—Glauber theory to radiative capture
from arbitrary shells and for any order of forbiddenness
of the electron-capture transition. Only for the case of
allowed radiative K capture, however, has Zon’s theory
been worked out in complete detail, and we shall restrict
our discussion to this particular case.

For allowed K-capture transitions, the radiative cap-
ture matrix element of Zon (1971) reduces to that of
Martin and Glauber (1958). For this particular case,
Zon’s final results can be summarized as follows. For
an IB quantum of circular polarization s and a nuclear y
quantum of circular polarization ¢, the directional cor-
relation function is of the form

Wy(es S, t) < (A1s+ SB13)2

+(#/V3)ALL' ;T )b,S(A  + 5B, )% cosb , (4.63)



178

where the quantum numbers J; and J,, refer to the angu-
lar momentum of the nuclear states |[N¥) and |N,), re-
spectively, and 6 is the angle between the directions of
the two photons. The factor b, vanishes for a pure Fermi
transition, while for a pure Gamow-Teller transition it
is

[T+ 1)/Tp]H2 if Jp=dy+ 1
1/[Jf(<]f+1)]l/2 if Jf=']i
=[J/ T+ )]V 2 i Tp=d; = 1.

bp= (4.64)

For transitions in which both electron-capture matrix
elements are operative, we have

AZIRIZ

b= [ 7A@+ B9 (LRI

The coefficient A,, familiar from the theory of angular
correlations, is defined by

(4.65)

A(LL'Jsdg)=[F,(LLJsyJg) + 20F (LL'J4s J)

+8%2F (L' L'Jz ) (1+ 62)71, (4.66)
where the angular-momentum and parity quantum num-
bers L7 and L’n’ characterize the multipolarities of the
v transition, and the ratio of the corresponding reduced
matrix elements is 0= <(Jy || L'n’ || Jp) |<Jss || L7||Jf) . For
pure multipole radiation, we have L’= L and 7’=7. The
F coefficients are defined by

F(LL'Jgdy)= (=1)F+ T (2L + 1)(2L + 1)(2J; + 1)3]V/ 2
4 4
x(L L 1>{L L 1}’

where the standard designations ( ) and { } indicate
Wigner 3j and 6 symbols.

It is immediately apparent from the form of Eq. (4.63)
that the circular polarization of the y-ray photon must
be measured if one is to observe any correlation between
the directions of the two photons. If the circular polari-

zation of the IB photon is also measured, then the direc-
" tional correlation function is

(4.67)

W,(6,s,8)=1+ (ts /V3)A,(LL'J;J;)b, cosb, (4.68)

independent of the IB-photon energy. If the polarization
of the IB photon is not measured, Eq. (4.63) must be
summed over s=+1. In this case, the directional cor-
relation function is given by

W,(0,t)=1+ (/V3)A,(LL'J; )by, (k) cosh,  (4.69)
and shows a dependence on the energy of the IB photon
characterized by the asymmetry function a, (k) previ-
ously discussed.

The above results are exact, but in the derivation of
the IB-y directional-correlation functions it is assumed
that no forces act on the nucleus while it is in the inter-
mediate state IN;'?, Generally, this assumption is not
well satisfied, because the hole in the atomic shell pro-
duces strong magnetic and inhomogeneous electric fields
at the nucleus, leading to a perturbation of the direction-
al correlations.
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d. Correlations of IB and succeeding atomic x rays

The determination of the directional correlation func-
tion for an IB photon and a succeeding x-ray quantum
requires a calculation which is essentially analogous to
that of IB-photon-y-ray directional correlations. Zon
(1971) has carried out such a calculation and reported
final formulas for the case of radiative K capture. For
allowed transitions, these results can be summarized
as follows.

For an IB quantum of circular polarization s and an
atomic x-ray quantum of circular polarization Z, the
directional-correlation function is of the form

W.(6,5,8) < (27 + 1)(A,;+ B, )?

+ (= 1)1 2(ts /3)(A, ;+ sB, )?cos b, (4.70)

where 0 is the angle between the directions of the two
photons, and J=3%,3 is the angular momentum of the
atomic electron which fills the hole in the K shell.
Further results are parallel to those for the nuclear
y-ray case. For example, it is evident from Eq. (4.70)
that, in order to observe a directional correlation be-
tween the two photons, the circular polarization of the
x-ray photon must be measured. If the circular polar-
ization of the IB photon is also measured, we have
(=1)7*172 45

W,(8,s,)=1+~rt—— = cos®,

@i+ 3 (4.71)

and the directional correlation shows no dependence on

the energy of the IB photon. If the polarization of the

IB photon is not measured, we have
(=1)7*172 ¢ '

W(6,8)=1+ ~=—— =, (k) cosb,

(2J+1) 3 (4.72)

and the correlation function again displays a dependence
on the energy of the IB photon characterized by the
asymmetry function «, (k).

4. |B spectra and correlation effects in forbidden
transitions

Early attempts to formulate a theory of IB for forbid-
den transitions were made by Cutkosky (1954), Turov-
tsevand Shapiro (1954), Yukawa (1956), and Koh et al.
(1957, 1962). Turovtsev and Shapiro calculated the
radiative K-capture spectrum for first-forbidden tran-
sitions, assuming vector and tensor couplings, while
Cutkosky derived the matrix element for radiative K
capture for arbitrary coupling, neglecting terms strict-
ly of order Za or smaller and terms contributing only
to third- or higher-order transitions. Cutkosky’s prin-
cipal result was a theorem, often referred to as the
“Cutkosky rule,” which relates the spectra and angular
correlations of the K-capture IB to the spectra and an-
gular correlations of positrons. Basically, these cal-
culations are extensions of the work of Morrison and
Schiff (1940) to forbidden transitions. Yukawa (1956)
made an attempt to include relativistic and Coulomb
effects in the calculation of allowed and first-forbidden
K-capture IB spectra. The formulas he obtained proved
to be so complicated that this work has never led to
useful results. Koh et al. (1957, 1962) first reported
correlation studies for first-forbidden transitions;
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Coulomb effects were neglected in these calculations.

The modern theory of radiative electron capture in
forbidden transitions is due to Zon and Rapoport (1968),
who developed a generalization of the theory of Martin
and Glauber (1958) to transitions of arbitrary order of
forbiddenness. They also derived general formulas for
the IB energy spectra. For K capture, detailed results
were obtained. Zon (1971) developed this theory further
for radiative capture from an arbitrary atomic shell,
derived general formulas for various correlation and
polarization effects, and obtained detailed results for
the case of K capture.

The theory of Zon and Rapoport (1968) starts from
Eqgs. (4.9) and (4.10) for the radiative capture matrix
element and transition rate. In order to evaluate the
matrix element (4.9) exactly, including relativistic and
Coulomb effects to all orders in Za, Zon and Rapoport
first decompose and simplify it by introducing the ir-
reducible tensor operators and the second-order Dirac-
Coulomb Green’s function of Martin and Glauber. This
decomposition makes the angular-momentum dependence
of the transition amplitude explicit. Integration over the
angular coordinates is then completed through exten-
sive use of the methods of the theory of angular momen-
tum.

In evaluating the transition amplitude, Zon and Rapo-
port introduce the Konopinski-Uhlenbeck approximation,

Ry Ry
f drr"L”"zR},‘L'Lf arvt,
4] 0]

where A, = (L% - a?)!/2, and the £ approximation which is
based on the assumption (@ zc — 1)Ry <Za, a condition
that is always well-satisfied when competing positron
emissionis not energetically possible. Under only these
approximations, Zon and Rapoport obtain a general ex-
pression for the transition rate for radiative electron
capture from an arbitrary shell. The form of the result
reveals that for radiative electron capture in the £ ap-
proximation, just as in g decay, nonunique forbidden
spectra have the same shape as the unique spectra of the
next-lower order of forbiddenness.

Only for K capture do Zon and Rapoport carry their
calculations to completion. For capture from higher
shells, the theory is developed further by Zon (1971),
but the resulting expressions prove to be too complicated
to permit exact analytic evaluation or even the develop-
ment of expressions that are correct to first order in
Za, Indeed, the only detailed results which have so far
been reported are those contained in the table of Zon
(1973) for the L- and M-shell IB spectra associated with
the first-forbidden unique transition in **Ca; these re-
sults were derived through completely numerical pro-
cedures. '

Zon and Rapoport’s transition rate for radiative K
capture can be summarized as follows. Assuming the
polarization of the IB radiation is not observed, the
transition rate can be written

8a
dwy= — (@, 0a | (g, s - k)2F, (R)dE. (4.73)
The form factor F, (%) is defined in terms of two cor-
rection factors, R!1’(¢) and R{? (), and the appropriate

s
combination of nuclear matrix elements R% 7'

Rev. Mod. Phys., Vol. 49, No. 1, January 1977

Orbital electron capture 179

B soyap-2-n| 2N -1 TP
Fyl)= 20 (2uRy) w0 ’[m]

(4.74)

xRl 1 R0y - 0

H