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The response of a two energy level system to low amplitude excitation is investigated. The flip 
angle of magnetization or polarization is found to be linearly related to the magnitude 
spectrum of the excitation pulse under the approximation of low amplitude excitation. This 
property can be used for synthesis of optimal excitation pulses. A comprehensive algorithm for 
generating optimal excitation pulses is proposed based on the response theory and the stored 
wave form inverse Fourier transform (SWIFT) algorithm developed previously. An example 
of the synthesis of a notch excitation pulse is given to demonstrate the flexibility of this newly 
developed method. 

I. INTRODUCTION 

Pulsed excitation is routinely used in rotational,‘@ ’ vi- 
brational,““’ electronic,“b’ and magnetic resonance spec- 
troscopy”C”“d’ incorporating a broad range of research in- 
terests. Despite the obvious difference in the fields under 
study, they share similar principles in the basic equations of 
motion. The motion of such two energy level systems can be 
described by the Bloch equations. Further understanding of 
the excitation processes in these two-level systems and the 
ability to design flexible excitation pulses are, no doubt, very 
important in applications of these spectroscopic methods. A 
general scope in the area of pulse synthesis can be found in 
representative current reviews.* 

In nuclear magnetic resonance (NMR)3’“’ and mag- 
netic resonance imaging (MRI) ,3(b) the complicated pulse 
sequences are designed to perform a wide range of experi- 
ments. In these experiments, rectangular pulse shapes are 
conventionally assumed since the excitation behavior of this 
type of pulse can be easily understood with average Hamilto- 
nian theory. However, there are cases in which the simple 
combination of a series of rectangular pulses cannot achieve 
the desired excitation. A typical example is selective excita- 
tion for solvent suppression or imaging localization. Low 
energy and highly selective excitation are in great demand 
due to the increasing application of NMR and MRI in biolo- 
gical and medical sciences. Several different pulse shapes 
have been proposed for selective excitation,* e.g., sine, modi- 
fied Gaussian, Hermit, or hyperbolic secant pulses. Al- 
though these pulses are useful in many experiments, more 
general pulses are still in demand. 

In the absence of external excitation fields, the Bloch 
equations reduce to linear equations and Fourier transfor- 
mations can be applied for the spectral analysis. The excita- 
tion processes, on the other hand, are not linear. Therefore, it 
is not generally possible to directly invert the spectral analy- 
sis method to synthesize desired excitation pulses. However, 
the Bloch equations can be considered linear under the ap- 
proximation of low level excitation or the small angle ap- 
proximation. 

*) Present address: The Ohio State University, Department of Chemistry, 
120 West 18th Avenue, Columbus, Ohio 43210-1173. 

Tomlinson and Hill, in 1973, introduced an inverse 
Fourier transform excitation method for NMR solvent sup- 
pression. The theoretical basis for their approach is the lin- 
ear response theory. The key advantage of their method is 
that the desired frequency excitation profiles are provided 
first and the time-domain pulses are then synthesized via 
inverse Fourier transformation. This inverted methodology 
was introduced into Fourier transform mass spectrometry 
(FTMS) by Marshall and co-workers.5 They also demon- 
strated its high selectivity and flexibility. The application of 
the method to FTMS is straightforward since the basic equa- 
tions of motion, the Lorentz equations, are linear under rea- 
sonable approximations.6 

In the cases of two-level systems, the inversion method 
requires modifications in order to apply to large angle excita- 
tion. This paper presents equations correlating the response 
profiles with the excitation spectra. The approach is based 
on the small angle approximation, and the fact that the phase 
is stationary when either the flip angle is near 90” or the 
excitation amplitude is low. For excitation with a flip angle 
greater than 45”, the normal linear response tretment be- 
comes nonvalid. This work also examines the conditions in 
that a two-level system can still be considered as a linear one. 
It shows that when amplitude of excitation pulses is low the 
linear response of flip angles holds in some degree regardless 
of magnitude of the flip angles. Finally, we propose that low 
amplitude excitation pulses are generated by phase modula- 
tion. Since the synthesis of optimal excitation wave forms 
from specified frequency domain spectra has been developed 
in some depth,7 we can adapt it easily to two-level systems. 
Due to the nonlinear nature of the Bloch equations, the re- 
sultant excitation profile is thus distorted. This distortion 
can be reduced using a simple optimization procedure. An 
example for generating a broadband notch excitation pulse is 
given using this newly developed method. 

II. RESPONSE OF A TWO-LEVEL SYSTEM TO LOW 
AMPLITUDE EXCITATION 

We first consider an arbitrary excitation pulse 

n(t) = &(t)cos(wt)i + O,(t)sin(wt)j, (1) 
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or equivalently, 
d [eef(b-AN] = ifi(t)e-iAddt. (15) 

The well-known linear response theorem can be easily ob- 
tained by direct integration of the above equation 

e(t) =ie-“+-AW 
s 

fl(T)e-iAmdT. (16) 

6. Stationary phase 
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where i and j are the unit vectors along x and y directions, 
respectively. This form for the field implies that the pulse is 
applied with a carrier frequency w and that in real laser or 
NMR experiments the bandwidth of interest is much less 
than the carrier frequency. The carrier is usually chosen to 
be close to the resonance frequencies. This does not set any 
limitation of generality to both the pulse amplitude and 
phase since both R, and CI,, can be varied independently. 

The relation of R (t) to the excitation magnetic B(t) or 
t.lectric E(t) field can be expressed as 

n(t) = (7%mB(t) (2) 
or 

Cl(t) = pE(t)/6. (3) 
The Bloch equations for a two energy level system with 

negligible relaxation processes can be written in the rotating 
frame as 
dox (Aw;t) 

dt 
= - a;~Ao;t)~,(t) + Aoo,(Aw;t), 

(4) 
duy ( Aw;t) 

dt 
=@z(A~;t)&(t, - Awa,(Ao;t), 

da, ( Aw;t) 

dt =~x(Aw)S1,(t) -o,,(Aw;t)n,(t), (6) 

where Aw (w - oo) is the difference between the carrier 
frequency (w ) and the resonance frequency ( oo) . Neglect- 
ing the relaxation processes is a reasonable approximation 
when the pulse duration is much shorter than the relaxation 
times T, and T2. By introducing a transverse magnetization 
or polarization 

Equation ( 16) is valid only when the flip angle (0) is 
small. When the flip angle is near 7r/2, a different approach is 
required for the integration. When 0 = 7172, Bq. ( 13) clearly 
implies 

%-Am=0 

or 

4-Acot=+,, (18) 
where p. is a constant. This equation, we refer to as the 
stationary phase condition, must be satisfied when B = 7r/2, 
regardless of the frequency and the phase angle. If R(t) is 
chosen so that 

tanB(s-Am)=O, 

Eq. ( 13) becomes 

de -i~(t)e-i~=ie-‘~“n(t)e-A~‘. 
-z-- a(Aw;t) = o,(Aw;t) + ia,(Aw;t), (7) 

Eqs. (4) and (5) can be combined into 

d4Ao;t) = 
dt 

- iAwa(Aw;t) + ia,(Aw;t)fl(t). (8) 

Here 
n(t) = Cl,(t) + Xl,(t). (9) 

The normalized magnetizations or polarizations a,, a,, , and 
a, can be expressed in spherical coordinates as 

a, = cos q5 sin 19, (10) 
uy = sin 4 sin 6, (11) 
a, = cos 8, (12) 

where 8 is the flip angle and p is the phase of projection of 
magnetization or polarization on the x-y plane. By convert- 
ing Eq. (8) to spherical coordinates, the following equation 
can be easily obtained: 

$COS~ +isint9 -@--Am 
(dt >] 

e’$=icos/jR(t). (13) 

A. Small angle approximation 

We first consider the case when the flip angle (8) is 
small ( 0~ 0). Therefore, tan 0z 8 and Eq. ( 13 ) becomes 

(14) 

(17) 

(19) 

(20) 

Integrating Eq. (20) near &r/2 with respect to Eq. ( 18) 
gives 

,g=ie-(9-A4 fl(T)e-iAu’dT. 
s 

(21) 

It is obvious that Eq. (2 1) has the same structure as Eq. 
( 16), which was derived on the basis of the small angle ap- 
proximation. However, we must remember that Eqs. 
( 16)and (2 1) are not exact solutions of the Bloch equations. 
Deviation is expected when the flip angle is far away from 
the “poles” (6 = 0 or rr> and the “equator” (0 = r/2). For 
example, when 8 = 7r/4, the solution underestimates the 
contribution ofthe “phase acceleration” (de, /dt - Am) by a 
factor of r/4 (8 /tan 8 for f3 = r/4). To minimize the devi- 
ation, the phase acceleration itself should be kept minimal. 
In order to expand Eqs. ( 16 ) and ( 2 1) throughout the whole 
excitation process, the following criterion must be satisfied 
for any value of 8: 

(22) 

Now we seek a sufficient condition in which the low 
amplitude or phase acceleration criterion, Eq. (22)) is satis- 
fied for any value of 0. The imaginary part of Eq. ( 13 ) can be 
written as 
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tan6($-A+ -!-[R(r)eei4- R*(t)ei6] 

= IfUt) Isin(v - 41, (23) 

where R* = R, - is2, and 11 is the phase of the excitation 
pulse. If the magnetization or polarization phase (p) follows 
the excitation phase (~zv), according to Eq. (23), then 
Eqs. ( 16) or (21) are good approximate solutuions of the 
Bloch equations. Since we are interested in broadband exci- 
tation and do not intend to discriminate excitation over the 
frequency range of interest, it is difficult to keep the condi- 
tion of equal phases (~zT). A sufficient condition for the 
criterion of EQ. (22) is therefore that of the low pulse ampli- 
tude Ifi(t)l~O. 

The results derived here do not impose a limitation on 
the flip angle. Rather they can be used to analyze large flip 
angle excitation provided that the excitation periods are suf- 
ficiently long. Equations (16) or (21) should be useful for 
predicting the response of the magnetization or polarization 
to low amplitude excitation signals. For example, the flip 
angle under excitation of a low amplitude linear frequency 
sweeping signal can be described by the Fresno integral.8 In 
the following sections, the focus will be on the synthesis of 
excitation pulses with the desired flip angle response pro- 
files. 

Ill. ALGORITHM FOR GENERATING INVERSE FOURIER 
TRANSFORM EXCITATION PULSES 

First, the problem of synthesis of excitation pulses needs 
to be defined. For simplicity, all the magnetization or polari- 
zations are considered initially to be in the equilibrium 
states, i.e., 19~ (Aw) = 0 for all ho. The question is how to 
synthesize an excitation pulse which brings the magnetiz- 
ations or polarizations to the desired final states 0,.( Aw ) and 
am. If the initial time is at t = - Tand the final states 
are observed at t = 0, Eqs. ( 16) or (2 1) become 

e,(Ao;t = ())ei’+/A”;‘=O) = i 
P 

f-i(r)e-‘*“‘dt. (24) 
-T 

If the pulse possesses nonzero amplitude only in [ - T,O], 
the above integration can be expanded to infinity in both 
directions 

ea 
Ci(r)e-‘*“’ dr = iF(Aw). 

Here F( AU), the excitation spectrum, is the Fourier trans- 
form of R ( t) . The flip angle and the phase are related to the 
excitation spectrum by 

8,( ho) = h4( AU) (26) 
and 

&(Aw) = P(Aw) + 7~/2, (27) 
where M( ho) is the magntidue spectrum of n(t) and 
P( Aw) is its phase spectrum 

s 

cc 
F(Ao) = f-l(r)e-‘*“’ dr = M( Ae)eipCAo). (28) 

Equation (26) cinie considered as an expansion of the well- 

known area theorem to broadband cases. These results sug- 
gest that the excitation pulse can be synthesized using the 
inverse Fourier transform method. A pulse with an arbitrary 
magnitude spectrum [M( Aw) ] or flip angle response profile 
[ 19,( Aw) ] can be specified. On the other hand, the corre- 
sponding phase spectrum [ P( Aw ) or FJ Aw ) ] must be cho- 
sen so that the amplitude of the pulse is small enough to 
satisfy the low amplitude criterion [ Eq. (22) 1. 

In previous work, an algorithm to generate low peak 
power excitation signals from given magnitude spectra has 
been developed.’ The basic idea of the algorithm is to distri- 
bute excitation power uniformly in a time interval using 
phase shifting.’ The pulse power and therefore the ampli- 
tude of the pulse in the so-called power distributing period is 
nearly constant. The average amplitude in the power distrib- 
uting period is inversely proportional to the square root of 
the time length of the period (see the Appendix). The power 
leakage outside the distributing period can be reduced by 
smoothing the magnitude spectrum.6 Since the flip angle and 
phase response can be easily correlated with the excitation 
spectra [ Eqs. (26) and (27) 1, this algorithm can be directly 
adapted to two-level systems. 

In the following, an algorithm for producing an optimal 
excitation signal with an arbitrary flip angle response spec- 
trum is proposed. First, the desired flip angle response 
[ of ( ho ) or M( Ao ) ] spectrum is specified. The pulse dura- 
tion and the power distributing period can be estimated from 
the resolution and amplitude requirements. The phase spec- 
trum is then calculated using Eq. (3) of Ref. 7. The excita- 
tion signal is obtained by inverse Fourier transformation of 
the phase and magnitude spectra. Equations (26) and (27) 
are derived from the approximate solutions of the Bloch 
equations. The deviation of the true response of the synthe- 
sized pulse from the desired (specified) response is expected. 
This deviation can be minimized using a simple optimization 
procedure described below. The true response [ 8, 1 (AU) ] of 
the first synthesized pulse from 8, can be obtained by solving 
the Bloch equations numerically. A corrected response 
[ 8,, ( Aw ) ] is calculated by subtracting the desired response 
[ 0,( Aw) ] from the difference between the true response 8, 1 
and the desired response 0,. 

ec, =e,- (e,, -e,) =2ef-et, (29) 
the corrected response 0,, can be used to produce the opti- 
mized pulse. The true response of the optimized pulse should 
deviate less from the desired one. The procedure can be re- 
peated many times to obtain an excitation pulse with a high 
degree of agreement between the true response and the de- 
sired excitation profile. 

The algorithm proposed above focuses on the improve- 
ment of the flip angle response. The phase response can also 
be optimized independently using the same procedure since 
the phase response [p( Aw) ] is also linearly related to the 
phase spectrum [ P( Aw ) ] of the excitation pulse [ Eq. (27) 1. 

IV. AN EXAMPLE 

In this section, an example is presented to demonstrate 
the capability and flexibility of the method. The task is to 
synthesize an excitation pulse which produces a r/2 notch 
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tlip angle profile [ 8JAw)] as shown in Fig. 1 (a). Several 
factors must be considered before the phase spectrum can be 
calculated. First, the length ( T, ) of the power distributing 
period should be sufficiently long to reduce the pulse ampli- 
tude. Since the transitions near Aw = 0 are quite sharp, some 
time length (T,) is needed for accomodating the “power 
leakage,” while a short time duration ( T2) is required for the 
slower transitions near & AU,. The magnitude spectrum 
specified is symmetrical. If the phase spectrum is chosen to 

y] I-------fT\ (al 

-Aid, 
-;;y9;) L;:, 

LTl -k---- C ------k~,d 

FIG. 1. Generation of a s-/2 notch excitation pulse. (a) The specified flip 
angle response spectrum. The “well” width is about A.046. Since it is not 
important for the transitions at Aw = + Aw,, the spectral edges have been 
heavily smoothed (see Ref. 7). (b) The phase response spectrum. It is es- 
sentially a quadratic function in [O,Ao,] or [ - Awe,01 and is chosen to be 
antisymmetrical so that the pulse becomes real. (c) The synthesized pulse. 
The total pulse length is equal to the summation of the power distributing 
period T,, the accomodation periods ( T, and T,) for the power leakage. 
The sharp transitions near Aw = 0 in (a) requires a longer time duration 
(T,). Much shorter time ( r,) is needed for slower transition near f A.w. 
Shown in (d) and (e) are the true flip angle and phase response, respective- 
ly. They are obtained by solving the Bloch equations numerically. 

be antisymmetrical, the resultant pulse will be real. A real 
excitation pulse implies that the excitation is only applied in 
the x direction, and it can be decomposed into two counter- 
rotating fields. The phase spectrum [Fig. 1 (b) ] can then be 
calculated using Eq. ( 3 ) in Ref. 7 (a). 

The pulse shown in Fig. 1 (c) is synthesized using in- 
verse Fourier transformation from the magnitude [Fig. 
1 (a) ] and phase [Fig. 1 (b) ] spectra. The true response of 
the pulse is obtained by solving the Bloch equations numeri- 
cally using the Runge-Kutta method. The simulated re- 
sponse for the flip angle and phase is shown in Figs. 1 (d) and 
1 (e), respectively. Although the flip angle response [Fig. 
1 (d) ] basically agrees with the desired response [Fig. 
1 (a) 1, there are deviations near the transitions. A corrected 
magnitude spectrum [Fig. 2(a)] is constructed using Eq. 

160~ 

-AU, 
-160~ '\,; "::, 

9 

160n 1 “\\ 
FIG. 2. Illustration of a simple optimizing procedure for improving the flip 
angle response. (a) The corrected flip angle response spectrum. (b) The 
corresponding phase spectrum. (c) The optimized pulse obtained by in- 
verse Fourier transformation from (a) and (b). (d) and (e) are the true 
response of the pulse. The flip angle response spectrum (d) is now essential- 
ly the same as specified [Fig. 1 (a) 1. 
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(29) in order to reduce the deviations. The corresponding 
phase is calculated [Fig. 2(b) ] and the corrected pulse [Fig. 
2(c) ] is thus synthesized. The true response [Fig. 2(d) ] of 
the flip angles of the corrected pulse is almost identical to 
what was originally specified [Fig. 1 (a) 1. 

It is interesting to examine the time evoluation of the 
magnetization or polarization under excitation of the syn- 
thesized pulse [Fig. 1 (c)l. Figure 3 shows the simulated 
trajectories of both the flip angle and phase with a resonance 
frequency of Aw i ( = A43 ) . The synthesized pulse be- 
haves basically as a linear frequency sweeping signal in the 
power distributing period [ Td in Fig. 1 (c) 1. As predicted 
from Eqs. ( 16) or (21), the flip angle basically follows a 
Fresno integral. For large flip angles, the phase approaches 
to a straight line with a slope of the resonance frequency 
ho,. 

It should be pointed out that frequency sweep or chirp 
excitation is closely related to adiabatic rapid passes 
(ARP) I0 that can generate complete population inversion 
(8 = v). This requires that the frequency sweeping rate is 
sufficiently low. A current experiment using frequency 
sweep modulated picosecond laser pulses for population in- 
version of electronic states has demonstrated that the fre- 
quency sweep pulses achieve population inversion more ef- 
fectively than unmodulated pulses.” The pulse synthesized 
in this section is essentially a frequency sweep signal in the 
so-called power distribution period. Unlike normal frequen- 
cy sweep pulses, the pulse has amplitude that gradually de- 
creases outside of the power distribution period. This is par- 
tially responsible for the frequency selectivity of the pulse. 
Through the optimization procedure, the flip angle frequen- 
cy response of the pulse is also improved. 

If the magnitude spectrum is chosen to spin from 
- 3200 to 3200 Hz (ho, = 3200 Hz), the length of the 
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time-domain pulse synthesized is 40 ms. The synthesized 
pulse should be found useful for solvent-suppression excita- 
tion in NMR experiments and for imaging localization in 
MRI. The pulse length can be reduced (e.g., to 10 ms) by 
shortening the power distributing period. The trade off will 
be the larger deviation of the flip angle response. 

V. CONCLUSION 

The response of a two-level system to low amplitude 
excitation has been studied. Under the assumption of low 
amplitude excitation, the flip angle is linearly related to the 
spectrum of the excitation pulse. The significance of the re- 
sults is that it allows one to predict the response to low ampli- 
tude excitation without having to solve the Bloch equation 
directly. It also permits one to synthesize the excitation sig- 
nals to achieve the desired responses. The basic limitation of 
the method is that it requires long time periods to produce 
broadband and large flip angle excitations. 
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APPENDIX 

Estimation of the average amplitude using the Parse- 
val’s equation was first proposed by Goodman.” Here we 
derive an equation to correlate the length of the time period 
for distributing excitation power and the average amplitude 
of the pulse in the power distributing period using the Parse- 
val’s formula, 

s - (Al) --m 

) tJ(Ao,:t) 

\ ‘.._ 
0 I- 

‘- _, .k 
yfl~d &----.-.- 

-\. ---7 t . 

Here f(t) is the time domain wave form and F(w) is its 
spectrum. Since the excitation power is uniformly distribut- 
ed over a time period that we denote as Tor (t, - to); ampli- 
tude of the time domain wave form does not vary significant- 
ly in the region of T. Let f. be the average value of the 
amplitude off(t) in T. Since most of the power of the wave 
form is confined in the region T and the wave form behaves 
essentially like a constant amplitude and phase modulated 
signal lfoeiqCf) 1, we have 

Cm 
J--m 

r(f) 1’ dt=: ~~ei4cr)[2 dt& (t, - to), (A21 
Jto 

\ 
cp(Ao,;t) wheref, is evaluated as a base-to-peak value. If the spectrum 

8’(w) and the power distribution length ( T = r, - to) are 
predetermined, the average amplitude of the wave form can 
be estimated easily by 

h&J; IF(o)~‘d”]“*. (A31 
cc 

FIG. 3. Time evolution of flip angle and phase for the magnetization or 
polarization at Aw, = ho,,/3 during excitation of the synthesized pulse 
[Fig. 1 (c) 1. As predicted, the flip angle is basically a Fresno integral and 
the phase stationary condition is achieved at a low flip angle level. 

If the power distribution period is sufficiently long, the accu- 
racy of the estimation can be expected to be high. The aver- 
age amplitude uo) is therefore approximately inversely pro- 
portional to square root of the power distributing period 
tn. 
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