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Peak coalescence, i.e. the merging of two close peaks in a Fourier transform ion cyclotron resonance
(FTICR) mass spectrum at a high number of ions, plays an important role in various FTICR
experiments. In order to describe the coalescence phenomenon we would like to propose a new
theory of motion for ion clouds with close mass-to-charge ratios, driven by a uniform magnetic field
and Coulomb interactions between the clouds. We describe the motion of the ion clouds in terms of
their averaged drift motion in crossed magnetic and electric fields. The ion clouds are considered to be
of constant size and their motion is studied in two dimensions. The theory deals with the first-order
approximation of the equations of motion in relation to dm/m, where dm is the mass difference and
m is the mass of a single ion. The analysis was done for an arbitrary inter-cloud interaction potential,
which makes it possible to analyze finite-size ion clouds of any shape. The final analytical expression
for the condition of the onset of coalescence is found for the case of uniformly charged spheres. An
algorithm for finding this condition for an arbitrary interaction potential is proposed. The critical
number of ions for the peak coalescence to take place is shown to depend quadratically on the
magnetic field strength and to be proportional to the cyclotron radius and inversely proportional to

the ion masses. Copyright © 2009 John Wiley & Sons, Ltd.

The most accurate mass measurements for large biological
and polymeric molecules are provided by Fourier transform
ion cyclotron resonance mass spectrometry(FTICRMS)."* In
this technique ion masses are measured by exciting
synchronous cyclotron motion of ions in high magnetic
fields and measuring the frequencies of this motion which
are connected to masses by the expression: m;/z;=B/();,
where m; is the ion mass, z; the ion charge, (); the cyclotron
frequency, and B the strength of the magnetic field.? In high-
throughput experiments such as the analysis of complex mix-
tures like oil or a mixture of proteins in biological samples we
deal with very high dynamic ranges of concentrations for
individual components in the mixture, which sometimes
exceed six orders of magnitude. If the FTICR signal detection
limit corresponds to approximately 50 charges, at the high
boundary of the dynamic range we are dealing with about 50
million charges. For this reason, ion—ion interactions play an
essential role in this type of mass spectrometry experiments.
At high numbers of ions in the FTICR cell, non-neutral
plasma effects take place.* The best known effect caused by
ion-ion interactions is the so-called peak coalescence.” Peak
coalescence in the simplest form manifests itself by the
merging of two adjacent peaks in the FTICR spectrum into
one when the number of ions in the cell exceeds some critical
number, which depends on the cell geometry, ion masses,
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magnetic field intensity and other experimental parameters.
This phenomenon influences the performance of the mass
spectrometer, making it impossible to resolve close peaks
when there are large numbers of ions in the FTICR cell and
thus decreasing the effective dynamic range of the mass
spectrometer. In this work we have developed a theory to
describe the coalescence phenomenon by analytically
investigating ion cloud motion in a uniform magnetic field
for the case of close mass-to-charge ratios of ions in the
interacting clouds.

Previous attempts to investigate this problem theoreti-
cally, such as those by Naito and Inoue®” and Mitchell and
Smith,® were based either on point charge or on-line charge
models, in which clouds of Coulombically interacting ions
were substituted by point or lines of charges. This introduces
the value of the initial distance between the clouds into the
theories. However, in reality the initial separation of the
clouds is often equal to zero if proper modes of cyclotron
motion excitation are used. This case cannot be properly
addressed by point or line charge theories, because the initial
energy of interaction would be infinite. Moreover, in the
work of Naito and Inoue®” the problem of the occurrence of
coalescence is investigated under the assumption of center-
of-mass equations of motion being integrated independently
from the coordinates of relative position. The motion of the
center-of-mass can then be presented as a uniform rotary
motion. Mitchell and Smith® used the same assumption to
derive the coalescence criterion. However, as shown in this
work, if the center-of-charge (for close mass-to-charge ratios
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the difference between center-of-mass and center-of charge is
negligible) rotates at a constant velocity and at a steady
radius, ions of different mass-to-charge ratios are already
seen as one peak in the Fourier spectrum. The conditions of
coalescence in the work of Mitchell and Smith, and Naito and
Inoue, are also arguable. In the work of Mitchell and Smith®
in order for coalescence to take place the frequency of the
mutual revolving of the clouds should be higher than the
difference between the cyclotron frequencies. In the work of
Naito and Inoue” the complex of two coalescing clouds can
be split only if the frequency of the mutual revolution
resonates with the frequency of the force that makes the
distance between the clouds oscillate. It is not obvious
though, and it is not proved in the cited papers, why these
conditions are necessary.

The current work deals with the arbitrary interaction
potential, which makes it possible to analyze finite-sized
clouds of any shape. The final analytical expression for the
coalescence condition is found for the case of uniformly
charged spheres.

GENERAL THEORY

Let us consider two ion clouds of two masses — m1;, m, and
equal charges g (in order to simplify the theory we assume
the total charges of the clouds to be equal). These ion clouds
are considered to have 2 degrees of freedom each, i.e. their
position in the XY plane described in terms of their Cartesian
coordinates (the two-dimensional case). We also assume the
ion clouds to be axially symmetric and of a constant shape;
therefore, their interaction can be described by an interaction
potential ¢(L), where L is the distance between the centers of
the clouds. Since the clouds are axially symmetric, their spin-
like rotation may not be taken into account. The equation of
motion for the center of each cloud in the stationary frame of
reference is then:

mi, = q[z?s X E] +Fe, 1)

where F¢ is the force created by the potential ¢, 75 and 4; are
the velocity and the acceleration vectors in the stationary
frame of reference and B is the magnetic field vector. The
magnetic field is uniform and is oriented perpendicular to
the XY plane. We neglected the radial electric field caused by
the potential at the trapping electrodes.

Since we plan to deal with ion clouds of close masses, we
will therefore introduce an average mass M = (11 + 1m1,) /2
and Am = (m, — my)/2, so that my =M — Am, my=M + Am.
We can then consider the motion of the clouds in the frame of
reference which rotates at a mean cyclotron frequency
QO =¢gB/M. The law of transition to a non-inertial frame of
reference is’ as follows:

mﬁ’*:f+mﬂzz§’*—2m[ﬁxzﬂ, )
where 7*,7*,a* are the radius-vector, velocity and accelera-
tion, respectively, of the center of the cloud in the rotating

frame of reference and F = q [275 X E] + 15‘0
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In terms of 7* and ¢*, F is expressed as:

F:q[([ﬁx?‘} +z7”*) XE] +fC:q{6* xﬁ]
+q[[ﬁ><?‘} XB} + Fe
:q[z‘f* x E] — 7 - (qBQ) + Fc. 3)

We have used the triple product expansion here (note that
B is directed in the opposite way to € for positive charges).

We can now obtain the equation of motion in the rotating
frame of reference:

—

ma* :q[z_f* X E} — 7 - (qBQ) + mQ*7* —Zm[ﬁ X z‘)’*} + Fe.
4)
We will omit the asterisk mark on coordinates in the

rotating frame of reference, because we only use these
coordinates hereafter.

i-L[oxd] - (0 -Ta)r-2fixd]+ 1 o
m m m
We then replace B with MQ/g:

7= (] (1 -2) -0 (1= )7

= [ x o] () - 02 (eyr e

@)

where ‘+’ denotes the cloud of the larger mass and ‘—’ is for
the lower mass.

The coalescence takes place only for the clouds with close
mass-to-charge ratios of the ions. Therefore, we will simplify
the equation of motion on the basis of the assumption that
Am << M. To obtain a first-order approximation we should
take into account that v/Qr is of the order of Am/M, because:

B
vwvs—Qr:%r—Qr:Qr%—Qr

M Am
—“r(m*l) ~OM ®

We should then take a zero-order approximation for
(Mx28m) and a first-order approximation for (F27L). We
should also take a zero-order approximation of the Coulomb

force in relation to Am/M, which gives us:

-

a:_[ﬁxa]_nz(ﬁ;—m)fi%. ©)

This equation is analogous to the equation of motion in

crossed magnetic and electric fields.'° Therefore, in this work

we will try to describe the motion of the ion clouds in terms of

their averaged drift motion. The drift motion is described by
the equation:"

g1 1F<0 10
d = q B2 )
where ¥y is the drift velocity. In our case:
. [EE X ﬁ}
Vg = — T, (11)
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where @, is the acceleration that would be imparted by the
electric field if there were no magnetic field. When we apply
this to Eqn. (9):

. +Am\ . = [ﬁc X ﬁ]
vd—f(7> [rxﬂ] iW (12)
and for each cloud the equations of the drift motion are:
A . . ﬁc X ﬁ
= (5 ) [ <4 JMT]
L (13)
{FC X Q:|

and 7, = (Aﬁm) [72 X ﬁ} BV
where 7,7» and 71,0, are the radius vectors and velocities,
which describe the drift motion of the centers of the ion
clouds (in the rotating frame of reference).
Instead of the coordinates of each cloud 7 and 7, we will
use the following;:

N _71+772

r—n
To .

and 7' = (14)

The advantage of using 7y and 7’ coordinates is that in the
linear approximation the charge induced on the detection
electrodes is proportional to (71 + 72), given that the charges
of the ion clouds are equal.® Since the induced charge is the
only value detected by the FTICR mass spectrometer, we
only need to solve the equations of motion for 7 and this will
be enough to find the form of the ICR signal and the FTICR
spectrum. Thus, Eqns. (13) and (14) are transformed into:

7o = <Aﬁm) 7 x4
Foxdd

Am ~
= P —_— 7 _—— =
andv7<M)[r0><Q] e
where ¥y = dry/dt and ¥ = dr”’ /dt.
When we differentiate the first equation by time and

substitute 7’ with 7 from the second equation, we can obtain
an expression for a4y = dv /dt:

o= ()| e ) -Lo)

5 .
= <Aﬁm) Q% + (A—m) Fe. (16)

(15)

M) M

Here Fc depends only on 7’ and these vectors are co-
directional, i.e. Fc can be expressed as E- =f@') -7, and ¥’
can be in turn expressed from Eqn. (15), taking into account
that the vectors 7/ and ) are orthogonal:

M\ 1 1=
o (MN T -
7= (m) o |6 x ] 17)
for magnitudes:
o (MANT L
|7 = (—Am Q\vo|. (18)

Now if we substitute Fc in Eqn. (16) with its expression:

. Am 2 ~ Am 1 1 QXZ?O
ag = _<ﬁ) Q%7 _f((ﬁ) ﬁvo> 2z % (19)
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For Cartesian coordinates, Eqn (19) appears as:

Xo = —”xo — 6f(vo/ @), (20a)

iio = —w’yo + Of (vo/w) %o, (20b)
where:

= QAm/M,0 = 1/MQ. 1)

Xo, Yo are the components of the radius-vector 7. Simple
transformations (multiplying Eqn. (20a) by xo and Eqn. (20b)
by 1o and then adding) will give the fist integral:

v,> + o*ry® = E, (22)
where E is a constant to be found from the initial conditions.
Another first integral (known as the angular momentum)
may be found by multiplying Eqn. (20a) by 19 and Eqn. (20b)
by x¢, and then subtracting:

Hoxo — Xoyo = 0f (vo/ @) (FoXo + Joyo), 23)
d,. . 1 dlr2
7 WoXo = Xoyo) = Eef(M) (d(; ) R

Here we have also replaced v, with its expression derived
from Eqn. (22). Since

1’ =vg/w = /EJ? — 12, (25)

d(ry’) = —d(r?), (26)
we can show that integrating the right-hand side of Eqn. (24)
gives us the potential of Coulomb interaction ¢:

/Gf(g/E/wz - roz)d(roz) = —Z/Gf(r’) r'dr’

:—Z/Fc(r/)dr’:Ago. 27)

and then

Taking into account this result we can integrate Eqn. (24)
and obtain:

. . 1
YoXo — XoYo = EQAV)- (28)

Equations (28) and (22) form a system of equations for x
and yp:

X2 + 1,2 + w?ry? = E, (29a)

. . 1
YoXo — XoYo = §9A<p. (29b)

This allows us to express xp and 1o in terms of xp and yo:

Ag - 2 Ag?

__19(‘0—%)1@ E_werZ_e (/J7 (30a)

2 1’02 To 4?‘02

. 1 9A§0 “Xo , Yo QZA(pz
=-— 42 JE—o?r? - 30b
Y0=3 12 1o “To 4r? (306)

Finally we can use Eqn. (30) to find drq/dt:
dry _ xoXo + Yolo 6> Ag?

== T JE—?r?— . 1
dt ) “To 4r 2 G
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If we introduce a function:

2A 2
g(r0) = E — o*ry — g—zﬁf , (32)
0
so that dro = 1/g(r0), (33)

dt

the g(ro) function can then be used as a characteristic function
to study the coalescence phenomenon. Knowing this
function one can find the range of variation of ry, because
the ion cloud motion can only proceed if ry is in the regions of
positive g(ry), and never in the regions of negative g(y), since
dro/dt would be imaginary in this region, which is
impossible.

If the Coulomb interaction is not taken into account and the
clouds are initially fully overlapped, ry oscillates from its
initial value (excitation radius) to zero since the g(ro) function
is positive over this interval. This means that the rotation
radius for the center-of-charge (observed from a stationary
frame of reference) changes from maximum to zero
periodically. The detected signal will appear as a sinusoidal
oscillation with the amplitude alternating from maximum to
zero. This effect is known as beats and results in two close
peaks in a FTICR spectrum.

However, if we take the Coulomb interactions into
account, it turns out that for some kinds of interaction
potentials (e.g. the interaction of uniformly charged
spheres) under certain conditions the value of 1, may be
locked in a narrow interval near its initial value, denoted
here as R. If the ion clouds start in the same position, R will
be equal to the excitation radius. The alteration range of the
amplitude for the detected signal is then defined by the
width of the interval in which ry is locked. The beats then
do not appear, and the transient has the form of a
modulated signal. Such a transient is known to give a major
peak and two side peaks in a FTICR spectrum, which is to
say that the peaks of the two masses are unresolved. The
intensities of the side peaks are proportional to the depth of
modulation, i.e. to the width of the interval of ry alternation.
Let us consider the transition from non-coalescent to
coalescent motion for the example of ion clouds in the
form of uniformly charged spheres.

The case of uniformly charged spheres
The interaction potential between two uniformly charged
spheres (of radius p and charge g each) is:"'

i 1920° — 80L2p3 + 30L3p? — L°

1605 forL<2p (34)

o(L)

kq?
o(L) = T for L > 2p, (35)

where L is the distance between the centers of the clouds, and
k is Coulomb’s constant. From Eqn. (25):

L=2F'| = 2/Eje? — . 36)

Copyright © 2009 John Wiley & Sons, Ltd.

We assume that the clouds are initially fully overlapped,
ie. L(t=0)=0, then:
Ag(L) = ¢(L) = ¢(0)
, —80L2p® + 30L3p* — L5

=k forL <2 37
q 1606 orL <2p 37)

and

Ag(L) = ¢(L) — ¢(0) = kq* (1 - 3) for L > 2p. (38)
L 5p

If we identify the initial cyclotron radius of both clouds by
R, and since L(t =0) =0, from Eqn. (36) we get E = »?R?, and
thus L = 2,/R? — 2.

Thus it turns out that in the case of uniformly charged
spheres the interval of ry alternation experiences an abrupt
change at a certain critical value of charge that each cloud
bears (i.e. number of ions in each cloud). Figure 1 shows (a)
the g(r) functions, (b) the center-of-charge trajectories and (c)
the resulting FTICR spectra for three values of kg’0. The
trajectories and spectra are obtained by a numerical solution
of the system of differential Eqns. (30) with the interaction
potential defined by Eqns. (34) and (35). For numerical
computations we chose the unit of length so that R=1, and
the unit of time so that {) =1. These units will be referred to
as Lu. and tu., respectively. p=0.4 Lu. The numerical
solution was based on MATLAB 7.5 (The Math Works,
Natick, MA, USA) ordinary differential equation solver
ODE45. The values of kg°6 (in (L.u.)*/(t.u.)) shown in Fig. 1
are: slightly lower (0.003) than the critical value (left row),
near (0.042) the critical value (middle row) and slightly
higher (0.05) than the critical value (right row).

In the case of kg°0=0.003 the interval of r, alternation
spans from 0.4R to R, but for kq20 =0.005 this interval shrinks
toabout 0.98R, R. This transition happens at a certain value of
kq°6 when the flexure of the graph becomes tangential to the
axis of the abscissa (Fig. 1(a), center). At this point the lower
boundary of the interval of r alternation jumps from 0.65R to
0.95R. We will consider this value of kg’ as minimal for the
onset of the coalescent motion regime. The trajectories
(Fig. 1(b)) and the spectra (Fig. 1(c)) also demonstrate that the
motion switches from separate to coalescent at this point. The
same condition can be used for an arbitrary potential, if the effect
of abrupt reduction of the range of r, alternation takes place.

The condition of coalescent motion described above can be
formalized as: dg/dro =0 and g=0 at certain ry. It is
convenient to introduce a new variable & = |/R? — r,% and to
replace 7y with \/R? — &. The physical meaning of & is
(according to Eqn. (36), and taking into account that
E = ©*R?) half of the distance between the centers of the
ion clouds. The condition, which is fulfilled at the threshold
of coalescent and normal motion, remains the same:
dg/dé =0 and ¢ =0 at certain & Using the expression for
g(ro) (Eqn. (32)) (taking into account that E = »*R?) this
condition is transformed into:

? Ag?

22 —_—_ =

- 4(R2 - &) > o7
d 22 6> Ag? B

d& <w 5 4R -8)) o 0
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kg*0=0.0041 kq*6=0.005
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Figure 1. The g(r,) functions, center-of-charge trajectories and the resulting spectra for different values of kq26.

Since Ap <0 for equally charged clouds, Eqn. (39) is
equivalent to:

_ 20§

Ao =
¢ o

R2 - &, 41)

Using Eqn. (41), Eqn. (40) can thus be transformed into:
d _d 2w =2
de™ = ( g VE-F)

Copyright © 2009 John Wiley & Sons, Ltd.

(42)

Equations (41) and (42) are equivalent to the statement that
function Ag(€) is tangential to the function:

_ 208

R2 — £
7 3

h(§) = (43)
As can be seen from Fig. 2, in order to evaluate the
coalescence threshold one may use the point-charge-like

Ag(rg) function with the appropriate initial energy:

Ap($) = kg (l - i) :

% 5p (44)
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Figure 2. h(&) (thin line) and Ag(&) (thick line) at a critical
value of kqP9 for the case of uniformly charged spheres
(dashed line is point charge approximation).

Figure 2 also shows that the h(§) function may be
approximated by a linear function in a wide range of &.
One may see that the & coordinate of the point of tangency is
of the order of the radius of ion cloud, and that the ion cloud
radius is usually a few times smaller than R. That means that
it would be reasonable to replace h(§) with a linear function in
order to simplify the determination of the coalescence
criteria. The linear approximation of h(§) is:

hy=— %E- (45)
Considering this, Eqns. (41) and (42) are simplified to:
d 2wR

For the case of spherical ion clouds, i.e. with the interaction
potential defined by Eqn. (44), Eqns. (46) and (47) result in:

g2 L _ _20R
ki 2 Rk (48)
o1 6\ _ 20R

This system of equations is easily resolved by substituting
¢ from Eqn. (48) into Eqn. (49). The solution for kg6 is then:

kq*0 = % 0*Ro. (50)

In order to verify the results of our analysis we computed
the trajectories of interacting ion clouds by solving the
equations of motion (1) (with the interaction potential
defined by Eqns. (34)and (35)) numerically using the
MATLAB 7.5 differential equation solver ODE45. For
different values of p we picked out the threshold value of
kq26, while the other parameters were: R=1, Am/M =0.01,
and Q =1. The threshold value of k4’0 was then compared
with Eqn. (50) (Fig. 3). For values of p greater then R/2 the
coalescence does not appear as a jump-like process, but as a

Copyright © 2009 John Wiley & Sons, Ltd.
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Figure 3. Threshold value of kg2 depending on the radius of
the cloud p: computed numerically (solid line) and given by
formula (48) (dashed line). p is expressed in fractions of R, i.e.
in (l.u.).

gradual shift of the detected frequencies towards each other.
Therefore, that region is not shown on the diagram. The
comparison shows good agreement in the region where our
model is valid. For small values of p the drift model is
probably not applicable because the distance between the
cloud centers undergoes considerable change throughout a
single drift oscillation due to the strong repulsion.

In order to obtain the direct expression for the number of
particles needed for the onset of coalescence we should
substitute 0 and o with their expressions in Eqn. (21). Then:

1 25 QOAm
2 1 80 ppiiam
Mmoo R D)
If the cloud consists of N particles then M =Nu, 4=Ne,
where 1 and e are the mass and charge of a single ion. When
we substitute M, g and ) in Eqn. (51) with their values, N is
expressed as:

25 p*R(Ap/p)B?
N=2222 207
9 ki

where Au is half of the mass difference between ions in

(52)

different clouds.

Arbitrary interaction potential

The method described for the case of uniformly charged
spherical clouds can be generalized for an arbitrary
interaction potential. If an abrupt reduction in the range of
7o alternation at a certain value of kq°0 (which is proportional
to the number of ions) takes place, all the mathematics
leading to Eqns. (41) and (42) (or their simplified versions
Eqns. (46) and (47)) remain valid. As an example, the g(r)
function for elliptical, uniformly charged ion clouds (semi-
axes related as 3:1:1) has this feature (Fig. 4). Equations (46)
and (47) make it possible to formulate a simple algorithm for
finding the necessary number of ions for the coalescence to
occur. Say we have an arbitrary interaction potential between
two ion clouds of the same charge and a slightly different
mass, measured from the point of zero distance between ion

Rapid Commun. Mass Spectrom. 2009; 23: 3213-3219
DOI: 10.1002/rcm



x46°

1.4

ni

gl flu

M6 ess es @ss @7 Gs8 o8 o8 o8 s
o, flLuk

Figure 4. g(r) function for the interaction potential of two
elliptical uniformly charged ion clouds at a threshold value

of number of ions.

cloud centers. Let it be defined as follows:

Ag = kg* - ¢ (§). (53)

Again &is half of the distance between the centers of the ion
clouds, and all the notation is the same as before. Any
potential can be expressed in the form of Eqn. (53), because
any interaction potential varies as the square of the electric
charge. For (&), Eqns. (46) and (47) appear as:

2wR

Y(§) = - k0’ (54)
d 2wR
%w(é) = _quGS' (55)

These equations mean that in order to find the threshold
value of kg0 one needs to draw a tangent to V(&) passing
through the origin. Knowing the slope of this line is enough
to find kq°6. Let us designate the slope of the tangent line as v,
then, as follows from Eqns. (54) and (55), kq20 can be found as:

kq*6 = — @ (56)

In order to pass on to the expression for the threshold value
of the number of ions in each cloud, N, we should substitute 8

Copyright © 2009 John Wiley & Sons, Ltd.

Theory of peak coalescence in FTICRMS 3219

and o just as we did for the case of spherical clouds. The
result is:

_ 2 R(Au/n)B?

N
v ki

(57)

CONCLUSIONS

A new theory of ion cloud interactions in the magnetic fields
of a Fourier transform ion cyclotron resonance mass
spectrometer was developed. The theory can predict the
onset of synchronous cyclotron motion of clouds in the case
of close mass-to-charge ratios of the ions in these clouds
when the number of ions in the clouds increases. This theory
can be used to study the coalescent motion phenomenon for
arbitrary inter-cloud potential and hence arbitrary cloud
shape. The critical number of ions for the phase synchroniza-
tion or peak coalescence to take place depends quadratically
on the magnetic field strength and is proportional to the
cyclotron radius and inversely proportional to the ion
masses.
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