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Seasonal variations of the7Be solar neutrino flux
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Measuring the7Be solar neutrino flux is crucial towards solving the solar neutrino puzzle. The Borexino
experiment, and possibly the KamLAND experiment, will be capable of studying the7Be neutrinos in the near
future. We discuss~1! how the seasonal variation of the Borexino and KamLAND data can be used to measure
the 7Be solar neutrino flux in a background independent way and~2! how anomalous seasonal variations might
be used to discover vacuum neutrino oscillations, independent of the solar model and the measurement of the
background. In particular, we find that, after three years of Borexino or KamLAND running, vacuum neutrino
oscillations can be either established or excluded for almost all values of (sin2 2u,Dm2) preferred by the
Homestake, GALLEX, SAGE, and Super-Kamiokande data. We also discuss how well seasonal variations of
the data can be used to measure (sin2 2u,Dm2) in the case of vacuum oscillations.@S0556-2821~99!04719-0#

PACS number~s!: 14.60.Pq, 13.15.1g, 26.65.1t
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I. INTRODUCTION

The question of whether neutrinos have non-zero m
has been an outstanding issue in particle physics for m
decades. Recently there have been new exciting deve
ments in the indirect search for neutrino masses via neut
oscillations. Major progress has been achieved by study
atmospheric neutrinos, culminating in the announcemen
evidence for muon neutrino oscillations by the Sup
Kamiokande Collaboration@1#. The most striking signal pre
sented in@1# is the up-down asymmetry of the atmosphe
muon neutrino flux. The choice of this particular quant
eliminates many theoretical uncertainties and the final re
is very robust. In fact, at present time, this result represe
perhaps the best evidence for physics beyond the stan
model.

Another very active area of research is the study of n
trinos coming from the Sun. Ever since the Homestake
periment@2# reported its first results, there has been disagr
ment between theoretical predictions and measuremen
the solar neutrino flux. For many years, however, it was
possible to determine if the observed discrepancy was du
problems with the experiment and/or with the modeling
the Sun, or if it was, in fact, a sign of new physics. In the l
decade other neutrino experiments, Kamiokande@3#,
GALLEX @4#, SAGE @5#, and more recently Super
Kamiokande@6#, have also measured the solar neutrino fl
with different energy thresholds and using very differe
techniques. All four experiments confirm a deficit in the o
served number of solar neutrino induced events. Moreove
has recently become clear that it is virtually impossible
concoct a solar model which would fit all the data@7,8#. On
the other hand, the results of all experiments can be
plained by assuming that the electron neutrino oscillates
a different flavor state.

There are two neutrino oscillation scenarios that are
pable of faithfully explaining the solar neutrino data@7#. One
scenario makes use of the Mikheyev-Smirnov-Wolfenst
~MSW! effect @9,10#, where the electron neutrino conversio
into another neutrino flavor is due to flavor dependent in
0556-2821/99/60~9!/093011~17!/$15.00 60 0930
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actions with solar matter. The other scenario assumes
the neutrino oscillation length is comparable to the Ear
Sun distance, and simple vacuum oscillations are suffici
This scenario is also known as the ‘‘just-so’’ solution@11#.
Both scenarios allow the electron neutrinos to oscillate i
other active species or sterile neutrinos.

The solar neutrino energy spectrum is determined by s
eral nuclear reactions which take place in the Sun’s c
@12#, and different experiments are sensitive to neutrinos p
duced by different nuclear reactions. Super-Kamiokande,
example, a very large water Cherenkov detector, is curre
sensitive to solar neutrinos with energies slightly above
MeV. Almost all neutrinos it detects come from the decay
8B (8B→8Be* 1e11ne).

1

Another solar reaction that gives rise to neutrinos is
process of electron capture by a7Be nucleus (7Be1e2

→ 7Li 1ne). Neutrinos from this reaction have energies b
low the Super-Kamiokande threshold, but are accessibl
the radiochemical experiments Homestake, GALLEX, a
SAGE. If one naively assumes that the suppression in
neutrino flux is due to the suppression of individual neutri
sources (8B, 7Be, etc.! in the Sun, the combination of th
Super-Kamiokande data with that of the radiochemical
periments indicates that the flux of7Be neutrinos is virtually
absent@8,13# ~the best fit value of the7Be flux is in fact
negative!. In the case of neutrino oscillations, all solutions
the solar neutrino puzzle indicate that the7Be neutrino flux
is suppressed, in some cases very strongly. Thus, at pre
there is great demand for experiments that would accura
measure the flux of the7Be neutrinos. Two upcoming ex
periments, Borexino and KamLAND, may have the capab
ity to do exactly that.

In this paper, we present a quantitative study of what c
be accomplished by measuring the seasonal variations o

1There is a small fraction of the neutrinos that can be detecte
Super-Kamiokande coming from the reaction3He1p→4He1e1

1ne .
©1999 The American Physical Society11-1
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DE GOUVÊA, FRIEDLAND, AND MURAYAMA PHYSICAL REVIEW D 60 093011
7Be neutrino flux at Borexino and KamLAND. Season
variations of the solar neutrino flux are of course expect
due to the Earth’s eccentric orbit. The number of neutrinos
all flavors reaching the Earth is larger when the Earth
closer to the Sun than when it is farther away, and sho
vary as 1/L2. In the case of no neutrino oscillations or of th
MSW solution to the solar neutrino puzzle, the number
7Be solar neutrino induced events is supposed to vary
cording to the 1/L2 law, following the variation of the tota
neutrino flux. This will be referred to as the ‘‘normal’’ sea
sonal variation.

If vacuum oscillations are the solution to the solar ne
trino puzzle, large, anomalous seasonal variations of
number of 7Be solar neutrino induced events might be d
tected@11,14#. It is well known that neutrino oscillation ef
fects depend on the distance to the neutrino source, and
ferent Earth-Sun distances may yield very differentne
survival probabilities@15,16#. The anomalous seasonal vari
tion effect should be more pronounced in7Be neutrinos than
in 8B neutrinos~the latter was recently studied in@17#!. This
is due to one important feature which distinguishes7Be neu-
trinos from 8B and other abundant types of solar neutrin
because they are produced as part of a two-body final s
the neutrino energy spectrum is mono-energetic.2 The details
will become clear when we discuss the anomalous seas
variation effect, in Sec. III.

In the case of no anomalous seasonal variations, if
has enough statistics and a small enough background
time variation of the data can be used to measure the s
neutrino flux, given that the number of background event
constant in time.3 We will analyze how well Borexino and
KamLAND can perform this type of measurement. We a
particularly interested in analyzing the relevance of this te
nique when the number of electron neutrinos reaching
detector is very suppressed with respect to the standard
model predictions, as might be the case if there arene
→nm,t oscillations for the small angle MSW solution.4

The paper is organized as follows. In Sec. II we disc
how seasonal variations might be used to determine the s
neutrino flux at Borexino and KamLAND, in such a way th
no separate measurement of the number of backgro
events is required. In Sec. III we analyze the effect of
vacuum oscillation solutions to the solar neutrino puzzle
the annual variation of the number of detected events at B
exino and KamLAND. In particular we describe the regi
of the (sin2 2u,Dm2) parameter space where vacuum oscil
tions can be discovered by studying the seasonal variat

2In fact there are two distinct neutrino energies, 0.383 and 0.
MeV, corresponding to different final states of the7Li nucleus.
Borexino and KamLAND are only sensitive to the higher ener
component.

3Actually, a time-dependent background is also acceptable
long as it can be monitored and understood well enough.

4If ne oscillates into sterile neutrinos, the suppression is e
more pronounced, due to the absence of neutral currentnm,t-e elas-
tic scattering. We do not consider oscillations into sterile neutri
in this paper.
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of the data. In Secs. IV and V we describe how the meas
ment of the seasonal variation of the7Be solar neutrino flux
may be used to either measure the neutrino oscillation
rameters, sin2 2u andDm2, or exclude a large portion of the
(sin2 2u,Dm2) parameter space. In Sec. VI we summarize o
results and conclude.

II. MEASURING THE 7Be SOLAR NEUTRINO FLUX

As was already pointed out, measuring the flux of7Be
neutrinos is crucial towards understanding the solar neut
puzzle. Borexino@18# plans to do this measurement by usin
300 tons of organic liquid scintillator to detect recoil ele
trons from elasticn-e scattering. Since the scintillator has n
directional information, and the signal is characterized o
by the scintillation light produced by the recoil electron, t
background has to be kept under control. This places a v
stringent constraint on the radio-purity of the scintillator a
on the activity of the material in the detector. Borexino a
ticipates 100 tons of fiducial volume for detecting solar ne
trinos.

KamLAND @19#, which was originally conceived as a re
actor neutrino experiment with an unprecedented base
~170 km on the average!, may also be able to study7Be solar
neutrinos, if rigorous yet attainable requirements on
radio-purity and activity are met. We assume throughout
paper that KamLAND will use 600 tons of fiducial volum
for detecting solar neutrinos~the size of the fiducial volume
will depend on the background rate, which is currently u
known!. We concentrate our analysis on Borexino, which
an approved dedicated solar neutrino experiment, and
cuss KamLAND, whose uses for solar neutrino studies ar
present being proposed@20#, as a possible higher statistic
improvement.

It is important to define what is meant by ‘‘measuring t
7Be solar neutrino flux.’’ In reality, what the experiments a
capable of measuring is the number of recoil electrons
duced by solar neutrino interactions in a given recoil elect
kinetic energy range~kinematic range!. This information can
only be converted into a solar neutrino flux measuremen
one knows the flavor composition of the solar neutrinos@21#.
Explicitly, assuming that the solar neutrino flux is compos
of ne ~with fraction P) andnm,t ~with fraction Q512P),

No. recoil electrons/time

5F3„Psne-e1~12P!snm,t-e…Ne , ~2.1!

where F is the neutrino flux,Ne is the number of targe
electrons, and

snx-e[E
T min

Tmax
dTS ds

dTD
nx-e

, ~2.2!

with (ds/dT)nx-e being the differential cross section fornx-e
scattering for a given kinetic energyT of the recoil electron.
Tmin and T max define the kinematic range. In the case

2
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n

s
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SEASONAL VARIATIONS OF THE 7Be SOLAR . . . PHYSICAL REVIEW D 60 093011
FIG. 1. The simulated seasonal variation of the7Be flux for the case of the small angle MSW solution, for three years of Borexino~left!
and KamLAND~right! running. The inset shows the measured flux of7Be neutrinos from the fit to the seasonal variation of the event
~point with error bar! and the SSM prediction~shaded band!.
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the
neutrino oscillations,P is the survival probability for elec-
tron neutrinos, while 12P is the probability thatne will
oscillate intonm,t .

If the flavor composition of the flux is not known, all tha
can be quoted is the effective neutrino flux,Feff , which is
calculated from the number of measured recoil electrons
suming that there are only electron neutrinos coming fr
the Sun. Explicitly,

Feff[
No. recoil electrons/time

sne-eNe

5F3S P1~12P!
snm,t-e

sne-e
D . ~2.3!

Clearly, if P51, Feff5F. It is important to remember tha
snm,t-e /sne-e,1 and thereforeFeff<F. The ratio of the
neutrino elastic cross sections depends on the energy o
incoming neutrino and the kinematic range to which ea
particular experiment is sensitive. ForEn50.862 MeV and
the Borexino~KamLAND! kinematic range 250–800 keV
~280–800 keV!, snm,t-e /sne-e50.213(0.214). It is this ef-

fective electron neutrino flux,Feff , that is referred to,
throughout this paper~and in general!, as the7Be solar neu-
trino flux.

In order to determine the number of recoil electrons
duced by solar neutrino interactions, it is crucial to determ
the number of background events. The number of ba
ground events can be estimated by various techniques, w
we do not address in this paper. It is worthwhile to point o
however, that this is a very difficult process and it would
highly desirable to have an independent way to determine
7Be solar neutrino flux in order to make the final resu
more convincing. This may be possible if one looks at
seasonal variation of the number of detected events.

In the following, we study the seasonal variation of t
event rate as a means to measure the7Be solar neutrino flux.
The distance between the Earth and the Sun varies slig
over seasons because of the eccentricity of the Earth’s o
The perihelion~when the Earth is closest to the Sun! occurs
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around January first. The eccentricity of the Earth’s orbit
e50.017, and hence the distance varies as

L5L0@12e cos~2pt/yr!#, ~2.4!

to the first order ine. Here,t is the time measured in year
from the perihelion, andL051.4963108 km is one astro-
nomical unit. The neutrino flux varies as 1/L2 and hence
shows a seasonal variation of about 7% from minimum
maximum. The change in the Earth-Sun distance between
aphelion and the perihelion is given by

DL[Lmax2Lmin52eL055.13106 km. ~2.5!

By fitting the event rate to the seasonal variation expec
due to the eccentricity,

B1SS L0

L D 2

, ~2.6!

one can extract the background event rateB and the signal
event rateS independently. As long as the detector is mo
tored well and its performance is sufficiently stable, th
method will be only limited by statistics.

Borexino expects 53 events/day5 according to the 1995
Bahcall-Pinsonneault~BP95! @22# standard solar mode
~SSM!, together with 19 background events/day@18#, after
the statistical subtraction of the known background sourc
This is done by pulse shape discrimination against
a-particle background and the measurement of Bi-Po p
via a-b coincidence. This in turn allows the statistical su
traction of processes in the238U and 232Th chains which are
in equilibrium. It is also assumed that the experiment c
achieve a radio-purity of 10216g/g for U/Th, 10218g/g for
40K, 14C/12C510218, and no Rn diffusion. For KamLAND

5For simplicity, we neglect the contribution of solar neutrin
sources other than7Be electron capture throughout the paper.
particular we neglect the contribution of neutrinos produced in
CNO cycle, which is about 10% of that from the7Be neutrinos.
1-3
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FIG. 2. The expected 1s statistical accuracy of the7Be neutrino flux measurement, together with the central value normalized b
flux predicted by the SSM, as a function of thene survival probability at Borexino~left! and KamLAND ~right!, after three years of data
taking.
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we use 466 events/kt/day for the signal and 217 events
day @20# for the background under similar assumptions b
with larger cosmogenic background~especially 11C! and
some Rn diffusion. Assuming 600 t of fiducial volume, w
expect 280 signal events/day and 130 background eve
day. Throughout the paper, we will assume that the num
of background events is either constant in time or its ti
dependence is sufficiently well understood by monitorin
We neglect systematic effects and assume that there are
statistical uncertainties.

Under these assumptions, Fig. 1 depicts a simulation
the seasonal variation of the ‘‘data’’ for both Borexino a
KamLAND, after three years of running. The plots are f
the case of the small angle MSW solution to the solar n
trino puzzle, where thene’s produced by7Be electron cap-
ture inside the Sun have almost completely oscillated intonm
or nt , and the event rate is reduced to 21.3%~21.4%! of the
SSM prediction at Borexino~KamLAND!. In the fit to the
data, both the background and the7Be flux are allowed to
float.

This analysis can be repeated for different values of
7Be flux, or, equivalently, for different survival probabilitie
for ne . Figure 2 depicts the expected 1s statistical accuracy
of the 7Be flux measurement, together with the central va
normalized by the SSM prediction, as a function of the s
vival probability for ne . We emphasize that this measur
ment technique assumes no knowledge of the backgrou

The important information one should obtain from th
analysis is if one can indeed measure a nonzero7Be solar
neutrino flux. For example, in the case of the small an
MSW solution, thene survival probability is very close to
zero and, assuming the expected number of backgro
events, Borexino’s measured neutrino flux is less than 1.s
away from zero. The situation at KamLAND is much bett
and in the case of the small angle MSW solution a health
sigma-away-from-zero measurement of the flux is obtain
if the background is as low as expected. The significanc
the measured flux increases for larger survival probabilit
as in the case of the large angle and the lowDm2 MSW
solutions.
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A similar analysis can be performed in order to determ
how many background events each experiment can tole
in order to claim a solar neutrino flux measurement which
3 s away from zero. Figure 3 depicts the maximum numb
of background events per day allowed for 3 years of B
exino or KamLAND running. It is worthwhile to commen
that, in the case of Borexino and the small angle MSW
lution (P.0), a 3 sigma-away-from-zero measurement
the neutrino flux is not attainable in three years, even in
case of no background~note that forP&0.05 the required
maximum background to achieve a threes measurement of
the flux is negative, i.e., impossible to achieve!. Therefore,
for Borexino, this simple, background independent analy
using the seasonal variation of the data is not particula
powerful in the case of the small angle MSW solution, due
statistical limitations.

III. SENSITIVITY TO VACUUM OSCILLATIONS

In this section we study the discovery potential of t
Borexino and KamLAND experiments in the region ofDm2

corresponding to the vacuum oscillation solution to the so
neutrino problem. In this case, the pattern of seasonal va
tions can be very distinct from the normal pattern discus
in the previous section.

The basic idea is the following. The survival probabilityP
for an electron neutrino in the case of neutrino vacuum
cillations between two flavor states6 is given by

P512sin2 2u sin2S 1.27Dm2
L

ED , ~3.1!

where the neutrino energyE is in GeV, the distanceL in km,
and the difference of masses-squaredDm2 in eV2. Model-
independent analyses of all solar neutrino data show the n

6One can assume the more complicated case of oscillations
tween three neutrino flavor states. In this paper we limit our stud
to the case of oscillations between two flavor states.
1-4
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SEASONAL VARIATIONS OF THE 7Be SOLAR . . . PHYSICAL REVIEW D 60 093011
FIG. 3. The maximum number of background events allowed per day at Borexino~left! or KamLAND ~right!, for 3 years of running, in
order to measure a solar neutrino flux which is 3s away from zero. The dashed lines indicate the currently anticipated numb
background events per day.
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for an energy-dependent suppression of thene flux. The
‘‘just-so’’ solution achieves this by choosingDm2 such that
the corresponding neutrino oscillation length

Losc[
pE

1.27Dm2
52.473108 km3S E

10 MeVD S 10210 eV2

Dm2 D
~3.2!

is of the order of one astronomical unit~1 a.u. 5 1.496
3108 km!; hence the name ‘‘just-so.’’ More specifically, th
oscillation length is assumed comparable to 1 a.u. for8B
neutrinos (En'10 MeV!; at the same time, the oscillatio
length of 7Be neutrinos (En50.862 MeV! is an order of
magnitude smaller and, for sufficiently largeDm2, can be
comparable to the seasonal variation of the Earth–Sun
tance due to the eccentricity of the Earth’s orbit,DL @see Eq.
~2.5!#. As a consequence, the flux of7Be neutrinos detected
on the Earth may exhibit an anomalous seasonal variat
beyond the normal 1/L2 effect discussed in the previous se
tion.

Such anomalous variation could serve as a unique sig
ture of vacuum oscillations@11,14#. Moreover, as we will
show in this section, both Borexino and KamLAND will b
able to cover a large portion of the ‘‘just-so’’ paramet
space, even without relying on a particular solar model
estimate of the background rate, just by analyzing theshape
of their data. In this sense the discovery of an anomal
seasonal variation at one of these experiments would b
robust a result as the Super-Kamiokande measurement o
up-down asymmetry for the atmospheric muon neutrinos

To illustrate the main idea, we choose a particular po
(Dm253310210 eV2,sin2 2u51) in the allowed region of
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the ‘‘just-so’’ parameter space7 and compute the correspond
ing seasonal distribution of the neutrino events at Borex
after 3 years of running. We use the number of backgrou
events and the expected number of signal events~before the
effect of neutrino oscillations! quoted in Sec. II. The result
are shown in Fig. 4 by the set of ‘‘data’’ points with erro
bars; each point represents the number of events expect
a given month and the vertical error bars show the co
sponding statistical uncertainties. The histogram in Fig. 4~a!
shows ‘‘theoretical’’ event rates expected for non-oscillati
neutrinos, provided the background rate is known accura
and the SSM prediction for the neutrino flux is trusted. O
can see that under these assumptions vacuum neutrino o
lations with Dm253310210 eV2, sin2 2u51 would be
trivial to discover.

More importantly, the experiment would be able to cla
the discovery even without relying on an estimate of t
background rate or the value of incoming neutrino flux p
dicted by the SSM. It is intuitively obvious from the figur
that the vacuum oscillation ‘‘data’’ points cannot be fit b
the ‘‘theoretical’’ curve even if the background and the so
neutrino flux are varied freely, unless one assumes neut
oscillations. This can be quantified as follows. For a giv
background rateb and signal event rates, we define thex2

value of the fit for an ‘‘average’’ experiment:

x2~s,b!5Nd.o.f.1 (
i

Nbins ~di2b2s•hi !
2

di
, ~3.3!

7Based on the analysis of the total rates in the Homesta
GALLEX, SAGE, and Super-Kamiokande experiments. See Fig
in @7#.
1-5
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DE GOUVÊA, FRIEDLAND, AND MURAYAMA PHYSICAL REVIEW D 60 093011
FIG. 4. Illustration of the effect of vacuum oscillations on the shape of the seasonal variation of the solar neutrino data. The po
statistical error bars represent the number of events/month expected at Borexino after 3 years of running forDm253310210 eV2, sin2 2u
51. The histogram in~a! shows the number of events predicted by the SSM without neutrino oscillations, plus the number of anti
background events. The histogram in~b! shows the same quantity after adjusting the solar neutrino flux and the background rate s
minimize the value ofx2, as explained in the text. The difference between the case with oscillations and the one without oscillation
apparent.
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whereNbins is the number of bins,Nd.o.f. is the number of
degrees of freedom,di is the averageexpected number o
neutrino events in thei th bin, and hi is given by hi

5* i 21
i @12e cos(2px/Nbins)#2dx. The constant termNd.o.f. in

Eq. ~3.3! is added to take into account the effect of statisti
fluctuations in the data. In a single experiment, statist
fluctuations make the number of neutrino events in thei th
bin slightly different fromdi , and x2 is computed by an
expression similar to Eq.~3.3!, with di replaced by the num
ber of events measured in thei th bin andwithout the con-
stant term,Nd.o.f.. In our analysis, however, we are interest
in the sensitivity of an ‘‘average’’ experiment. As proven
Appendix A, averaging over many experiments results in
definition of x2 given in Eq. ~3.3!, with the constant term
Nd.o.f.. This agrees with the conventional wisdom that, if
function describes data correctly, the average expected v
of x2 should be equal to the number of degrees of freed
Given this definition, we can choose values ofs and b that
minimize thex2; the only restriction imposed is that boths
and b be non-negative. For the case at hand the minim
occurs whenb is zero ands is 0.95 times the SSM predictio
@see Fig. 4~b!#. As expected, even after this change t
‘‘data’’ points and the histogram are very different.~Numeri-
cally, x252935 which for 10 degrees of freedom implies
confidence level8 of 1 – 93102627).

We now extend this approach, and scan the en
(sin2 2u, Dm2) plane~for an earlier work with a more sim
plified analysis which does not consider the presence
background, see@15#!. In the analysis below, we follow the
same steps as before: the ‘‘data’’ are simulated accordin
the expected number of background and signal events,
the effect of neutrino oscillations, for each value of (sin2 2u,
Dm2), binned into a certain number of binsNbins, and then

8This number is, of course, unrealistic, and the true confide
level in this case will be dominated by systematic effects.
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compared to the ‘‘theoretical’’ predictions for the case of
oscillations. Thex2 is computed according to Eq.~3.3! and
minimized with respect to both the signal (s) and back-
ground (b). The confidence level~C.L.! corresponding to the
minimal value ofx2 andNd.o.f.5Nbins22 degrees of freedom
is then determined, and the region in which the C.L. is le
than a given number is isolated. This case, when both
number of background events and the incoming solar n
trino flux are considered unknown in the fit, is the mo
conservative one, and yields the smallest sensitivity reg
Later we also study less conservative cases, where we
sume in the ‘‘data’’ analysis that the incoming neutrino flu
is the one predicted by the SSM and/or that the backgro
rate is known.

We now apply this most conservative procedure to stu
the experimental reach of Borexino after 3 years of ope
tion. In Fig. 5 we show the results of the scan for 95% an
s C.L. As one can see from the figure, even at 5s C.L. a
large portion of the parameter space aboveDm2

;10210eV2 is covered~white region!. In this region the
neutrino oscillation lengthLosc is smaller than the season
variation of the Earth–Sun distanceDL. On the other hand
below Dm2;10210eV2 one can see a series of spikes pr
truding through the sensitivity region. It is important to u
derstand the origin of these spikes. Since we adjust the l
of signal and background in the fit, we are not sensitive
the absolute event rate, only to its variation during the ye
For Dm2&10210eV2 the oscillation length is larger thanDL
and the amplitude of the variation of the event rate is roug
proportional to the first derivative of Eq.~3.1! with respect to
L. In the regions where this derivative nearly vanishes,
amplitude of the variations is small and the signal is ind
tinguishable from the case of no oscillations. This expla
why the loss of sensitivity occurs not only when the neu
nos undergo approximately an integer number of oscillati
as they travel to the Earth (Dm25n30.143310210eV2),
but also when the number of oscillations is close to ahalf-
e
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integer @Dm25(n11/2)30.143310210 eV2#. In the lat-
ter case the absolute neutrino flux is maximally suppres
but the magnitude of the seasonal variation is small.9

Given this explanation, one would expect that the spi
corresponding to a half-integer number of oscillations sho
become shorter if in the analysis we choose to rely on
SSM prediction of the incoming neutrino flux and/or on t
anticipated background rate. It is straightforward to incorp
rate the knowledge of both quantities and their uncertain
in our procedure. For example, to impose the value of
incoming neutrino flux predicted by the SSM, we modify t
expression ofx2 in Eq. ~3.3! by adding an extra term:

x2~s,b!→x2~s,b!1
~s2s0!2

ss0

2
, ~3.4!

wheres and b are the values of the signal and backgrou
with respect to which we later minimizex2, s0 is the SSM
prediction for the signal, andss0

is the uncertainty ins0 .
The rest of the analysis is carried out unchanged, except
the number of degrees of freedom is increased by on
Nd.o.f.5Nbins21. To use both the incoming flux predicted b
the SSM and the anticipated background rate, two terms
added to Eq.~3.3! and the number of degrees of freedom
increased by two toNd.o.f.5Nbins.

The results of the calculation are shown in Fig. 6. T
uncertainty on the solar model prediction of the7Be neutrino
flux is taken to be 9%@23#, while the uncertainty on the
background is 10%@20#. As expected, the odd-numbere

9Notice that the regions preferred from the global fits have
absolute7Be neutrino flux suppressed. See Figs. 9 and 10.

FIG. 5. The sensitivity region of the Borexino experiment in
years, if the analysis does not assume any knowledge of the b
ground rate or the incoming solar neutrino flux. In the unsha
region the ‘‘data’’ is at least 5s away from the best no-oscillation
fit. In the lightly shaded region the discrepancy is greater than 9
C.L. but less than 5s C.L.
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spikes do become shorter. The one possibility not shown
the plot is the situation when one only assumes knowledg
the background rate. In this case the spikes become sig
cantly thinner, although their length remains virtually u
changed.

In order to extend this analysis to values ofDm2

.1029 eV2, several issues must be confronted. We will ne
address these issues one by one, and illustrate the discu
in Fig. 7.

The first and the most obvious point is that the number

e

k-
d

FIG. 6. The sensitivity reach of the Borexino experiment afte
years of running~at 95% confidence level!. The three cases consid
ered are: no knowledge of either the background rate or the inc
ing solar neutrino flux~the covered region is white!; assumption
that the incoming solar neutrino flux is the one predicted by
SSM, with 9% uncertainty~the covered region is white1 light
gray!; assumption that the background rate is known with 10
uncertainty and the incoming neutrino flux agrees with the SS
with 9% uncertainty~the covered region is white1 light gray 1
medium gray!.

FIG. 7. The relative roles of the binning effect, the linewid
effect, and the matter effect, as explained in the text.
1-7
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bins needs to be changed. The reason is that the frequen
the seasonal variations increases withDm2, and above some
value (Dm2.8310210 eV2, for 12 bins! integration over
the bin size washes out the effect. To avoid this, we cha
the number of bins from 12 to 365. After the change,
effect of binning kicks in atDm2.2.431028 eV2, as curve
1 in Fig. 7 illustrates.

Next, there are two physical effects one must take i
account: one is the interaction of the neutrinos with so
matter~the MSW effect!, and the other is the finite width o
the 7Be solar neutrino line. One may worry about the was
out of the seasonal variation effect due to the finite size
Sun’s core. However, matter effects make the core size e
irrelevant because the mixing angle in the Sun’s core is sm
and the oscillations effectively start at the level-cross
point @see Eq.~3.6!#.10

When ane is created by the electron capture process
the core of the Sun, its Hamiltonian is dominated by t
matter effectA2GFne (ne is the electron number density! if
Dm2!1025 eV2 for 7Be neutrinos. We restrict ourselves
Dm2,1027 eV2 in the following discussions, as the fina
sensitivity due to the anomalous seasonal variation is lim
by &1028 eV2 as will be seen later in this section. Then t
mass mixing effect can be completely ignored at the time
the neutrino production, and one can safely take the p
duced neutrino to be in a Hamiltonian eigenstate~the one
which corresponds to the larger energy in the Sun’s core!. As
it propagates through the Sun, the neutrino follows the
stantaneous Hamiltonian eigenstate~in the adiabatic approxi-
mation!, and exits in the heavier mass eigenstate,n2
5nesinu1nmcosu. It also has a finite amplitudeAc for hop-
ping to the other Hamiltonian eigenstate. The neutrino s
that exits the Sun can therefore be written as

nexit5Acn11Bcn2 , ~3.5!

with the unitarity constraintuAcu21uBcu251. Out of the Sun,
the two mass eigenstates develop different phases due t
mass difference,e2 iDm2t/2En. Therefore the neutrino stat
that arrives at the Earth is given by

narrival5Acn11Bcn2e2 iDm2L/2En, ~3.6!

up to an overall phase factor. The distanceL is between the
point of level crossing and the Earth. Finally, the surviv
probability of the electron neutrino is determined by thene
component ofnarrival, and hence

P5uAccosu1Bcsinue2 iDm2L/2Enu2

5uAcu2cos2 u1uBcu2sin2 u

12ReAc* Bce
2 iDm2L/2Ensinu cosu. ~3.7!

10We thank E. Lisi and L. Wolfenstein for pointing this out to u
For earlier papers on this particular point, see@9#, @11#, and in
particular,@24#.
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Since uBcu2 is the hopping probability between two Hami
tonian eigenstates in the SunPc , one can rewrite the formula
using Pc and an additional phase factorAc* Bc

5APc(12Pc)e
2 id,

P5Pccos2 u1~12Pc!sin2 u

12APc~12Pc!sinu cosu cosS Dm2L

2En
1d D . ~3.8!

An approximate formula forPc was given in@25# using the
exponential density profile of the Sun,

Pc5
e2g sin2 u2e2g

12e2g
~3.9!

with

g52pr 0

Dm2

2En
51.22S Dm2

1029 eV2D S 0.862 MeV

En
D ,

~3.10!

where we consider the exponential-profile approximation
the electron number density in the Sunne}exp(2r/r0), with
r 05R(/10.5456.603104 km, given in@26#. Figure 8 shows
the contours ofPc on the (sin2 2u,Dm2) plane for the7Be
neutrino energyEn50.862 MeV.

The most important consequence of the matter effec
that the vacuum oscillation is suppressed whenPc→0 ~adia-
batic limit!. The origin of the suppression is simple. Whe
Pc is small, the neutrino state that exits the Sun is nearl
pure n2 state. Since it is a mass eigenstate, only its ph
evolves in time and no oscillations take place. Thene sur-
vival probability then is simply given by thene content of
n2 , which is nothing but sin2 u, without anomalous seasona
variations. Therefore, the sensitivity to the anomalous s
sonal variation is reduced in the region with smallPc . When
Dm2 is small, on the other hand, the situation is in the e

FIG. 8. The contour plot of the hopping probabilityPc

50.1,0.2, . . . ,0.9, for the 7Be neutrino energy, using the
exponential-profile approximation for the electron number den
and Eq.~3.9!.
1-8
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treme non-adiabatic limit, andPc→cos2 u. Then Eq.~3.8!
reduces to Eq.~3.1!. As Dm2 increases,Pc becomes smalle
than cos2 u, which enhances the vacuum oscillation effect
the small mixing angle region. Curve 2 in Fig. 7 includes t
matter effect and indeed indicates a reduced sensitivity
large sin2 2u ~smallPc) and an enhanced sensitivity for sma
sin2 2u ~wherePc starts deviating from cos2 u).11

The second effect is the finite width of the7Be line. To
give some preliminary idea about the relative size of t
effect, we first consider a simplified model. We assume fo
moment that the only source of the line broadening is
Doppler shift of neutrino energies arising from the therm
motion of the 7Be nuclei. Since the energy is shifted toE
→E(11vz /c) and the probability distribution of the veloc
ity along the line of sight vz is proportional to
exp(2mvz

2/2kT), the resulting line profile will be a Gaussia
exp@2mc2(E2E0)

2/(2kTE0
2)#. Taking the temperature to b

15.6 million Kelvin ~the temperature in the center of the Su!
and integrating over the line profile, we obtain curve 3
Fig. 7. The sensitivity loss now occurs atDm2.1
31028 eV2, demonstrating that this effect is more importa
than the matter effect.

This naive model is actually incomplete; there exists
other very important source of line broadening. Because
incoming electron in the process7Be1e2→7Li1ne has
nonzero thermal kinetic energy, the center of mass energ
the reaction is greater than the one measured in the lab
tory, and so the neutrino has a greater energy. The p
space distribution of electrons is governed by the Maxw
ian factor exp(2Ee2 /kT). This distribution has to be multi
plied by the energy-dependent cross section, integrated
the phase space, and finally convoluted with the Gaus
arising from the Doppler effect. The resulting line shape
comes asymmetric, with a Gaussian profile on the left~due to
the Doppler effect! and an exponential tail on the right~due
to the Maxwellian distribution of the electron energy!. The
issue was studied in detail in@27#, where the precise form o
the profile was computed.12 Repeating the calculation with
this profile we generate curve 4 in Fig. 7.

One can see that for this curve the cut-off occurs
smaller Dm2. This behavior is expected, because the lin
width is now greater than when only the Doppler effect w
included~curve 3 in Fig. 7!. It is also worth noting that the
cut-off sets in more gradually. This feature can be und
stood analytically by considering the Fourier transform of
exponential tail vs. a Gaussian tail. The details can be fo
in Appendix B.

Finally, we can combine both the linewidth and the mat
effects. The result is curve 5 in Fig. 7. As expected,
inclusion of the matter effect on top of the linewidth effe
introduces only a small distortion to the sensitivity region
is important to note that forDm2&5310210eV2 none of the

11In the numerical scan, we ignored the additional phase factod,
because its effects are negligible@24#.

12It turns out that other effects, such as collisional line broaden
@28# or gravitational energy shift@27#, are unimportant.
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physical effects mentioned above affect the sensitivity reg
~curve 1 versus curve 5, in Fig. 7!.

We need to consider one last ingredient in the analy
We again return to the issue of the number of bins. Wh
choosing more bins is necessary for larger values ofDm2, it
simultaneously leads to a loss of sensitivity for smallerDm2.
A better procedure is to use an optimum number of binsNopt
for eachDm2. It can be shown that for our method of anal
sis ~minimizing x2 by varying the signal and background!
and sufficiently largeDm2 an approximate formula holds
Nopt.231010(Dm2/1 eV2). Of course, this formula should
not be used when the optimal number of bins it predicts
too small. We choose to use 12 bins forDm2<6310210 eV2

and a variable number of binsNbins5231010(Dm2/1 eV2)
for Dm2.6310210eV2.13

In Fig. 9 we show the entire sensitivity reach of Borexin
after three years of running. The unshaded region will
covered at least at 95% C.L., if in the analysis one allows

g

13An alternative technique, which can be considered more rig
ous but which would also be more computer intensive, is to Fou
transform the simulated data for every value of (sin2 2u,Dm2) in the
scan. One can then compare the intensities of the harmonic
those expected for the case of no oscillations. A description of
method can be found in@29#. For our purposes varying the numbe
of bins is sufficient.

FIG. 9. The final sensitivity plot for three years of Borexin
running, after the inclusion of all effects limiting the reach of th
experiment for largeDm2. The white region corresponds to th
sensitivity at more than 95% confidence level with both the inco
ing neutrino flux and background rate assumed to be unknown,
the dark region to the additional coverage when the SSM7Be flux
and the background rate estimated elsewhere are used. Also s
are the regions preferred by the analysis of the total rates in
Homestake, GALLEX, SAGE, and Super-Kamiokande experime
@7#.
1-9
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background and the incoming solar neutrino flux to flo
The dark shading marks the additional portion of the para
eter space that will be covered at least at 95% C.L., if in
analysis one assumes both the anticipated background
~10% uncertainty! and the SSM prediction of the7Be solar
neutrino flux~9% uncertainty!. For Dm2*531029 eV2, the
sensitivity to the anomalous seasonal variation gets lost
cause of the smearing due to the linewidth effect. Howev
there is an overall suppression of the flux due to the MS
effect in this region. To be sensitive to this overall suppr
sion, we should return to a smaller number of bins to
hance the statistical accuracy. We therefore use 12 bin
this region.14

For comparison, we also superimpose the ‘‘just-so’’ p
ferred regions obtained by analyzing the total event rate
the Homestake, GALLEX, SAGE, and Super-Kamiokan
experiments~Fig. 5 in @7#!. The plot shows that Borexino
will be sensitive to almost all of the preferred region, ev
without relying on the SSM prediction of the incoming ne
trino flux or on the knowledge of the background rate. On
two thin spikes protrude through the lower ‘‘islands.’’ Th
overlap disappears completely when the anticipated ba
ground rate and the SSM prediction for the incoming n
trino flux are used in the ‘‘data’’ analysis, in which case t
entire preferred region is covered.

Figure 10 contains a similar plot for three years of Ka
LAND running. Because KamLAND will have more statis
tics, it will be sensitive at 95% C.L. to the entire preferr
region without relying in the analysis on the SSM predicti

14One can cover a slightly larger portion of the parameter sp
by using yet fewer bins. We chose 12 bins such that one can
verify the expected 1/L2 behavior of the signal even with a reduce
flux, as we discussed in Sec. II.

FIG. 10. The same as Fig. 9, but for three years of KamLAN
running.
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of the incoming neutrino flux or on the knowledge of th
background rate.

As mentioned earlier, the sensitivity to anomalous s
sonal variations is completely lost forDm2*1028 eV2. In
this case the seasonal variation of the data is consistent
an average suppression of the incoming neutrino flux. In p
ticular, in the case of the MSW solutions (1027 eV2&Dm2

&1024 eV2), no anomalous seasonal variations can be
tected, as was implicitly assumed in Sec. II.

At last, it is worth mentioning that the experiments w
still be sensitive to a significant part of the preferred reg
even if the background rate or the incoming7Be neutrino
flux ~for all flavors! turns out to be significantly different
For example, if the background rate at Borexino~Kam-
LAND ! turns out to be 30~100! times higher than expected
the part of the preferred region withDm2.10210eV2 will
still be within the reach of the experiment, after three ye
of running. The sensitivity will be completely lost only if th
background rate turns out to be three~four! orders of mag-
nitude higher than anticipated at Borexino~KamLAND!. The
consequences of a7Be solar neutrino flux smaller than pre
dicted by the SSM can also be studied. If the7Be neutrino
flux is for some reason suppressed by a factor of
KamLAND is still sensitive to the part of the preferred r
gion with Dm2.10210eV2, after 3 years of running.

IV. MEASURING THE OSCILLATION PARAMETERS

In this section, we address the issue of how well the tw
neutrino oscillation parameters, sin2 2u andDm2, can be ex-
tracted if the data collected at future solar neutrino exp
ments exhibit an anomalous seasonal variation. In orde
do this, we simulate ‘‘data,’’ according to the procedure d
veloped in Sec. III, for two distinct points in the paramet
space, sin2 2u50.7, Dm258310211eV2 ~‘‘low point’’ ! and
sin2 2u50.9,Dm254.5310210eV2 ~‘‘high point’’ !. The low
point is close to the best fit point presented in@7#, while the
high point is close to the point preferred by the Sup
Kamiokande analysis of the recoil electron energy spectr
@30#. The data are binned into months~12 bins per years!,
and Fig. 11 depicts the annual variations for both the h
and the low points, assuming three years of Borexino r
ning. The no-oscillation case is also shown.

In order to measure the oscillation parameters, we p
form a 4 parameter (s, b, sin2 2u, and Dm2) fit to the
‘‘data.’’ The fit is performed by minimizingx2 with respect
to the incoming neutrino flux (s) and the background rat
(b), as in Sec. III, and computing it for fixed sin2 2u and
Dm2. Figure 12 depicts the values of (sin2 2u,Dm2) and the
95% C.L. contours~for two degrees of freedom!, extracted
from the ‘‘data’’ consistent with the low~light! and high
~dark! points. Note that this is very different from what wa
done in the previous section. There, for each point in
(sin2 2u,Dm2) plane there was a different ‘‘data’’ set, and th
‘‘data’’ were fitted by a non-oscillation theoretical function
Here the ‘‘data’’ are fixed~either the low or the high point!,
and are fitted by a theoretical function which assumes n
trino oscillations.

One should easily note that the extracted 95% C.L. c
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tour for the high point consists of only two ‘‘islands,’’ while
for the low point one extracts a collection of ‘‘islands.’’ Th
reason for this is simple. WhenDm2;few310210eV2, the
oscillation length is slightly smaller thanDL @see Eq.~2.5!#.
This means that the seasonal variation of the ‘‘data’’ ha
very particular shape~as one may easily confirm by lookin
at Figs. 4,11!, which cannot be easily mimicked by othe
values ofDm2, even when the background rate and the

FIG. 11. Number of recoil electrons detected in a given mon
for the low point, the high point~see text for description! and the
case of no neutrino oscillations, after three years of Borexino r
ning.

FIG. 12. Measurement of the neutrino oscillations parame
sin2 2u andDm2, assuming no knowledge of the SSM and the nu
ber of background events. The regions represent the 95% c
dence level contours, for data consistent with the high~dark! and
low points~light!. The input points are indicated in the figure by th
two crosses. See text for details. We assume 3 years of Bore
running.
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coming flux are varied in the fit procedure.
WhenDm2;several310211eV2, the oscillation length is

larger thanDL, and the effect of seasonal variations is le
pronounced. There is a collection ofDm2’s that yields the
same qualitative behavior. Because our fit procedure allo
for the background rate and the neutrino flux to float free
a good agreement with the ‘‘data’’ is met for a large porti
of the parameter space. In order to make this discuss
clearer, it is useful to describe in detail what happens to
number of electron neutrinos reaching the detector as a fu
tion of time.

In the case of the low point: initially, when the Earth is
the perihelion, thene survival probability is small and, as
time progresses, monotonically increases until the Ea
reaches the aphelion~after six months!. The process happen
in reverse order in the next six months, as expected. Th
are many other values of the oscillation length, i.e.,Dm2,
such that the survival probability monotonically increases
increasing Earth-Sun distance and therefore a similar qu
tative behavior is to be expected. The main quantitative
ference is in the ratio of the number of events detected in
perihelion and in the aphelion, which may be accounted
by varying the background rate and the incoming neutr
flux. This explains the existence of islands. For values
Dm2 in between islands, the survival probability either i
creasesand decreases for varying Earth-Sun distance,
monotonicallydecreases. The exact location of the island
and their widths can only be understood by analyzing the
procedure, in particular the minimization ofx2 with respect
to the background rate and the incoming neutrino flux. N
that there are no ‘‘islands’’ aboveDm2*2.5310210eV2.
This is because when the oscillation length is small eno
~or Dm2 large enough!, the survival probabilitycannotonly
increase for increasing Earth-Sun distance, but necess
reaches a maximum before the aphelion, and then decre
independent of what the survival probability at the periheli
is. This situation is qualitatively different from the low poin

In the case of the high point: initially the survival prob
ability is close to unity, decreases sharply as the Earth mo
further from the Sun, and then grows rapidly, reaching
maximum when the Earth is close to its aphelion, beca
the oscillation length is smaller thanDL. In this case, little
variations in the oscillation length, i.e.,Dm2, produce big
qualitative changes, including the position and number
maxima and minima. There is still a small ambiguity~i.e.,
two ‘‘islands’’! in determiningDm2 for the high point. This
happens when the oscillation length is such that the m
mum of the survival probability happens in March or Oct
ber and the survival probability is large enough at the pe
helion and the aphelion. The fact that the absolute value
the number of recoil electrons detected are different is ta
care of by varying the signal and the background.

In conclusion, if Nature chose neutrino oscillation para
eters such that sin2 2u is large andDm2'few310210eV2,
Borexino should be able to measure these parameters i
pendent of the SSM and any knowledge of the number
background events, with good precision~especially inDm2).
If Dm2'several310211eV2, the determination of oscilla-
tion parameters is not as precise. Better precision can
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FIG. 13. Region of the two neutrino oscillation parameter space excluded in the case of no neutrino oscillations if one ass
knowledge of the background and no knowledge of the SSM~white! or knowledge of the SSM~light1white!, after 3 years of Borexino
~right! and KamLAND ~left! running.
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achieved at KamLAND, but the ambiguity of solutions in th
‘‘low’’ Dm2 region still remains.

V. EXCLUSION OF VACUUM OSCILLATIONS

In this section, we address the issue of what the exp
ments can conclude about vacuum oscillations if no discr
ancy from the normal seasonal variation effect is detected
this case, one may be able to measure the incoming neu
flux, as outlined in Sec. II. Two distinct possibilities will b
considered:~1! the measured flux is consistent with the SS
prediction;~2! the measured flux is suppressed with resp
to the SSM prediction.

In the first case, one would be inclined to trust the SS
prediction of the7Be neutrino flux and use it in the analys
to exclude vacuum oscillations. This will be discussed
Sec. V A. On the other hand, in the second case, it is
clear if the reduced flux is due to MSW neutrino oscillation
an incorrect SSM prediction of the neutrino flux, etc. Th
will be discussed in Sec. V B.

A. If the flux is consistent with the SSM prediction

We simulate ‘‘data’’ consistent with the SSM and th
expected number of background events. The relevant n
bers are quoted in Sec. II. The ‘‘data’’ are binned in
months ~12 bins per year!, and are illustrated in Fig. 11
assuming three years of Borexino running. We then fit to
‘‘data’’ annual distributions that include neutrino oscillation
for a given choice of (sin2 2u,Dm2), plus a constant back
ground. The background rate and the incoming neutrino
may be allowed to float in the fit, constrained to a posit
number.

It is important to note that this is the opposite of what w
done in Sec. III, where the sensitivity of Borexino an
KamLAND to vacuum oscillations was studied. There, t
simulated ‘‘data’’ were consistent with vacuum oscillation
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and one tried to fit a non-oscillation prediction to the ‘‘data
by varying the incoming flux and/or the background. He
the ‘‘data’’ are consistent with no oscillations, and one tri
to fit the ‘‘data’’ with a prediction which includes the effec
of neutrino oscillations for fixed (sin2 2u,Dm2), by varying
the incoming flux and/or the background. If both the bac
ground and the incoming flux are fixed, i.e., not allowed
vary in the fit procedure, the exclusion and the sensitiv
regions are the same. On the other hand, if both the ba
ground rate and the incoming flux are allowed to float, t
exclusion region is expected to be smaller than the sensiti
region presented in Sec. III, especially in the regionDm2

&10210eV2. This is due to the fact that a large number
points in the parameter space yield an annual variation of
ne flux which is much larger than 7%, but agrees with t
shape of the normal seasonal variation. If in the fit proced
the signal is scaled down to reduce the amplitude of
variation and the background scaled up to increase the n
ber of events, a good fit to the no oscillation case can
attained.

Figure 13 shows, for three years of Borexino and Ka
LAND running, the region of the (sin2 2u,Dm2) parameter
space excluded at 95% C.L., if one allows the solar neutr
flux and the background rate to float within the positive nu
bers ~in white!, and if one assumes the solar neutrino fl
calculated in the SSM within theoretical errors~in light plus
white!.

A few comments are in order. First, one notices that
KamLAND exclusion region is larger than the one exclud
by Borexino. This is, of course, expected because
KamLAND’s larger fiducial volume and therefore higher st
tistics. Second, when the solar neutrino flux is allowed
vary in the fit, the excluded region of the parameter sp
shrinks, as expected and discussed earlier. Third, one
safely claim that, if no discrepancies are detected in the s
sonal variation spectrum, the ‘‘large’’Dm2 ~several
1-12
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310210eV2) set of vacuum solutions~see Figs. 9 and 10!
will be excluded, even at Borexino. Even when no know
edge of the incoming neutrino flux is used, a reasonable
tion of the ‘‘small’’ Dm2 ~several310211eV2) set of solu-
tions is also excluded. When one assumes knowledge o
incoming neutrino flux, the entire allowed region is e
cluded.

If the background rate is larger than expected, the
cluded region diminishes accordingly. This is because w
the constant background is enhanced with respect to the
cillation signal it is easier to achieve a reasonablex2 for the
fit even when the seasonal variations due to vacuum osc
tions are significantly different from the no-oscillation cas
In particular, when the background rate is large enough
the seasonal distribution of the data is statistically consis
with a flat one, a reasonablex2 for the fit can always be
achieved simply by scaling the signal to zero and scaling
the background appropriately. Explicitly, after three years
Borexino ~KamLAND! running the exclusion region van
ishes if the background rate is;8 ~40! times larger than
anticipated, when both the background rate and the incom
neutrino flux are allowed to float in the fit, or;500 ~3000!
times larger than anticipated when one assumes the neu
flux predicted by the SSM.

B. If there is an overall suppression of the flux

If there is an overall, i.e., time-independent suppression
the flux ~which is the case for the MSW solutions!, the way
to proceed towards excluding part of the vacuum oscillat
parameter space is less clear. This is because such an e
mental result neither agrees with the SSM prediction
does it represent any ‘‘smoking gun’’ signature for neutri
oscillations, as is the case of anomalous seasonal variat
One does not know if the SSM prediction of the flux
simply wrong, or if there are neutrino oscillations consiste
with one of the MSW solutions or both. Anyway, it is cle
that ~in general! the incoming neutrino flux should be con
sidered unknown in the data analysis.

The most conservative option is to follow the same ana
sis done in the previous subsection, and allow both the
coming neutrino flux and the background rate to float in
fit. In this case, the excluded region of the two-neutrino
cillation parameter space is reduced significantly, and m
completely disappear. This is because when the numbe
signal events is reduced the annual distribution is close
flat and a good fit is obtained even when the would-be ann
variations are very different. This is very similar to what w
previously discussed at the end of the last subsection, w
we discussed what happens if the background rate turns
to be much larger than anticipated. Explicitly, after thr
years of Borexino running and a signal rate which is 21.
of the SSM prediction~as one would obtain in the case of th
small angle MSW solution!, Borexino is unable to exclude
any portion of the vacuum oscillation parameter space, w
KamLAND can still exclude about one half of the ‘‘high’
and ‘‘low’’ Dm2 preferred regions. If the background ra
can be estimated by other means with 10% uncertainty, B
exino and KamLAND will be able to exclude the enti
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‘‘high’’ Dm2 region and a significant portion of the ‘‘low’’
Dm2 region.

In order to go beyond the most conservative analysis
cussed above, one would have to look at the overall situa
of the solar neutrino puzzle at the time of the data analysi
is likely that one will be able to do much better. For e
ample, solar neutrino oscillations might have already be
established by the SNO experiment@31#, and perhaps it is
reasonable to assume the incoming solar neutrino flux
dicted by the SSM. Then it would be possible to exclude
region of the parameter space as large as the one in Sec
where one assumes the SSM flux. Another possibility is t
Super-Kamiokande or SNO rules out the small angle MS
solution by studying the distortions of the electron ener
spectrum@30,31#, and a large suppression of the7Be solar
neutrino flux would indicate that there is something wro
with the SSM. In this case, it is not clear how to proceed. W
do not go into further discussions on all logical possibilitie

VI. CONCLUSIONS

We have studied possible uses of the seasonal variatio
the 7Be solar neutrino flux at Borexino and KamLAND. Ou
results can be summarized as follows. Once the experim
accumulate enough data to see seasonal variations, the
step will be to determine if the observed pattern is consis
with the normal 1/L2 flux suppression. If a discrepancy
found, it will be a sign of vacuum oscillations. In this cas
the seasonal variation of the data can be used to determ
the oscillation parameters sin2 2u and Dm2. On the other
hand, if the data are consistent with the normal pattern,
amplitude of the variation can be used to measure the7Be
solar neutrino flux and to exclude a significant portion of t
vacuum oscillation parameter space.

If the observed seasonal variations are consistent with
normal 1/L2 flux suppression, one can use the amplitude
the variation to determine what fraction of the observed
coil electrons are induced by the neutrinos coming from
Sun. This method is limited by statistics, and the accurac
worse when the7Be solar neutrino flux is suppressed, as
the case of the small angle MSW solution. In fact, in Sec
we found that in the case of a large suppression o
KamLAND should be able to perform such a measureme
after 3 years of data taking. It is important to emphasize t
we assumed the oscillation of electron neutrinos into ot
active flavors. In the case of oscillations into sterile neu
nos, the7Be solar neutrino flux might be almost absent, a
in this case neither Borexino nor KamLAND are able
perform a measurement of the flux using this technique.

An important advantage of this technique is that it do
not require a separate estimate of the background rate, w
may be a very difficult task. If the background rate can
reliably measured by some other means, one can obtain
other measurement of the neutrino flux. In this case, the
results can then be compared for consistency, thus ma
the final result on the7Be neutrino flux much more trustwor
thy.

We also studied in great detail the effect of vacuum n
trino oscillations on seasonal variations. Our analysis sho
1-13
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that the outlook for discovering vacuum oscillations at bo
Borexino and KamLAND is very favorable. A very impor
tant finding in Sec. III is that the experiments may detec
deviation from the normal pattern of seasonal variations e
without relying on the SSM prediction of the incoming ne
trino flux or estimate of the background rate. The analy
would consist of trying to fit the observed data with t
normal 1/L2 pattern, treating the incoming neutrino flux an
the background rate as free parameters. With this techni
after three years of running Borexino should detect ano
lous seasonal variations for almost all values
(sin2 2u,Dm2) preferred by the analysis of the neutrino flu
data from Homestake, GALLEX, SAGE, and Supe
Kamiokande, as illustrated in Fig. 9. The sensitivity regi
should be larger at KamLAND~Fig. 10!. Results obtained in
this way would be very robust. Both experiments are se
tive to an even larger portion of the parameter space if
background rate can be reliably estimated by auxiliary m
surements.

If anomalous seasonal variations are discovered,
data can be used to measure the oscillation parame
(sin2 2u, Dm2). This issue was studied in Sec. IV. It wa
found that forDm2*10210eV2 the experiments will be able
to determineDm2 with good precision. At the same time, fo
Dm2&10210eV2 there would be many ‘‘candidate islands
in the (sin2 2u,Dm2) plane, and it will not be easy to resolv
the ambiguity.

On the other hand, the absence of anomalous seas
variations of the7Be solar neutrino flux data can be used
exclude regions of the vacuum oscillation parameter sp
In Sec. V we presented the exclusion plots for both Borex
and KamLAND, after three years of running. An importa
lesson from that section is that in order to exclude a la
portion of the preferred region, the experiments will need
either measure the background rate or rely on the SSM
diction for the neutrino flux. In the absence of both, t
results are rather weak. This is to be contrasted with
situation in Sec. III.

It is important to keep in mind that the simulated ‘‘data
are most of the time based on the SSM prediction for the7Be
solar neutrino flux and the anticipated number of backgro
events at Borexino and KamLAND. Ournumerical results,
therefore, even in the cases when we do not use the kn
edge of the incoming neutrino flux or the background rateat
the analysis stage, are not to be regarded as SSM and ba
ground rate independent. We would like to draw attention
our comments at the end of Secs. II and III on how o
results might change if these inputs are changed. We
assume only statistical errors in the data analysis, neglec
systematic uncertainties due to the lack of knowledge in
seasonal variation of the background rate. The inclusion
such effects is beyond the scope of this paper.

Overall our results indicate that the future Borexino
sults can lead to significant progress towards solving the
lar neutrino puzzle. Furthermore, if KamLAND is also ab
to study solar neutrinos, one would have access to a la
data set, and more powerful results can be obtained.
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APPENDIX A: x2 ANALYSIS

In the analyses in Secs. III, IV, and V, we are interested
the capability of an ‘‘average’’ experiment. It is possible
simulate ‘‘data’’ with statistical fluctuations included, bu
then the value ofx2 would vary slightly between differen
repetitions of the same simulation. A better approach is
find an expression forx2 ‘‘averaged’’ over many simula-
tions. As we show below, averaging over statistical fluctu
tions simply leads to the inclusion of a constant term in
definition of x2.

Suppose we have some solar neutrino data binned
Nbins bins. Let the average expected value in thei th bin bedi
with corresponding random fluctuationDdi . Suppose we
want to fit these data with a functionf, which can depend on
two parameters: the signals and the backgroundb. Then the
x2 of the fit can be defined as follows:

x2~s,b!5 (
i

Nbins @di1Ddi2 f i~s,b!#2

sdi

2
, ~A1!

wheresdi
5Adi1Ddi . Because, in the case of interest, t

number of events per bin is sufficiently large, we can a
proximately set15 sdi

.Adi .
First consider the case whens and b are fixed numbers.

The average value of thex2 one would obtain after simulat
ing the data many times is

^x2&5K (
i

Nbins F ~Ddi !
2

di
1

2Ddi~di2 f i !

di
1

~di2 f i !
2

di
G L .

~A2!

Using ^Ddi&50,̂ (Ddi)
2&5di , we find

^x2&5 (
i

Nbins F11
~di2 f i !

2

di
G5Nbins1 (

i

Nbins ~di2 f i !
2

di
.

~A3!

Therefore, in this simplest case it is enough to use the a
age valuesdi and the number of bins to compute^x2&.

15One can easily estimate the resulting relative error inx2 to be of
O(1/A^di&).
1-14
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Next, consider the case whenf (s,b)5b1g(s) andx2 is
minimized with respect tob:

]x2~s,b!

]b
52 (

i

Nbins 2@di1Ddi2b2gi~s!#

di
50

⇒b5S (
i

Nbins @di1Ddi2gi~s!#

di
D S (

i

Nbins 1

di
D 21

.

~A4!

Introducing Ai[@di1Ddi2gi(s)#/di and substituting Eq.
~A4! in Eq. ~A1!, we obtain

xmin
2 5 (

i

Nbins FAi
2

di
22

Ai

di
S (

i

Nbins Ai

di
D S (

i

Nbins 1

di
D 21

1
1

di
S (

i

Nbins Ai

di
D 2S (

i

Nbins 1

di
D 22G

5 (
i

Nbins Ai
2

di
2S (

i

Nbins Ai

di
D 2S (

i

Nbins 1

di
D 21

. ~A5!

Now plugging back in the definition ofAi , we perform the
averaging usinĝDdi&50,̂ (Ddi)

2&5di , and ^(Ddi)(Ddj )&
50 for iÞ j :

K (
i

Nbins Ai
2

di
L 5Nbins1 (

i

Nbins ~di2 f i !
2

di
, ~A6!

K S (
i

Nbins Ai

di
D 2L 5S (

i

Nbins 1

di
D 1S (

i

Nbins @di2gi~s!#

di
D 2

. ~A7!

Substituting Eq.~A6! in Eq. ~A5!, we find

^xmin
2 &5Nbins211 (

i

Nbins ~di2 f i !
2

di

2S (
i

Nbins @di2gi~s!#

di
D 2S (

i

Nbins 1

di
D 21

. ~A8!
09301
The last two terms are exactly what one would find af
minimizing ( i

Nbins@di2b2gi(s)#2/di with respect tob, and
hence in this case random fluctuations can be accounted
by replacingNbins in Eq. ~A3! by Nbins21.

One can easily show that, iff (s,b) i5b1s•hi and one
minimizesx2 with respect tos, the effect of random fluctua
tions is also to substituteNbins21 for Nbins in Eq. ~A3!. The
proof is completely analogous to the case we just stud
Moreover, it is straightforward to combine the two resu
and consider minimization with respect to bothb and s, in
which case one should replaceNbins in Eq. ~A3! by Nbins
22.

In general, one should use the number of degrees of f
dom Nd.o.f. when computinĝ x2&:

^x2&5Nd.o.f.1 (
i

Nbins ~di2 f i !
2

di
. ~A9!

APPENDIX B: ANALYTIC ESTIMATE OF THE
SENSITIVITY CUTOFF

In Sec. III we showed that the sensitivity region fo
anomalous seasonal variations is limited by the finite lin
width of the 7Be line. In this appendix we show how one ca
analytically estimate the location and the shape of the se
tivity cutoff.

As was mentioned in Sec. III, the true shape of the7Be
line is rather complicated, with a Gaussian profile on the l
end and an exponential tail on the high end. For the purp
of this estimate we choose to approximate the Gaussian
by a sharp cutoff:

f ~E!5H 0 if E,E1

e2aE1b if E.E1 .
~B1!

To determine the fraction of neutrinos reaching the Ea
we integrate the oscillation probabilityP(E,L) given by Eq.
~3.1! over the line profile Eq.~B1! and divide by the normal-
ization constantN:
P̃~L !5
1

NE dEP~E,L ! f ~E!

.
1

N F S 12
sin2 2u

2 D E
E1

`

dEe2aE1b1
sin2 2u

2 E
E1

`

dE cosS 2
1.27Dm2L

E0
2 ~E02E!D e2aE1bG

5
e2aE11b

N H S 12
sin2 2u

2 D 1

a
1

sin2 2u

2

1

Aa21~1.27Dm2L/E0
2!2

3cosF2
1.27Dm2L

E0
2 ~E02E1!2arctanS 2

1.27Dm2L

aE0
2 D G J . ~B2!
1-15
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Since the width of the line is only several keV whileE0
50.862 MeV, we can setE02E1.E0 in the argument of the
cosine. Substituting the value of the normalization const
N5*E1

` dEe2aE1b5(1/a)e2aE11b and introducing f

[arctan@231.27Dm2L/(aE0
2)#, we obtain

P̃~L !.12
sin2 2u

2
S 12

cosS 2
1.27Dm2L

E0
2f D

A11@1.27Dm2L/~E0
2a!#2

D .

~B3!

From this equation we can read off the shape of the c
off. Viewed as a function ofDm2, for small values of the
mixing angle the cutoff profile is approximately given by

sin2 2ucutoff}A11@1.27Dm2L/~E0
2a!#2. ~B4!

Using the numerical value ofa50.75 keV21, obtained by
fitting the line profile in@27#, we find that sin2 2ucutoff(Dm2)
should increase byA2 with respect to the smallest value
sin2 2ucutoff when Dm2.2.931029 eV2. The actual number
from curve 4 in Fig. 7 isDm2.1.531029 eV2. The actual
value is smaller, which is expected, because, for the purp
of this estimate, we neglected the contribution of the Gau
ian part of the line profile, effectively making the line na
rower.

One can also estimate the location of the cutoff if the l
profile were purely Gaussian~curve 3 in Fig. 7!. The steps
-

-

D

09301
nt

t-

se
s-

are completely analogous: the new normalization constan
N85*2`

` dEe2(E2E0)2/s2
5Aps, and P̃(L) is given by

P̃~L !5
1

N8
E

2`

`

dEP~E,L !e2E2/s2

.
1

N8
F S 12

sin2 2u

2 D E
2`

`

dEe2E2/s2

1
sin2 2u

2 E
2`

`

dE cosS 2
1.27Dm2L

E0
2

3~E02E!D e2E2/s2G
512

sin2 2u

2 F12e2(1.27Dm2Ls/E0
2)2

cosS 2
1.27Dm2L

E0
D G .

~B5!

Thus, the cutoff for this model sets in faster and the pro
for small values of sin2 2u is Gaussian. Numerically
sin2 2ucutoff(Dm2) is expected to increase byA2 with respect
to the smallest value of sin2 2u cutoff when Dm2.4.2
31029 eV2, which agrees with curve 3 in Fig. 7.
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